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Theoretical solution of Fresnel and Fraunhofer diffracticn due to cross-shaped· 
apertures of finite, symmetrical and infinite laterals is presented. Diffraction inte­
grals and irradiance distribution of the mentioned types of apertures are found and 
discussed for both Fresnel and Fraunhofer diffraction. 

I. Introduction

Among the variety of shapes of diffraction apertures, the rectangular aperture 
and the slit has attracted a considerable attention 1-

3>, The finite cross-shaped 
aperture treated here, can be considered as a combination of two overlapping rec­
tangular apertures. The results obtained in this paper for the diffraction amplitude 
and the irradiance distribution for both the Fresnel and the Fraunhofer diffraction 
can be used in c�.ses when the near and far field diffraction effects of optical systems 
involving rectangular mirrors or apertures are studied. Also, the cross-shaped 
diffraction aperture of infinite laterals is an analogue of the intersecting slit like 
objects, subject to diffraction examination. 
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2. The Fresnel diffraction due to a cross-shaped aperture

An opaque screen, situated in the (�, 17)-plane, has a cross-shaped aperture 
whose laterals are of different lengths and widths. (Fig. 1 ). The receiving (x, y )-plane 
is a distance b apart from the apertUre plane. On the oposite side, a distance a apart 
from the aperture plane, a point source of monochromatic light ofwavelenght A is si­
tuated. The origin of the aperture plane coincides with the intersection of the late­
rals axes. 

s 

Fig. 1. Considered configuration 

The diffracted wave amplitude at point (x, y, b) of the receiving plane, according 
to the Kirchhoff aproximation, is given by the diffraction integral 

g (x,y, b) = - i/(2Aab) ff G (�, rJ) exp [ik (R + r)] dE d17 (l) 

where k is a propagation number k = 2 n/l, G (�, 17) is the aperture transmittance 
function 

on <J 

elsewhere (2) 

and the integration goes over the surface <1 of the aperture. If(�, 17, 0) is one of the 
points in the aperture plane, then it's distance R from the point source, and it's 
distance r from an arbitrary point (x, y, b) in the receiving plane, as it can be seen 
from Fig. I, are given by 

R = [a2 + �2 + 11 21112
r = [b2 + (x· - �)2 + (y - ,7) 2p, 2 .
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Providing that the dimensions of the aperture are small compared to the distance a 
and b, and that we examine the field distribution close to the geometrical shadow
of the aperture in the receiving plane, we use the so called Fresnel aproximation 
for the distances R and r 

r � b + [(x - �)2 + (y - rJ)2 ]/2b ](x - �)I; l(Y - 'Y/)J � b
(3) 

consisting of up to the square power aproximation of the binomial series expansion 
of the expressions for the distances Rand r. 

Considering L1 , L2, 11 , 12 as the lenghts of the cross laterals, and d, e as their 
widths, and introducing expressions (3) and (2) in (I), we get for the diffracted wave 
amplitude in Fresnel-Kirchhoff aproximation 

where 

and 

with 

g � [- i exp (i6)/2lab] [A + B + D]

{J = k [a + b + (x2 + y2 )/2b] 

-d e d (l1 +e) 

A = j F (�) d � j F ('Y/) d'YJ ; B = j F (E) M j F (rJ) d'YJ
-(L2+e) -e -d -('2+e) 

L1+d e 

D = j F(E)dE f F(rJ)d'YJ
d -e 

F (e) = exp {ik [(E2/2) (l/a + 1/b) - x E/b]} 

F ('Y/) = exp {ik ['f/ 2/2) (I/a + t/b) - y rJlb]}. 

(4) 

(5) 

(6) 

(7) 

Solution of the integrals (6) leads to the following expression for the wave ampli­
tude of the diffracted light by the cross-shaped aperture 

g � [- i exp (iL'.1)/(2Aabp2 )] [(A1 A3 + B1 B3 + D i D3 - A2 A� - B2 B4 -

- D2 D4) + i (A1 A4 + A2 A3 + Bi B4 + B2 B3 + D1 D4 + D2 D3)] (8)

n which 
L'.f = () - k [(q/p)2 + (t/p)2 ] 

and notations A1, B1, D1 (j = 1, 2, 3, 4) stand for 

A 1 = C [p(L2 + d) + q/p] - C [pd+ q/p] 
A2 = S [p(L2 + d) + q/p] - S [pa+ q/p] 
A3 = C [pd+ t/p] + C [pd - t/p] 
A4 = S [pd+ t/p] + � [pd - t/p] 
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B 1 -
C [pd - q/p] + C [pd+ q/p]

