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1. Introduction

Collective oscillations, as a description of longwavelength correlations between 
electrons and ions in a medium, are a suitable metbod for studying many of the bulk1 > 

and surface2 > properties of materials. Kliewer and Fuchs3 > were the first to 
investigate the coupling of a (retarded) electromagnetic field and a restoring force 
in thin ionic crystal films, in terms of collective oscillations - bulk and surface 
polaritons. Tbe quantization of the polariton field was tben performed by Hopfield4> 

for tbe bulk case and by Lucas et al. 5 > for a single tbin film in tbe nonretarded app­
roximation. 

Many experiments bave been performed witb two or more thin films, or witb 
a tbin film placed on a substrate, and they bave stimulated tbe theoretical study 
of sucb coupled systems. Economou 6 > described tbe dispersion properties of multi­
layer metallic films using a plasmon dielectric function. Later on many other in­
vestigations were performed on multilayer films2 >. 

In the present paper we want not only to find the eigenfrequencies of collective 
oscillations, but also to quantize (in the long-wavelength approximation) the Ha­
miltonian of tbe bilayer system. We adopt this approacb because it enables us to 
solve many interesting physical problems in a closed form and especially to give a 
theoretical description of many experiments performed on bilayer systems. 

�ome of, these problems, sucb as electron energy loss spectroscopy (EELS) 
for electrons reflected on a thin film placed on an optically active substrate16 > 

EELS for tbe electron transmitted througb two tbin films 1 6 >, X-ray pbotoemission 
spectra (XPS) from an inert dielectric film placed on a metallic substrate11> 

and the image potential of a point cbarge17>, are successfully treated in tbe 
pre.se�t. foI1:11alism. 

Let us note tbat some problems, e. g., EELS applied to multilayer films 7 ,S>, 
can be solved essentially in the framework of classical electrodynamics. Hovewer, 
typical quantum-mecbanical features, sucb as multiple-excitation processes in 
EELS9•10 > are naturally incorporated only in tbe quantum-mecbanical approacb. 

In section 2 we study the general properties of a model consisting of two die­
lectric plates. In section 3 we find surface and bulk polarization eigenmodes to­
getber witb tbeir dispersion. relations, and discuss the asymptotic bebaviour of 
surface modes. In both sections we generalize the approacb developed in Refs. 3,5,6 
to an arbitrary dielectric function s ( ru ). This generalization enables us, for example, 
to bandle an inert dielectric in the same formalism. 

In section 4 we specify the dielectric function to describe an ionic crystal or 
a metal, and find general properties of polarization eigenmodes. We quantize the 
HamUtonian of a free system and discuss the limitations ( cutoff wave vectors) of 
our long-wavelength approximation. · In section 5 we find tbe coupling functions 
for a l>oint . 'cbarge interacting with a bilayer system. In botb sections ( 4 and 5) 
we generalize tbe method of Ref. 5 to a bilayer system. Sucb a generalization is 
nontrivial because in bilayer films, for example, tbe surface polarization eigenmo­
des are no longer orthogonal 

In section 6 we extend our model to an inert dielectric and an ionic crystal 
witb finite electron polarizability12•13>. We discuss tbe dispersion relations and 
tbe coupling functions of surface modes and sbow tbem explicitly for some inte­
resting cases. In section 7 we summarize the results. 

24. FIZIKA 13 (1981) 1, 23-40 
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2. Formulation oj the problem

We study a system consisting of two adjacent parallel plates infinite in the
; = (x,y) plane. The z axis is perpenclicular to the plates, and we take the planez = O be the interface. The plates are denoted by n = I and n = 2, and their thi­cknesses by a and b, respectively, so the surfaces of the system are at z = -b,O, a (Figs. l b, 2b). We assume no free charges in the system and neglect the retardation efFects.The latter approximation is satisfactory 6 > for the interaction of the system withnonrelativistic particles. The equations of electrostatics are 

(1)

(2)
where E, <P and Pare the electric field, the (scalar) potential and the polarization,respectively. 

