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The new canonical formulation of the Dirac field is applied to the quantization of 
the field. It is found that the canonical pairs satisfy commutation relations. The sca­
lar, energy-momentum and angular momentum constants of motion are evaluated. 
The diagonalization of the energy contains some divergencies. These divergencies 
indicate another approach to the Dirac field. 

1. Introduction

Correct canonical formulation of the Dirac field has been recently develo­
ped 1 

• 
2

• 
3 >. The application of this formulation to the quantization of the massless 

Dirac field was subject of Ref. 4. In the present paper we apply this formulation 
to the quantization of the Dirac field with a mass term. 

In Section 2 we reproduce in a short form the new canonical formulation of 
the Dirac field. We give general solution of the Lagrange's and the canonical equa-

• This work was supported by the SIZ of Science of SR Bosna and Hercegovina, Sarajc\·o. 
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tions in Section 3. The quantization of the Dirac field in the new canonical formu­
lation is considered in Section 4. The scalar, energy-momentum and angular mo­
mentum constants of motion are evaluated in Section 5. The diagonalization of 
the energy operator is performed in Section 6. Conclusions are given in Section 7. 

2. Canonical formulation of the Dirac field

Starting from the Lagrangian 1 > 

.ff' = K 'P 'P = K ( - i av <P yv - X <P)(i a,. yµ <P - 'X <P), (I) 

where <P, <Pt are the Lagrange's variables of the field, </J = <Pt y O and K is a real 
constant, and the Lagrange· s equation 

follow the Lagrange's equations for <Pt, <P: 

(i a •. y• - x) (i a" Y" - x) <P = 0, 

The canonical momenta conjugate to <P, </)t are 

II{/>t = - i K 'P = - i K (i a., y• <P - -x <P). 

The Hamiltonian density 

is then 

where {J = y 0
, {J a1 = y i. 

According to 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

d F 
= 

a F 
+ {F H} (9) 

di a, 
' ' 
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where { F, H} is the Poisson bracket, the canonical equations are

<Pt= {4>t, H} = b
b::lft

t 
= � lltt, /3 - oi g;t ai + i "g;t (J,

These equations can be also written in the form
II,z,t = - i K (i 01, y11 </) - X 4>),

JI.r, = i K ( - i_ Ov </)t yvt - ,e q>t),

or using P, tpt from Eqs. (5) and (6)

(i ov y• - u) tp = O,
c- i a,, lJ' Y" - "tJ') = o.

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

By this the correct canonical as well as the Lagrange's formulation of the Dirac
field is established. 

We use the coordinates XI' = (t, x) with the metric tensor

goo = -c11 = -g22 = -g33 = 1, Cap =I- 0, (J. =I- /J
and units c = ii = 1.
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. b H 1 
1 • <P = {<P,H} = bllrr, = -K /31Er,t - o; a <P - 1 % /J <P, 

(- i_o,,Ilrr,' Y"t - ;dl,p) = 0, 

(i o,, Y" - %) ll<1>t = 0,

'Jf = i a,. y• <P - % <P 
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3. Solutions of the La,grange's and canonical equations

We seek solutions of the Lagrange's and the canonical equations in the form 

,.,.,1 (-+ ) _ 1 i ( ) , 1;-v x, t - · L312 ; a,; t e ,
k 

-+ l ff --

<P't (x t) = -- � a-+ (t) e- 1 1cx 
' L312 ,::: k , 

-+ 1 i -+-+ 

tpl (x t) = -- � A-+ (t) e1 kx 
' LJ12 ,::: k , 

k 

. - 1 it -+-+ 
P1t(x t) = -- � A- (t)e- 1 kx 

i = I, 2, 3, 4. ' L 312 ,::: k , 

Eq. (3) gives for the coefficients 

a,; (t) = 

a; (t) 

a,; (t) 
3 

' 

a,; (t) 

_ a,; (t)_ 

a
k (t) + 2 i X y 0 a ,; (t) + (k2 

- X 2 
- 2 X k, y 1) a-;; (t) = 0.

Introducing the notation 

a-+ (t) = (ai (t)) k 2 ' 
a-;; (t) 

�- (t) = ( A; (t)
) k 2 ' 

A -; (t) 

P- (t) = (
a-z (t))k 4 

' 

ak (t) 

C- (t) = ( A; (t)
) k 4 ' 

A-; (t) 

(16) 

(17) 

(18) 

(19) 

(20) 
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and the standard representation of Y" matrices 
0 _ (1 0) 

y - 0 -1'
. ( 0 ,,. = - er'

Eq. (19) can be written in the form 
a,; (t) + 2 i" a,; (t) + (k2 

- ,e
2
) a,; (t) - 2" (k, er') fJ,; (t) = 0, (21) 

P,; (t) - 2 i ,e P,; (t) + (k2 
- x 2) /J,; (t) + 2x (k, u') ak = 0. (22) 

Let us notice that 
(k1 <1

1) (k1 er') = k2 • 

From Eq. (21) using (23) it follows 
{J ( ) 

(k, ert) 
[.. 2 . . (k2 .,) ] k t = 2" k2 a,; + 1 x a,; + -x- a,; .