B2 = S [pd - q/p] + S [pd + q/p]
B3 = C [p 01 + e) - t/p] + C [p (/2 + e) + t/p]
B4 = S [p (/1 + e) - t/p] + S [p (/2 + e) + t/p]

D 1 = C [p (L1 + d) - q/p] - C [pd - q/p]
D2 = S [p (L 1 + d) - q/p] - S [pd - q/p]
D3 = C [pe - t/p] + C [pe + t/p]
D 4 = S [pe - t/p] + S [pe + t/p]

p2 = .3._ (_!__ + _!_) ; it a a 
2x 2y

q=lb; t=;.b
C (u) and S (u) appearing in the expressions (9) are the Fresnel integrals.

(9)

(JO) 

The function of the diffracted irradiance distribution is found by multiplying theexpression (8) with its conjugate. Therefore 

l(x,y,b)=gg* � 16(a�
b)

2 { [A1A3 +B1 B3 +D1D3-A2A4-B2 B4-
- D2 D4] 2 

+ [Ai A4 + A2 A3 + Bi B4 + B2 B3 + Di D4 -Di D3] 2). (1 l)

This general expression is specialised for the case of aperture in the form ofequilateral cross. Taking for this particular case 
(12) 

it is easy to verify that
and (13) and therefore

gg* � 16(a � b)' { [A, (A 1 + D 1) + B1 B3 - A 4 (A2 + D2) - B2 B4] 2 +

+ [A3 (A2 + D2) + A4 (Ai + D1) + B1 B4 + B2 B3J 2
). (14)

It is also evident that 1(0, t, b) = I(q, 0, b) (15) 

i. e. the symmetrical cross-aperture, gives a symmetrical diffraction distribution.Therefore it is sufficient to know the irradiance distribution in the first quadrangleof the (x, y)-plane, and have it repeated in the other three, since 
I (q, t) = I (q, - t) = I (- q, t) = I ( - q, - t). (16) 
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On the z-axis we put q = t = 0 and get the following irradiance distribution

10 = (a: b)2 [C2 (pd)+ S2 (pd)] {[2 C [p (l + d)] - C (pd)] 2 
+

+ [2 S [p (l + d)] - S (pd)] 2 }. (17) 

The first multiplyer in this expression (a � b) 2 [C2 (pd)+ S2 (pd)] is recognised
as the axial irradiance distribution of a slit of width d2l

. It determines the position of
the focal planes of the aperture. (They are found for those values pd, for which the
distance between the origin and a point on cornu spiral of parameter (pd) reaches its
maximum). The second multiplyer comes as a consequence of the form and the
finite dimensions of the cross-shaped slits.

j 
i< 

Fig. 2. Plots of the irradiance distribution along one of the axes in the receiving plane, due to 
Fresnel diffraction, calculated by Eq. (14) by means of a computer. The corresponding value of b 

joins the curves. 
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In order to get an impression of the irradiance distribution of the cross-like
apertures, on Fig. 2 we give computer calculated plots of irradiance on the q or
t (x or y) axis, when, the aperture is an equilateral cross with l = d = 1 mm. The
distance a = 15 m, while each plot is joined by the corresponding value of b.

The plots are done for A = 632,8 nm. 

3. Fresnel diffraction due to crossed slits

The form of the aperture situated in the (�, 17)-plane (which except along the
slits is opaque) is given on Fig. 3. The aperture is bounded by the lines I, 2, 3, 4
whoose equations correspondingly are given by 

I. � = - a

2. �=a
3. � cosa + 17 sina - e = 0
4. � cosa + 17 sina + e = 0.

(18) 

(19) 

Fig. 3. Geometry of the crossed-slits aperture. 

In ( 19) a is the angle which the normal taken from the ·origin towards the lines 3 and
4 makes with the positive �-axis. 

1' 

a=T+<p 

{; - <p) being the r.ngle of intersection of
.
the slits.