Equation (2), together with the boundary condition <P (�, z = ± oo) · = O,
bas a solution in k-space (k is a twodimensional wave vector parallel to the surfacesof the plates): 

<P (k, z) = - f đz' e-k fz-z'I 2 n; (z - z') · P (k, z'), (3)
-+ A where -x (z) = ik - sgn (z) z.

The clielectric properties of the model we consider are described by the consti­tutive equation 
P(k, z) = Xn (w) E(k, z), -b < z < a, (4)

where the susceptibility Xn 
is taken to be a real function which depends only uponthe frequency w. This approximation is correct in the long-range limit where onlythe geometrical dispersion of collective oscillations is important2 > . Eq. (4) also im­plies perfectly smooth surfaces and a sharp charge density step at the surfaces.

Eqs. ( 1) - ( 4) give the standard integral equation for P5 > but generalized to anarbitrary clielectric function sn ( w) = 1 + 4nxn ( w) of the plate n: 

Here:

1 (1 O ) ... ... J +-+ ... ...  Xn (w) O B
n (w) 

P (k, z) = đz' M (z - z') P (k, z').

... ... A 
A P (k, z) = k P" (k, z) + z P:: (k, z), 

+-+ 
( 

-1 -i sgn (z - z')) M (z - z') = 2nk e-kl.s-z'I -i sgn (z _ z') + 1 .
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Eqs. (5) and (6) define the eigenvalues w, (,e) corresponding to the polarization ei­
genmodes P' (k, z). The index i denotes all possible (linearly independent) solutions

..... +-+ ofEq. (5). Noting that Mt (z - z') = M (z - z'), we can express the orthogonali-ty relation for the polarization eigenmodes in a rather general form: 
f dz [x; 1 (w,) - x;; 1 (w,,)]P'* (k, z) • P'' (k, z) = O.

For each P' we find E1 and '1J1 from relations ( 1) and (3) or ( 4):
-+ -+ ( -+ O ") I _.. l -+ 
E1 (k, z) = ik + 0 z z '1J (k, z) = x;• (w,) P (k, z),

'1J1 (k, z) = -2n dz' e-kJz-.v'l ,e (z - z') · P1 (k, z')
_.. 

I 
-+ -+ -+>  

= (i/k) El (k, z) = (i/k) x; 1 (ro,) Pt (k, z).

(7)

(8)

(9a)

(9b)
The right-hand sides of relations (8) and (9b) containing Xn are valid only for
-b < z < a. The integral equation (5) can be transformed into two differentialequations:

x; 1 (ro,) ! P; (k, z) = x; 1 (ro,) ik P! (k, z),

8n (w,) Xn 
1 (ro,� P! (k, z) = - 8n (w,) x;• (w,) ik Pl (k, z).

-+ -+ -+ By introducing the displacement D = E + 4n P, it follows that
El (k, z) and D� (k, z) = 

e,. (w1) E! (k, z)

(10)

(11)

(12)
must be continuous functions of z in the whole space. Relations (10-12) are equi­valent to the integral equation ( 5), but are much simpler to solve. 

3. Polarization eigenmodes 

The solution of Eqs. ( I 0-12) can divided into two groups2 >:
3.1. Surface modes : x; 1 ( ro,) =I= O, Bn ( w1) =I= O

From Eqs. (10) and (11) we find
J>; (k, z) = q (k) [F! (k) era (ik + z) - G,, (k) e-t: (ik - z)], (13)

where S denotes surface modes, and s= I, 2, 3 ...
26 FIZIKA 13 (1981) 1, 23-40 



LENAC AND SUNJIC: SURFACE AND BULK OPTICAL ... 

The electric field inside the plates is defined by Eqs. (8), (12) and (13), whilethe electric field outside the plates is, according to Eqs. (1), (3) and (13), given by 

... - { � (k) exp [ -k (z - a)] (ik - z), z > a, 
E� (k, z) = Cs (k) � (k) exp [ +k (z + b)] (ik + z), z � -b. 

