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The new canonical formulation of the Dirac field is applied to the quantization of
the field. It is found that the canonical pairs satisfy commutation relations. The sca-
lar, energy-momentum and angular momentum constants of motion are evaluated.
The diagonalization of the energy contains some divergencies. These divergencies
indicate another approach to the Dirac field.

1. Introduction

Correct canonical formulation of the Dirac field has been recently develo-
ped!-?+3), The application of this formulation to the quantization of the massless
Dirac field was subject of Ref. 4. In the present paper we apply this formulation
to the quantization of the Dirac field with a mass term.

In Section 2 we reproduce in a short form the new canonical formulation of
the Dirac field. We give general solution of the Lagrange’s and the canonical equa-

* This work was supported by thc SIZ of Science of SR Bosna and Hercegovina, Sarajcvo.
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tions in Section 3. The quantization of the Dirac field in the new canonical formu-
lation is considered in Section 4. The scalar, energy-momentum and angular mo-
mentum constants of motion are evaluated in Section 5. The diagonalization of
the energy operator is performed in Section 6. Conclusions are given in Section 7.

2. Canonical formulation of the Dirac field
Starting from the Lagrangian?
P =KPW=K(—id,Ppy — xD) (i, y® — z D), (1

where @, @t are the Lagrange’s variables of the field, D = Pt 9% and K is a real
constant, and the Lagrange's equation

g 0%

ow TG w @

follow the Lagrange’s equations for @1, &:
(09" — 9 uyr — )P =0, 3)
(—id, @y — x D) (—iduyr — ) =0. (4)

The canonical momenta conjugate to @, @t are
Hp=iKWPt=iK(—id, @y — D)y, (5)
Hpt = —iK¥Y = —iK({id,y*® — = D). (6)
The Hamiltonian density

H =Tl + St [Tp; — & @)
is then

3?’=%H¢ﬂﬂ¢f—ﬂ¢(a, @D 4infB) + (=8Pt al +ix®t B) oy (8)

where § = %, Bal = 9.

According to
dF O0F
dT— m-‘*‘ {F’H}: (9)
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where {F, H} is the Poisson bracket, the canonical equations are

Q={¢,H}=é¥i=;€ﬁﬂ¢f~3ia‘¢—izﬂ¢,

®

. 0H 1

1'_—: f = em——— T e— -_— 1. i i ] 1.

ot = (&1, H} S IT KITq;ﬁ 0; Pt al +1ixPt P,
é

ﬁ¢={H¢,H}_—“‘—6—g=—-3iH@ﬂ‘+izn¢nﬁ,
6 H

Hot = {Hot, H) = — S =~ Gra' et —ix fllu.
These equations can be also written in the form
et = —iK@{o0.y»® — x D),
I =i K(—id, &t pt — » DY),
(—id, Ml yrt — 211p) = 0,
10,y — %)t =0,
or using ¥, ¥t from Egs. (5) and (6)
V=id,ppD — = ®
Y=—i0,0py — @,
idvy — ¥ =0,

(—id,Pyr —%xP)=0.

(10)

(1)

(12)

(13)

(149

(15)

By this the correct canonical as well as the Lagrange’s formulation of the Dirac

field is established.
We use the coordinates x# = (¢, x) with the metric tensor

oo = —&11 = —g22= —&az = 1, 8ap # 0, a#f

and units ¢ = /4 = 1.
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3. Solutions of the Lagrange’s and canonical equations

We seek solutions of the Lagrange’s and the canonical equations in the form

- 1 i ==
D! (x, l) = 'fs—IT § az (t) et kx,
k

(16)
i (2 1 it -iix
Dt (x,1) = 7372 ga; () e ¥,
P
Vi(x,t) = Iz T Az () ek,
®
(17)
PR 1 it iy e .
&’"*(x,r)=—L—3,7>zJA; @e 'k, i=1,2,3,4
Eq. (3) gives for the coefficients
-, -
az (@
az ()
@@= 5| (18)
az @
4
az (@)
dp (@) +2ixy°az (@ + (R — %> —2xky)az () =0. (19)
Introducing the notation
1 3
a> (¢ a> (¢
a;(c)=< ; ()>, ﬁ;(z)=( f()),
a2 (2) a% (o)
(20)