After substitution of this expression in Eq. (22) one gets equation for a,; (t):

General solution of this equation is 
a-+ (t) = a-+ e-lkot + a-+ eikot + t (", ... e-lkot ..L 'II-+ ik ') k kl k2 , k 1 1 , k2 e O , 

where k0 = Vk 2 + x2 and 
a -+ = (a"it) 

k 1 2 , 

a,:1 

y- = ( c±.) kl 2 , 

c,;1 

are arbitrary constant matrices. 
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(24) 

(25) 

(26) 

(27) 
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The substitution a,; (t) from (26) into (24) gives P,; (t:):

p .... (t:) = - (k· <11) ( 1 (a .... _ _!_ y_,.) e1kot - 1 
( a-+ -

k ' ko 
_ " k2 " k2 ko + " kl

(28)

Eqs. (26) and (28) are general solution of the Lagrange's equation (3) ink-space.
One can get the solutions of the canonical equations directly or it can be doneby making use of the solution of the Lagrange's equations and the connection{14). We follow the last choice.
Eqs. (14) and (17) give

�.k (t) = i a,; (t) - (k, ai_) fJ,,; (t) - "a9f (t),

C,; (t:) = - i P,; (t) + (k, <11) a; (t:) - "P,; (t).

(29) 

(30) 

From here, taking into account (26) and (27), one gets

t .... (t) = i k0 (k1 <11) ( 1 ,, ... e-ikot + 1 ,, ... e1ko'). (32)k " ko +" kl ko _" k2 

Eqs. (26), (28), (31) and (32) give the general solution of the canonical equa­
tions ( 14) and ( 15) in k-space.

In the next section it will be useful to have the inverse of this solution with respect to the constants a,;;, Y,;;, i. e. a,; 
1, a,;2, y,; 

1, 
y,;

2 
expressed by means of

a,; (t), fJ; (t), e,; (t) and C; (t).

222 

From Eqs. (31) and (32), using (23), it follows

Y,; 1 = 2; kt [(k, a') C,; (t) + (ko + �) e; (t)] e1k
o t, (33)
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In order to get corresponding equations for aki and aki we write Eqs. (26)
�md (28) in the form

where

a-+ (t) = a-+ e- ikot + a-+ eikot + p .... 
k kl kl k, 

fJ- (t) = - (k, ar) [- Ii a- e-ikot + _1 ____ a ... e'kot + a-]'k ko + " k 1 ko _ " k2 k 

(35)

(36)

F- = t y- e- ikot + t y- eikot 
(37) k k 1 kl ' 

G-+ = (..!_ - i) [ 1 y- e- lkot - .. _l _ y-+ e'kot] (38) k " ko + " k 1 ko _ " k2 

with yk 1,2 
given by (33), (34), or explicitely

From Eqs. (35) and (36) it follows

(39)

(40) 

a,; 1 
= 2 �o [(k, a') {Jk (t) + k2 G,; + (k0 + x) (ak (t) - F,;)] eikot, (41)

/J,;2 = /k"7, [- (k, a1
) fJ-; (t) - k 2 G-; + (k0 - x) (a,; (t) -Fj;)] e-iko t. (42)

4. Canonical quantization of the Dirac field

We assume the canonical quantization in the form4> 

I 
{ , } Poisson� i [ , ]Quantllm· 

The Hamiltonian of the field then becomes an operator
H = J .;Yt' d3 X = J (� JI(j) {Jnpt -nr, (8;, a1 </J + i" /3 </J) +
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(44) 
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" 
F-; = t .-k2 [u e-z (t) + (k, a1

) C-z (t)],
1 o 
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and the dynamical equation (9) goes over into 

d F = a F
+ -!... [F, H].d c at 1 

The commutation relations are4> 

(45) 

[IJ,,,a (x, t),ll,pb(y, t)] = [ll,r,a (x, t),II"'t (y, t)] = [ll,r,t (x, t),ll,r,t G, t)] = 0, 
b a b 

[f1>0 (x, t), ll�t (y, t)] = [Wt (x, t), Il,p (y, t)] = 0, 
b b 

[fPa (x, t), n�b 
(y, t)] = i bab b (x - y),

[fP! (x, t), FI.,,t (y, t)] = i bab lJ (x - y),
b 

a, b = I, 2, 3, 4. 

(46) 

Let us mention that Eqs. ( 46) must be the commutation relations, not anti­
commutation relations. The commutation relations only give correct canonical 
equations in· accordance with ( 45). 