(14)

Let us apply the continuity conditions (12) to the boundaries z = -b, ·o, a. Usingthe definitions 
F: (k) =xn (w s) A� (k), G:, (k) = Xn (ws) B',. (k), (15)

where A� and B� are the coefficients determining the electric field in the plates, wefind 
D� (k) = -1,

A� (k) = (1 - s 1) exp (-ka)/(2e 1),

� (k) = (I + e 1) �p ( +ka)/(2e ,1.),

� (k) = [exp (- kb) A� - exp ( +kb) �].

(16)

Here Bn = B
n (ws). According to Eqs. (13-1�), the requirement for the nontrivalsolution for C5 (k) leads to the dispersion relation ros (k) for surface modes. Thecorresponding dispersion equation and the limiting cases k � O and k � oo aregiven in Table 1. 

Practically, the asymptotic value CJJ3 (k � oo) is reached for (ka, kb) > 2, sothe density of States g (w3) ,._, (8w5/ak)-l becomes very }arge when CJJ
3 (k) is closeto <.08 (k -+ oo ). This has a significant influence, e. g. in electron energy loss spec­troscopy, where the sharp maxima in the spectrum appear close to Ws (k� oo)9>.

Therefore, we classify surface modes according to their asymptotic behaviour.
The modes for which (1 + s 1) � O (or (1 + 82) � O) for k � oo, have an appre­ciable electric field close to the surface z = a (z = -b ), while those for which(s1 + 82) � O for k � oo, are important close to the surface z = O. We may de­duce that each surface mode is »connected<< with one surface (z = -b, O, a). 

The results obtained for two thin film.s can be easily applied to some specificcases, such as a thin film on a semi-infinite substrate, a thin film and a semi-infinitemedium. The dispersion equations for ali these cases are also shown in Table 1. 
FIZIKA 13 (1981) 1, 23-40 27 
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Table I 
(i) Two thin films (a, b finite).

(I - 8 1) (8 1 + 82) + (I + 8 1) (s 1 - e2) e21:0 
_ (I + s2) 21:& 

(I - 8 1) (8 1 - 82) + (1 + s 1) (8 1 + s2) e21a 
- (1 - �2) e 

k -+ O: J8 1 or s2 J -+ oo, (8 1 or e2) -+ O 

k -+ oo (I + 8 1) -+ O, (8 1 + 82) -+ O, (1 + 82) -+ O. 

ii) Thin film on a substrate (b = oo ).
(1 - 8 1) (e, - e2) e-21:a + {I + s 1) (s 1 + 82) = O 
k -+ O: e 1 -+ O, ( I + s 2) -+ O, Je 1 I -+ ex> 
k-+ oo: (1 + 8 1) -+O, (s1 + 82) -+0 

(iii) Thin film of thickness a (b = O). 

e = -cth (ka/2), e = -th (ka/2)

k -+ O: je J -+ oo, 8 -+ O 
k -+ oo: (1 + s) -+ O 

(iv) Semi-infinite medium (a= O, b = oo). 
(1 + 8) = O

Dispersion equations of aurface modes. 

3.2. Bulk modes: x;• (ro,) = O or Bn (ro1) = O 

Bulk modes in a dielectric n are dispersionless in our model and are aetermined 
only by the properties of this dielectric, as a consequence of the assumption ( 4). 

For example, let us take n = l ,  i. e. O < z < a.Then the requirement x; 1 (ro,)= 
= O or e1 (ro,) = O defines the electric field which vanishes in the whole space ex­
cept (possibly) in the region O< z < a. 

3.2.1. Transverse bulk modes: x�• (ro,) = O. 

We must have E(r) = O in the whole space, i. e. D (� = 4n P(;). 
This gives xi'"' (ro,) s1 (m,) = 4n, and P, (k, z) is determined by Eqs. (11) and (12). 
Thus we obtain 

.. - " 
" 

P;. (k, z) = c;. [i cos (qz) k + (k/q) sin (qz) z ], O < z < a, (17) 

where T denotes .the transverse bulk modes, and q = (n/a) · m, m = 1, 2, 3, .•• .