1 3
5;(:)=<A3’(’)>, c;;(z>=<A?f(t)),
Az @)
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and the standard representation of y# matrices

0_(1 0) i_(Oa‘
Y=o —-1) Y =\=¢ o0

Eq. (19) can be written in the form
ay () +2ixay (@) +(k* — %) oz (1) —2x% (k') fz ) =0, (21)

Bz ()) — 2ix By (5) + (B2 —#2) B3 (1) + 2% (B, 0) ¢ = 0. (22)

Let us notice that
(ki 0") (ko) = k2. (23)

From Eq. (21) using (23) it follows

k o') . .. ,
B (©) = (2;;2 laz +2ixay + (B> —=*)az] (24)

After substitution of this expression in Eq. (22) one gets equation for a3 (¢):
Gy + 2R + #*) ay - R + 22 ey — 0. (25)
General solution of this equation is
oz () = agy e7o" 4 ag, effo' 2 (yg, e7o" + g, eikor), (26)

where ko = [/k* + %2 and

27)

are arbitrary constant matrices.
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The substitution az (¢) from (26) into (24) gives Bz (0):

1 i 1
/3'}{ ®=- (kid'){ko —x (a,;‘z % }’,;i) e'kot — ko —+ % (a,;; —
(28)
_ _3 ‘}"‘) o= kot 1 I|: 1 yo ethof — 1 v e—ikut:”
» Tk hy —x "R2 Ro + 2%
Egs. (26) and (28) are general solution of the Lagrange’s equation (3) in 7;-space.
One can get the solutions of the canonical equations directly or it can be done

by making use of the solution of the Lagrange’s equations and the connection
(14). We follow the last choice.

Egs. (14) and (17) give
b3 ) =1ag () — (ko) By (1) — % aF () (29)
(2@ =—ipz @O+ (ko) az () — = Bz (. (30)

From here, taking into account (26) and (27), one gets

.k ;
bp () =2 (ygp ™™o — g e, (1)
so=ifaa(, | e s, L pen). @
P R Y T ke —x VBET)

Egs. (26), (28), (31) and (32) give the general solution of the canonical equa-
tions (14) and (15) in E—space.

In the next section it will be useful to have the inverse of this solution with
respect to the constants azo Vo i. e. az 83y Y310 732 expressed by means of

az (), B3 (1), &3 () and &3 (2).
From Egs. (31) and (32), using (23), it follows

F

Yo = 2__ [(kl ') C“ (l) + (ko ,;) 5-. ([)] elk 3 (33)

Yi: = iy (o) 83 O = (ko — W) 7 T e (34)
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In order to get corresponding equations for az; and az; we write Egs.
and (28) in the form

_ —ikgt o kgt .
a;(t)—-a;;le + ay, e’ + Fp,

| 1
Bz () = — (ko) [— ko j_ A e G;;],

0 —

where
F;; = yZl e-lkol +¢ ?’7;2 e“‘o‘,
—_ J 1 - p—ikgt 1 ikot
Gk—(.?‘—_[)[kO'FMy“e ’ ko—”ykzeo
with y» . given by (33), (34), or explicitely

Fp =g &30 + (ko) I3 O),

61 = (2 1) |50 - menn 0|
From Egs. (35) and (36) it follows

71%; (ki o") By () + k2 G + (ko + #) (a3 ()) — Fp)le™,

e =

1
Bz, = Tk [— (Rio') Bz (2) — k* G + (ko — %) (a3 (1) — F3)) e~ o,

4. Canonical quantization of the Dirac field

We assume the canonical quantization in the form®

{ > }Polssan _>T [ > ]Quanmm-

The Hamiltonian of the field then becomes an operator

H=I;/fd3x=f{%n‘pﬂﬂtpf—Ep(ala‘Q‘l'ixﬁ@)-,{‘

(=8 Ptal +inot ﬂ)H,pf} d3x

FIZIKA 12 (1980) 3, 217—232

(26)
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(39

(40)