112

(20) 
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The diffraction integral for this case is given by

d 00 -d � 

g (E, '1, b) = ;
}
i:� { I PW dE I F(11) d11 + I F(E) dE f F(11) d11 +

-d -oo -oo '74 

oo '73 

+ I F(E) dE I F (11) ID1)
d '14 

where the boundaries 'YJ3 and 'YJ4 are calculated from (19)
e 'Y/J = -.- - Ectgasm a e 'Y/4 = - -.- - Ectga.sma 

(21)

(22) 

We shall perform the integration concerning the slits intersecting each other underan angle of 90° 
i. e. a = n/2 (rp = 0) 

i e1.J { g = - 2 a b p2 
(l + i) {[C(pd + q/p) + C(pd - q/p)] + i [S(pd + q/p) +

+ S(pd - q/p)]} + {[S(pe - t/p) + C(pe + t/p)] + i [S(pe - t/p) +
+ S (pe + t/p)]} {[1/2 - C (pd + q/p)] + i [1/2 - S (pd + q/p)]} +

+ {[C (pe - t/p) + C (pe + t/p)] + i [S (pe - t/p) + S (pe + t/p)]} {(1/2 -

- C (pd - q/p)] + i [1/2 - S (pd - q/p)]} )· (23) 

Now, if in addition we take that the slits are of equal widths e = d, we shall get thefollowing expression for the irradiance distribution 

I (q, t, b) = 
16 (a� b)' {[ [C(pd + t/p) + C(pd - t/p)] [I - C(pd + q/p) -

- C (pd - q/p)] + [C (pd+ q/p) + C (pd - q/p)] - [S (pd + t/p) +
+ S (pd - t/p)] [I - S (pd+ qjp) - S (pd - q/p)] - [S (pd + q/p) +
+ S(pd - q/p)]] '+ [ [C(pd + t/p) + C(pd- t/p)] [1 - S(pd +
+ q/p) - S (pd - q/p)] + [S (pd+ t/p) + S (pd - t/p)] [l - C (pd+
+ q/p) - C (pd - q/p)] + [C (pd + q/p) + C (pd - q/p)] + [S (pd +

+ q/p) + S (pd - q/p)J] '). (24)
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We could get the expression (24) by using the expression (14) and puting l -+ co. 
By doing the same specialisation in ( 17), or simply by puting q = t = 0 in (24), 
we fiind that the irradiance distribution on the z-axsis now is given by 

I (0, 0, b) = 

(a 
1 b)2 [C2 (pd)+ S2 (pd)] {[C (pd) - 1) 2 + [S (pd)- 1) 2 } (25) 

whose main focal properties are the same as those of the finite symmetrical cross­
shaped aperture. 

For the distributions in the axial plaI?,es of the slits we get 

I (0, t, b) = I (q, 0, b) = Uca} b)2 C(pd) - S(pd) + C(pd + q/p) + 
+ C (pd - q/p)] [1/2 - C (pd)] - [S (pd + q/p) + S (pd - q/p)] [l/2 -

- S (pd)i]' + [ C (pd) + S (pd) + [C (pd + q/p) + C (pd - q/p)J [1/2 -

- S(pd)] + [S(pd + q/p) + S(pd - q/p)] [1/2 - C(pd)J]'j. (26) 

It could be also verif ied that 

](q, q) = l(q, - q) (26) 

which should be expected due to the symmetry of the slits. 
The expression (24) has a 4-fold symmetry in the receiving plane. Namely it is 

evident that 

l(q, t, b) = /(q, - t, b) = I(- q, t, b) = I(q, - t, b) = I(t, q, b) = l(t, -
- q, b) = I ( - t, q, b) = I ( - t, - q, b) 

and, as in the case of the symmetrical cross with finite dimensions, it is sufficient 
to examine the in·adiance in one of the receiving plane quadrangles. 

4. Fraunhofer diffraction due '-to cross-shaped aperture

To complete the study of diffraction on cross-shaped apertures, we shall dis­
cuss the case of Fraunhofer diffraction on symmetrical cross-shaped aperture. 
Now b = f is the focal value of the lense used, and as it is usually done in this type 
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of diffraction, we omit the squre terms in (7). Therefore the diffraction integral is 
given by 

-d d d l+d i+d d 

g(x,y) = K { f e- 1s� dE J e-it,, drJ + J e-isl dE J e-u,, drJ+ J e-is� dE J e- 1'11 drJ }
-(l+d) -d -d -(l·l·d) d -d 

here 
s = kx/f; t = ky/f and K = const. 