28 FIZIKA 13 (1981) 1, 23-40 
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3.2.2. Longitudinal bulk modes: s 1 (c.o,) = O 

Here D (;) = O, i. e. E (rj = -4n P (;). We find x;• (c.o,) = -4n, so P1 (k, z)
follows from (10) and (12): 

Pf ci, z) = c1 (k) Ci (k/q) sin (qz) k + cos (qz) zJ, o< z < a. c1s) 

The index L denotes the longitudinal bulk modes. 
For n = 2, i e. for the bulk modes in the region -b < z < O, we can 

apply the same discussion. Particularly, expressions (17) and (18) for P1 are cor­
rect if we replace a by b in q, c;. and Cf. The parameter q may be interpreted as 
a z component of a three-dimensional wave vector K = k + q z. For surface modes 
we have q = O. In the limit b -+oo, the discrete parameter q = (n/b) • m becomes 
a continuous parameter, O< q < oo. In order to help the convergence of pq at 
e -+ - oo, we define 1J = o+ and simply make the replacement1 5>: 

[sin (qz), cos (qz)] -+ exp (11z) [sin (qz), cos (qz)], -oo < z < O. 

4. The Hamiltonian oj free collective osc_illations

In the preceding sections we have described the dielectric properties of a 
bilayer system without specifying the dielectric function s (c.o). In order to determine 
e ( w ), we bave to find the equation of motion for dielectric media. 

In the point-ion approximation the equation of motion takes the form 1•5> 

which leads to 

82 -+-+ -+... w� -+-+ 

a,2 p (r, t) + W�n p (r, t) = 4; E (r, t),

wf,. -w2 l win 

Bn (w) = 2 2 , Xn (w) = -4 • 2 • Wxn-w n Ct>Tn - w 

(19) 

{20) 

Obviously, w = Wrn defines the transverse bulk modes and ro = w L• defines the 
longitudinal bulk modes, while 
w i. = Win -w}. is the ion-plasma frequency in the dielectric n.

Eqs. (7) and (20) give the orthogonality relation 

dz P'* (k, z) · P'' (k, z) Win

2 
= 8,., .. I 

... .... ... ... 

(21) 
-b 

Eq. (21) dift"ers from the standard orthogonality relation by a weighting factor
, •• -2 5) 
""Pn • 

FIZIKA 13 (1981) 1, 23-40 29 
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The condition (21) determines the constants C, (k):

(22)
(·2

)
1/2 q 

C; (k) = C} (k) = Cl (k) = (J)pn Zo (q2 + k2)1/2' (23)
where z0 = a, b, n if n = 1, n = 2, or b -+ oo, respectively.

According to Eqs. (5) and (21), any physical quantity f related to P can be ex­
panded in terms of P, in each dielectric plate. This statement is expressed by theclosure relation 

- ... ...  - .... � p1• (k, z) P' (k, z') = wi11 6 (z - z') B. (24)
In the limit b -+ oo we assume 8"·"' -+ 8 (q - q') and � -+ f đq in the region s < O.

The dielectric properties of a metallic plate n are described by2> 

win 1 win Bn(w) = 1 - -2
, Xn((J)) = - -4 -2

,
(J) ,i (J) 

(25)
where ro Pn now denotes the electron plasma frequency. Eq. (25) is formally obtainedfrom Eq. (20) by making the substitutions roTn -+ O and w Ln -+ ro Pn• 

Following (24), we expand P in terms of P':

P (k, z) = � h, (k) [a, (k) + af ( -k)] P' (k, z),
i 

.. ... 

(26) 

where a; (k) and a, (k) are the standard creation and annihilation operators for bo-sons. The total hamiltonian H O of the bilayer system can be diagonalized ina similarway as described in Ref. 5. Here we choose 
1 [ h ] 

1/2 

h, (k) = 2n 8nA w, (k) ' (27)
-yvhere A is the normalization area. This choice difFers from the usual one by afactor ro�5 >, which explicitly enters the orthogonality relation (21). Then we ob­tain: 

I 
... ... 