(41)

(42)

(43)

(44)
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and the dynamical equation (9) goes over into

dF OF 1
e [F, H). (45)

The commutation relations are®

(%, (3 0, @, (3, )] = [2, (%, ), Bf (3, 0] = [P} (3, 0), B} (3, 9] = 0,

UL, (3, 2), Mgy (35 D) = o, (%, ), [o} (¥, )] = [t (%, 1), o (3, )] = 0
(9. G» 0 [Tt 5 D] = [0 G 0, 1T, (5, 0] = 0, (46)
(D, (35 0), 1o, (3, )] =160 6 (X — 3,

(P13, 0, T} (3,0] =160 (X —3), ab=1,23,4

Let us mention that Egs. (46) must be the commutation relations, not anti-
commutation relations. The commutation relations only give correct canonical
equations in accordance with (45).

From the Hamiltonian (44), the dynamical equation (45) and the commutation
rules (46) follow the equations of motion for the operators @, @t, I1,, I1,::

d =—i[®,H) =le°wa—a,a"q>,

Pt — [Pt H] =

_ (47)
11’@ = — i [HQ, H] - - 3; Hq) ai,

Il = —i[Hgt, HY = — &, a' Wy,

These equations are in agreement with Egs. (10) and (11).

We perform further analysis in the I;—space. By making use of (16) and (17), i. e.
> (% 1 i Ty
(x,t)=-z5-,—2§az(t)e y
k

- 1 it 2
Dt (%, 1) = YT 3 a‘_l; () e k%,
®
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(48)
o= KW (G0 = K 578 450 e/,
k
Iy = KPP (%,0) = Lazz 2 A3 (t)e““
the quantum rules (46) in the g—space are
[ (), (O] = [ag (D ds () = (a5 (&), A ()] = O,
[4% (), AL (0] = (43 (), A5 0] = [45F (9, 4% ()] =0,
[ (2), A% (D) = [ag (), 43 ()] =0
(49)

i it i
[a; (t): A:;', (t)] = Z 611’ 6;',;,’:

[a ([): Ak,(z)] — kk/’ (5] = l; 23 3, 4.

Having these commutation lules we now evaluate the commutation rules for
1‘ i it
the time independent coefficients (a Qs Cs C)t

it ; k?
lag, a1 = & o 0 05 TE
2 ; k2
k"’]__ é-’ﬁzl;;st,
(50)
it i # (ko + %)
(g o) = g 00—

% (ko — )

[akzs Cklz] = — Iz o (5 -W R L] = 1,52,

and all other commutators are zero.
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Introducing the new coefficients according to

A LI
@i = K2R, i’

i 1 xk, 1 k2
T TR, — xf RIE ha D

P i I iji=12,

the commutation relations (50) become

i it

= — Sil
lag e a iyl =000,

i gt u
(3300 Fgian] = — 8% 0355

(52)
i it
[a500 Goan] = 0" 075
i it

(@3 Gona] = — 07 030 Li=12

Rk

and all other commutators are zero.

It is important to notice the essential difference between these quantum rules
and those for the massless field®. The difference comes from the structure of the
solution (26) and (28) which has its origin in the mass term of the Dirac equa-
tion.

One finds useful the following transformation:

¢ i it
“in = 5775 GO — )
1 it i
B = 5y5 G — 4w
(53)
i | i it
i | it i _1
kZN_Zl/z(bI:i-{-dla’ i=12
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The new operators b;‘;. and d,f;, satisfy the commutation rules

B bl = 0 8um 3353
(45, d 1= 8 bpm b2z
(54)
[b k'm] :0’
it L.
bz, d:,1="0 Lj,mem=1,2,

and other commutators are zero.

The advantage of these operators is evident.