From the Hamiltonian ( 44), the dynamical equation ( 45) and the commutation 
rules (46) follow the equations of motion for the operators<!>, <f)t, II"', Ilrpt: 

,;-, . '"' I on ·m 'P = - 1 ['P, H] = Ky ,pt - a, a' -v,

(47) 

These equations are in agreement with Eqs. (10) and (I 1). 

224 

We perform further analysis in the k-space. By making use of ( 16) and (I 7), i. e .. 

... I it ........ <J>'t (x t) = -- � a- (t) e- 1 
kx , LJ12 � k . , 

k; 
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Il<t!t = K 'l''t (x, t) = K L!, 2 ; Ai (t) e-,1� 
k 

II'1>,t = K p; (x, t) = K L!, 2 � A1 (t)e'"-;
k 

the quantum rules ( 46) in the k-space are 

i j i ;t it jt [a1 (t), a-;:, (t)] = [a:;; (t), a; (t)] [a,; (t), a-;;, (t)] = 0, 

i i i it it it [A,; (t), A-;;, (t)] = [A1 (t), A-;;, (t)] [A,; (t), Ai:, (t)] 0, 

i j it it [a1 (t), Ap (t)] = [a;, (t), A;; (t)] 0, 

i it i [a,; (t), A;, (t)] = K o,i o-;:;;;,

i,j = 1, 2, 3, 4.

(48) 

(49) 

Having these commutation rules we now evaluate the commutation rules for 
h . . d d ffi . 

( i it i it ) t e time in epen ent coe c1ents ak
-... , ak- , c� , ck- : 
n m ,ql m 

[/ /t ] - .. � 6u <5-- "(ko - x:) i,1· = I,J .. 2, k2' k'2 K kk' 2k't, ' 

and all other commutators are zero. 
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Introducing the new coefficients according to 

(51) 

£,j = I, 2, 

the commutation relations ( 50) become 

(52) 

£,j = I, 2, 

and all other commutators are zero. 

It is important to notice the essential difference between these quantum rules. 
and those for the massless field4>. The difference comes from the structure of the 
solution (26) and (28) which has its origin in the mass term of the Dirac equa­
tion. 

226 

One finds useful the following transformation: 

i 1 it i 
a-+ = �·-· (3 b- - d-), 

k2N 2V2 k2 k2 

i 1 it i 

Ck2N =-= (bk2 + d-1:,),2J/2 
£ = 1, 2. 

(53) 

FIZIKA 12 (1980) 3, 217-232 
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The new operators b£ and dh satisfy the commutation rules 

i ;t 
[b;,, d�,) = 0, i, j, n, m = 1, 2, 

and other commutators are zero. 
The advantage of these operators is evident. 

5. Constants of motion

The scalar constant of motion, which follows from 

is given by 

Q = const f j0 d3x = const f ((15t tp + tpt (15) d3x. 

Using the expressions (16), ( 17), ( 18), (20), (26), (27) and (28) it becomes 

Q = const L 
k,i=l,2 

or written by means of the operators b� and d� (Eqs. (53)) 

(54) 

(55) 

(56) 

(57) 

it i i it i it it i 
Q = const :E {bii bkl - dkl dkl - bia. bia. + dk2 dia.). (S8) 

;;: i=J,2 
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We write also Q in the explicite particle number operator form: 

It I 2t 2 It I 2t 2 Q = const; {bki bkl + bki bkl - (dkl dij + dkl dij ) -

The energy-momentum constant of motion follows from 

o/J Ta/J = 0

and for the Lagrangian ( 1) reads 

PO = const f (i Pt <P - i <i>t ':I' - tp ':!') d3x, 

By making use of ( 16), (17), ( 18), (20), (26), (27) and (28) it becomes 

( " ) it i ( " ) it i } 
- 1 - k o - " cklN cklN - I + ko 

+ " ck2N ck2N '

PJ = const L
k,i=l,2 

or using the operators b-;;; and d,;; 

(59 

(60) 

(61) 

(62) 

(63) 

(64) 
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The angular momentum density tensor

for the Lagrangian ( 1) becomes
K- K-

MaJJY = (X1' TPa - xfJ Tva) + 
2 

IJI ya afJY (/> + 
2 

<P afJY ya tJI.

From here the constant of motion is

= const f {X1' TP0 
- xfJ TY0 + � (Pt afJY <P + � afJY y0 P)} d3x.

The spin part of this constant, using Eqs. (16) and (17), reads

· S1J = const K � [A� (all) a!.+ a� (ai1) A!.] 2 -:; k ml k k ml k . 