I 
- - [ ... - I] H0 = H0 (r) dr = A dk ; liro, (k) at (k) a, (k) + 2 . (28)

30 FIZIKA 13 (1981) 1, 23-40 
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H0 is the Hamiltonian of the long-wavelength collective oscillations in the bilayer 
system. These oscillations ( optical phonons in an ionic crystal and plasmons in a 
metal) are well defined for K < Kc, where K

c 
is the cutofl' wave vector as a limit 

of our continuum approximation. For surface modes (q = O) we define the cutoff 
wave vector kc parallel to the surfaces of the system, while for bulk modes (q > O) 
we also have to define a cutoff wave vector qc in a direction perpendicular to the 
surface. The summation over q and the integration over k should be performed up 
to the limit determined by the sphere ,t,

2 + q2 = K! 15>. We can roughly estimate Kc 

to be of the order of 106 cm - 1 for ali cases involved. 
Let us note that the closure relation (24) is a purely mathematical statement 

which implies O< q < oo. If this relation is used to avoid the summation over 
volume modes5

•
9 >, q

c 
= oo is implicitly assumed, which may not always be a good 

approximation 10• 1 5• 16 >. 
The Hamiltonian (28), together with the polarization (26) and the polarization 

eigenmodes and eigenfrequencies defined in section 3, gives a complete description 
of the bilayer system in the long-wavelength approximation. In order to solve the 
problems we bave mentioned in the Introduction we have to take into account the 
appropriate interaction. 

5. lnteraction oj a point charge with collective oscillations

-+ -+ 

The interaction of a point charge e at r e = (ee, Ze) with collective oscillations 
of the bilayer system is described by the Hamiltonian 

Hi = e q, (;e)• 
Using Eqs. (3) and (26), we can write (29) in the form 

H, = A I dk eike-: ; r, (k, Ze) [a, (k) + at ( -k)],

where the coupling functions (interaction matrix elements) are 

I', (k, Ze) =eh, (k) q,I (k, Ze) = r; (k, Ze)• 

(29) 

(30) 

(31) 

In similar problems5
•
9 >, Eq. (9a) for q,a (k, z) is used to express I', (k, z11).

In this case the integration has to be performed over z and the results obtained are 
rather complicated. In fact, the coupling functions, which are defined for the whole 
space, are expressed in terms of polarization eigenmodes, which are nonvani­
shing only inside the plates. Therefore, to express I', (k, z11), e. g. at O < Za < a, one 
has to involve the expressions for P' (k, z) in both regions, O < Ze < a and -b < 
< Ze < O. A much simpler result follows if we use Eq. (9b}, i. e. tJJ' (k, z) =
(i/k)E� (k, z). Then I', (k, ze) is expressed by El (k, ze) that corresponds to the same 
region. An explicit proof of the identity between these two results is rather 
tedious, though straightforward. 

FIZIKA 13 (1981) 1, 23-40 31 
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Starting with Eq. (9b), we find I's (k, z) for surface modes: 

I'8 (k, z) = - e C; (k) hš (k) ')'� (k, Ze)/k, 

, (k z) = A: exp (kz) - B: exp (-kz),l 

-exp [ -k (z - a)],

'Ys ' A; exp (kz) - B; exp ( -k, z), 
n: exp [k (z + b)], 

and for bulk modes: 

z > a, 
O> z > a,

-b < z < O,
z <-b,

I't (k, Ze) = 4ne C; (k) h1 Sin (qze)fq, -b > Ze > a,

I'T (k, Ze) = 0. 

(32) 

(33) 

(34) 

The total Hamiltonian for a point charge interacting with collective oscillations 
of the bilayer system is 

H = H
0 

+ H 1 + He, (35) 

where He = P!/2me is the electron kinetic-energy operator. 
Let us note that H can be diagonalized only in a semiclassical approximation, 

which is exact in two opposite limits5 >: for a charge at rest1 5 > (large potential ener­
gy, Ve > liw1) and for a very fast point charge9 > (large kinetic energy, Ee > liw1).