5. Constants of motion

The scalar constant of motion, which follows from

. 0% a. % 3 .
f""( 70,05 90, 9) ?),  Bje=0, (55)

is given by
Q = const [j°d3x = const [ (Dt ¥ 4 ¥t D) d3x. (56)

Using the expressions (16), (17), (18), (20), (26), (27) and (28) it becomes

it it it i it i
Q=constT  {{o5y Cin T Gin %iin) — an G T
Bi=12
(57
:1‘ i ‘}' H it i
+ an kZN') San Shin T Can i
or written by means of the operators b;:;. and d;f} (Egs. (53))
it i i
Q = const Z {bz bz — 4 kl bkz bkz + dkz dkz) (58)

k=12
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We write also Q in the explicite particle number operator form:

i1 2t 2 1+ 1
O = const § {bm b + by b — (dg; dp

k
(59

2t 2
+dz diy) —

1, 2 2 | 2t 2
—(bg by + by bk2)+dﬁ g +dp dy — 4},

The energy-momentum constant of motion follows from

cZ %2
T( = "'a¢1’_ —— — aﬁ:
= b ot T G5y ? 0L, Te=0 (60)

and for the Lagrangian (1) reads
Py =const [(i¥Ptd —idtP — PW) a3y,

(61)
P;=const [i(¥t9, D — 9, PT¥) d3x.
By making use of (16), (17), (18), (20), (26), (27) and (28) it becomes
. it i it it i i
Po = const § ko {(aﬁw Gin 1 Ghin ) T @y cpn + C%N apn) —
Ei=1,2
(62)
: %\ it i T i
T\ Tk — o EnGn T P T o) BN RN
P = t I (- R . g ol 1 al
) = const 3 s {9 v T v T — @iy San T i ) —
k=12
(63)
it i i
~ Sin Shin T Son Cand
or using the operators b and dy,
_ it i it Pt it i
Py —const%} zko{bﬁbﬁ —dde < bz by —dgdy +
Li=l,
(64)
| % it i i it 1 % i i i i
-L — - - e d - i k "r ‘1‘ !
Tk (b}.-l + dkl) (bkl =+ dli = ?Eu—‘ll‘—; (b;i =+ d;i.) (b;i g d;’z) ’
- it i i it it it i

P; = const ¥ & {ba bk[ s ds — o2 b=+ dg dﬁ}' (65)

J:::‘=i,2

228 FIZIKA 12 (1980) 3, 217—232



BRANA AND LJOLJE: QUANTIZATION OF...

The angular momentum density tensor

Moy = (xv Tha — xB Tya) — . (aa'g;r))( i gﬂy) ¢ — gt (_ _ ﬂyt) > (Z'S;?) (66)

for the Lagrangian (1) becomes

Moy = (xv Ta — xp Tva) + %7 yeofr @ + %‘30"” ye . (67)

From here the constant of motion is

Msy = const [ M%8» d3x =

(68)
= const | {xv T8° — x8 Tv° + § (Piotr @ + D abr y° !I’)} d3x.
The spin part of this constant, using Eqgs. (16) and (17), reads
S — K A% (a") ! m ! 69
= const = 3, [A3 (6")m a3 + a3 (6")m 43)- (69)
P

The spin pseudovector is then
1 .
S r= -5 &; Jr S y

and using the expressions (20)
K t t ¥ Lt
S, = const 5 g {§20007 + 830,87 +apo b2+ B0, 232 (70)
k .

— -

. . 7 . . kS i
For one particle state with the momentum £, the projection —, which is also

k
a constant of motion, is
ES K(_; 2k
5= const?{ k +° [ykl (k a) agp — akl (k a) 7k1] +
2k A £o)yz 7
+1k “[7];2( O')sz kZ( U)Ykzl - ( )
2 ko — 2ko+ % 'f

i
k—ykl (ko) + Rk, — xR (ko) sz}
where we have used Egs. (26) and (28).
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Using the new operators given by (51) and (53) and taking the polar axis in
the direction of the vector I?, it becomes

S Lo 1 2,2 LR L L
k_g = const — §(op by — by b)) — (i dig — dy)
(72)
Rt 2 2t L

1 2t 2
— bz bz) + (dy dpy - dp A}

- (b;’;bi,'z [eirs!