The spin pseudovector is then
S - 1 sur - 28ljr 

and using the expressions (20)

(66) 

(67) 

(68)

(69) 

K t t t . t 
s, = const 2; {f;; u, a1 + Ci: u, fJ-; + a,: u, E1 + fJ1 u, C1}. (70)

F · 1 · h h -+k h · · ks 
hi h · a1 or one parttc e state wit t e momentum , t e proJecuon T' w c 1s so

a constant of motion, is
kS K { . 2 k0 t -+-+ t -+-+ · k = const 2 - 1 ko + x [Yki (k <1) aki - aki (k <1) Yki] +

. 2 k t -+-+ 
. t -+-+ · 

+ I ko + x [Yki (k <1) aki - ail (k a) 'Yhi] -

2 k0 - x -+-+ t 2 ko + x t ...... } x ko + x Yki (k<1) Yki + x ko - x Yki (k<1) 'Yki '
where we have used Eqs. (26) and (28).
FIZIKA 12 (1980) 3, 217-232 
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Mflr = const f M0•PY d3x = 

k 
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Using the new operators given by (51) and (53) and taking the polar axis in 
the direction of the vector k, it becomes 

(72) 

6. Diagonalization of the erzergy operator

The energy operator is not diagonalized. The term with the same indices has 
the form 

H = J. At A + 1J Bt B + w (At Bt + A B) (73) 

where)., 'YJ, ware constants and A, At, B, Bt operators satisfying the commutation 
rules 

[A, At] = [B, Bt] = 1, [At, B] = [A, B] = 0. (74)

The Hamiltonian H can be diagonalized by the following canonical transformation 5 > 

µ 1 = A eh e + Bt sh e, µ2 = At sh e + B eh e (75) 

and c. c. The new operators satisfy the commutation rules 

[µ,, µj] = �ii> i,j = 
I, 2. (76)

The condition that the operator H is diagonalized after the transformation (75), 

(77) 

gives 
I the= 2w {(11-).) + V(). + 1]) 2 -4w2 } = D,

1 
= T {CJ. -1}) + V<J. + rJ)2 -4 w2 }, 

(78) 

I 
= 2{(17 -1) +VO,+ 'Y/)2 - 4w2 }, 

= nzn_ I VO, + 1J)2 -4 w z . 
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We get for the energy operator terms given by (64) 

t he-+ 1, E0 = 0. 

Consequently, 
it i i it . i it it i 

PO = const L k0 (µii µkl - vii vii + µiJ µ;:,_· - Pii v,a},
i=l,2 

where µ 1 -+ µ and µ2 -+ v, i. e. 

and 

i i i it i 
bkj = µkj eh ekj - vkj sh ekj ' 

. ·t[µ.: µ
1

- ] - blJ b b--,
kn' k1m - nm kk1 

i j i it 
[v-+ µ- ] - [v- µ- ] - 0 

kn' k 1m - kn' k'm - ' 
i,j, n, m = 1, 2. 

The transformation (80) for other constants of motion gives 

it i i it i it it i ) PJ = const ; kJ {µkl µkl - vkl V;;i - µiJ. µii + vii vial'
i=l,2 

1 It 2 2t 1 t 1 2t 2 

- (µk2 µk2 - µk2 µk2) + (via via - via vk2)}.

(79) 

(80) 

(81) 

(82) 

(83) 

(84) 

Therefore, all constants of motion are diagonalized and have dear particle inter­
pretation. However, th (-) -+ I leads to eh(-) -+ oo, sh (-) -+ oo. Although this does 
not affect the quantum rules and the constants of motion it indicates that the Dirac 
field with a mass term has to be treated differently (not differently in canonical 
sense). 
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7. Conclusion

Consistent and c01Tect canonical quantization of the Dirac field with a mass 
term leads rather to the commutation and not anticommutation rules for the ca­
nonical pairs. The constants of motion of the field exhibit particle description. The 
spin of the particles is 1 /2. 

The diagonalization of the energy operator involves infinities. These infinities 
do not affect the quantum rules neither the constants of motion but indicate that 
the Dirac field with a mass term should be treated differently, not differently in 
canonical sense. 
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Originalni znanstveni rad 

Na osnovu nove kanonske formulacije Diracovog polja sa masom mirovanja u 
radu je izvrseno konzistentno kanonsko kvantiziranje ovog polja. Kao i u slucaju 
Diracovog polja bez mase mirovanja, nadeno je da je kvantiziranje moguce provesti 
samo sa komutacionim, a ne i antikomutacionim pravilima. Izracunate konstante 
kretanja pokazuju cesticnu interpretaciju sa spinom 1/2. Medutim, dijagonalizira­
nje ovih konstanata sadrzi izvjesne singularnosti. Ove singularnosti ukazuju na 
drugaciji pristup Diracovom polju sa masom mirovanja i drugacije njegovo fizikalno 
razumijevanje. 
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