(27) 

(28) 

Performing the integration, we get the following irradiance distribution 

I= g g* = 16 K2 {d (l + d) [sine (td) sine [s (l + d)] + sine (sd) sine [t (l +

2S 

20 

·�

+ d)]] - d2 sine (td) sine (sd) }2. (29) 

2li" Sd 

Fig. ·4. Fraunhofer diffraction plots of the irradiance versus relative distance (sd) for l + d = 3 
mm, d = 1 mm, calculated by Eq. (29). The n-value attached to the curves is a multiple of n/ 6 

taken as a constant value for the (st) coordinate. 

Since the function sine (x) = sinx/x = sine (- x) is a synunetrical one, it fo1lows 
tha.t the expression (29) satisfies 

I (s, t) = I (s, - t) = I ( - s, t) = I ( - s, - t) (30) 
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It also does not change its form when s and t interchange their positions 

I (s, t) = I (t, s). 

Since the variables s and t equally contribute to the expression (29), it is evident 
that if m is any constant value 

I (m, s) = I (t, m). 

For this reason the diagrams in Figs. 4, 5, 6 and 7 are done with one of the va­
riables taken constant, for example t or y = 0, :ref 6, 2 :ref 6, ... n :ref 6. The number 

2500 

2000 

1500 

1000 

Fig. 5. Fraunhofer diffraction plots of the irradiance distribution versus the relative distance (sd) 
for l + d = 25 mm, d = 1 mm, calculated by Eq. (29). 

n = 1, 2, 3, ... is attached to the corresponding curve. The diagrams are done for 
apertures having the following dimensions: l + d = 3 mm, l + d = 25 mm, 
l + d = 50 mm and l + d = 100 mm, d = 1 mm. 
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2. 
K 

ICICIO 

6000 

Fig. 6. Fraunhofer diffraction plots of the irradiance distribution versus the relative distance(sd) 
for I + d = 50 mm, d = 1 mm, calculated by Eq. (29) • 

.L 
K 

Fig. 7. Fraunhofer diffraction plots of the irradiance distrjbution versus the relative distance (sd) 
for I+ d = 100 mm, d = l mm, calculated by Eq. (29). J Llml!I 
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5. Fraunhof er diffraction due to crossed slits

Having the same geometry of the aperture as on Fig. 3, we start with the dif­fraction integral 
d 00 00 t/J d tJJ 

g = K { f e-1se d� f e-it11 drJ + f e-1se d� f e-u,, drJ - f e-,s� d� f e-u,, drJ } (31)

-d oo- -oo t/4 -d 114 

where 173 and ·17 4 are given as in (22). Using the well known definition of the Diracdelta function 
f e - 1 

ax dx = 2 n lJ (a)

-oo 

we find that the diffracted wave amplitude is given by

g = K d (n /J (t) sine (sd) + � sine (�) lJ (s - tctg a) -sm a sm a 

- -.-1- sine (�) sine [d (s - tctg a)]}sm a sma 
while the irradiance is the square of (33)

I= K1 d1 n2 (/J {t) sine (sd) + -.-
1- sine(�) /J (s - tctg a) -sm a sm a_ 

- ! sine(�) sine [d (s - tctg a)] } 2

• nsm a sm a 

(32) 

(33) 

(34) 

The first two terms in the bracket contribute to the irradiance only allong the linest = 0 and s - t ctg a = 0. The rest of the space of the receiving plane is coveredwith the diffraction fringes of the third term, i. e. for t =/: 0 and s - t ctg a =/: 0 
K1 d2 ( t d) 

g g* = -.-
2
-sinc2 

-.- sinc2 [d (s - t ctg a)] sin a sm a (35) 

which is recognised as the diffracted irradiance distribution by a rhomboidal aper­ture. 

118 

The orthogonally intersecting slits exhibit an irradiance 

I .:. K d2 n2 (6 {t) sine (sd) + sine (td) 6 (s) - � sine (td) sine (sd) r. (36) 
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The receiving plane, except allong t = 0, and s = 0 is covered by the diffracted 
irradiance distribution due to squrae shaped aperture 

g g* = K2 d 2 sinc 2 (td) · sinc2 (sd) 

which is familiar from any textbook on diffraction. 
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Originalni znanstveni rad 

Dato je teoretsko resenje problema Fresnelove i Fraunhoferove difrakcije kod 
krstolikih d.ifrakcionih otVora sa konacnim, simetricnim i beskonacno dugim kra­
cima. Nadeni su d.ifrakcioni integrali i raspored irad.ijance kod gore spomenutih 
tipova difrakcionih apertura, i diskutovane su njihove vrednosti kod oba tipa di­
frakcija - Fresnelove i Fraunhoferove. 
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