6. Diagonalization of the energy operator

The energy operator is not diagonalized. The term with the same indices has
the form

H=)AtA+ nB'B + w (At Bt + A B) (73)

where 4, 7, w are constants and A4, At, B, Bt operators satisfying the commutation
rules

[4, At) = [B, Bt] =1, [At, B] = [4, B] = 0. (74)
The Hamiltonian H can be diagonalized by the following canonical transformation>’
#y=AchO + BtshO, yu,=Atsh® + BchO (75)

and c. c. The new operators satisfy the commutation rules
(e 1] = 64 [} =0, 4j=1,2. (76)

The condition that the operator H is diagonalized after the transformation (75),

H = Eo + X E puf pos a7

i=1,2

gives

th =, {— N +VAF 0 —4a?) =D,

E, = {0 —m+VAT D — 40},
(78)

E. =5 {0 =N +VAT D — 407},

D
E, = D? — l—V(ﬁ’?)z — 4.
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We get for the energy operator terms given by (64)

thO -1, E, = — E;, >k, E,=0. (79)
Consequently,
it i it i it it
Py = const ¥ kg (/A,a el i +‘u,,55 /"';;i' -3 v,:i}’
k

i=1,2

where y; »>p and pu, - v, i. e.

i i i it i
b;;. —y;;.ch@;;. — v;jsh@;},

(80)
¥ ) ¥ 3 T
d,;;. = v;}nch@ﬁ —#;}shﬁkj, and ¢. .,
and
igt
[/‘l‘;;;,’ :uE',,,,] = oY 6nm 67;;;’
i gt iJ
[V Viomd = 0" Gam 035 (81)
) j _ T it -0 . — 1.2
[VE;I’ 'ul:'m] - [’U;‘n, ,u,;m] - Lixnm=1,.
The transformation (80) for other constants of motion gives
it i i it i it it i
Py = const 3 ky (i i — Vi 75~ M 4 3 b (32)
iz
it it i it i
Q = const § (y;l B = vn Y ket e vz ), (83)
?=1,z
Ez':_S‘. i 1t ot o2 (Rt 2 2
= const - {Cegy By — B3 By — (g v — 0 Vi) —
(84)

1 it 2 2t it 1 2t 2
— (g s — mi i) + vy vy — v w2}

Therefore, all constants of motion are diagonalized and have clear particle inter-
pretation. However, th ® — 1 leads to ch ® - o, sh® — o. Although this does
not affect the quantum rules and the constants of motion it indicates that the Dirac
field with a mass term has to be treated differently (not differently in canonical
sense).
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7. Conclusion

Consistent and correct canonical quantization of the Dirac field with a mass
term leads rather to the commutation and not anticommutation rules for the ca-
nonical pairs. The constants of motion of the field exhibit particle description. The
spin of the particles is 1/2.

The diagonalization of the energy operator involves infinities. These infinities
do not affect the quantum rules neither the constants of motion but indicate that
the Dirac field with a mass term should be treated differently, not differently in
canonical sense.

References

1) J. Brana and K. Ljolje, FIZIKA 10 (1978) 85;

2) J. Brana, Dissertation, (1977);

3) K. Ljolje and S. Vobornik, FIZIKA 11 (1979) 171;

4) J. Brana, K. Ljolie and S. Vobornik, FIZIKA, 12 (1980) 195;
) A. S. Davidov, Kvantovaja mehanika, Moskva, (1973), p. 230.

KVANTIZIRANJE DIRACOVOG POLJA U NOVO]J
KANONSKOJ] FORMULACI]JI
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UDK 530.19
Originalni znanstveni rad

Na osnovu nove kanonske formulacije Diracovog polja sa masom mirovanja u
radu je izvr§eno konzistentno kanonsko kvantiziranje ovog polja. Kao i u slucaju
Diracovog polja bez mase mirovanja, nadeno je da je kvantiziranje moguce provesti
samo sa komutacionim, a ne i antikomutacionim pravilima. Izracunate konstante
kretanja pokazuju Cesti¢nu interpretaciju sa spinom 1/2. Medutim, dijagonalizira-
nje ovih konstanata sadrzi izvjesne singularnosti. Ove singularnosti ukazuju na
drugaciji pristup Diracovom polju sa masom mirovanja i drugacije njegovo fizikalno
razumijevanje.
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