6. Comments on some special cases

In the preceding sections we bave developed a full description in the long-wa­
velength approximation of collective oscillations in two adjacent plates. The theory 
is satisfactory for systems where the dielectric properties can be approximated by 
the dielectric functions (20) or (25). Here we extend the model to some other in­
teresting cases. 

6.1. An inert dielectric 

There are many materials for which the dielectric functions (20) or (25) are 
not appropriate. In some materials (inert dielectrics), the dielectric function is 
roughly independent of w for ali frequencies of interest. 

Still, we can apply our formalism to an inert dielectric plate n by taking for­
mally ( Wrn, w LJ > w and defining 

h 2_(2 2) 2
W ere Wp11 - (J)Ln - (J)T• ;ji> (.() • 

32 

1 a>�n 
Xn =--2-, 

4n Wrn
(36) 

FIZIKA 13 (1981) 1, 23-40 
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This is consistent with the equation of motion ( 19) which reduces to P (;; t) =
= Xn E (;, t) in the inert dielectric n. No bulk modes exist in the inert dielectric. Sur­
face modes extend also into the inert dielectric owing to the presence of the opti-
cally active medium. It is very important to note that H0 (;)=O in the inert die­
lectric. This result is obtained because no charge oscillations appear in that region. 
However, we must be careful when calculating the total Hamiltonian (35) of the 
bilayer system interacting with the extemal charge. It can be shown that (35) isa 
correct expression for H if we define He as 

(37) 

where U (;:) is the potential energy of a point charge interacting with the inert 
dielectric only17>. Therefore, the coupling functions (31-34) describe the interac­
tion of an electron with collective oscillations in an optically active medium in the 
presence of an inert dielectric. Expressions (31-34) are correct and the requirement 
a>n >a>n leads to a rather simple relation for c; (k):

Here we suppose the inert dielectric to be in the region n = I, i. e. at O< z < a.
According to (5) and (7), the orthogonality {21) and closure (24) relations are still 
valid, but they are restricted to -b < z < O. 

6.2. A dielectric with electronic polarizabilio, 

In the equation of motion ( 19) we considered only the ionic contribution and 
neglected the electronic contribution to the polarization. If we take into account 
the electronic polarizability in the dielectric n, we have to replace (20) by1 >: 

Win - W2 I 
Bn (w) = B00n 2 2, Xn (w) = -4 [sn (w) - 1),

WTn - W 1& 
(39) 

where 800n describes the dielectric function at high frequencies ( ro � w Ln, a>Tn)• The 
conclusions of sections 2 and 3 remain valid. Piowever, the equation of motion (19) 
in section 4 and the relations that follow are no longer correct. Nevertheless, it can 
be shown12

•
13> that the polarization can be expanded in the form (29). Then, the 

interaction of a point charge with dielectric plates described by (39) has the form 
(30). 

The theory developed in sections 2 and 3, combined with the approach of 
Ref. 13, allows a consistent inclusion of electronic polarizability. 

Briefly, our theory remains valid if one redefines Wpn [which enters the coe­
fficient C, (k)] for surface modes12 >: 

FIZIKA 13 (1981) 1, 23-40 
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and for bulk modes 1 3 >: 

( -1 - ) 1/2 Wpn -+ WLn Boon - eo„1 • (41) 

Here Ban = Bn (w -+ O) = Eoon (roLn/Wrn)2, while Wsn is the asymptotic frequency of 
the surface modes of the dielectric n alone, i. e. w 81 = Wai, w52 = Wa4, and 
roa1, roa4 are given in Table 2. The statement (40) is only approximative, while the 
statement ( 41) is exact. In the limit s00n-+ 1, both Eqs. ( 40) and ( 41) reduce to ro Pn-+
-+ (ro2 _ ro2 )1/2 

Ln Tn • 

Table 2 

k-+ 00 COas W
as 

(two metals) 

(1 + 81) -+0 Wa1 Wp1/J/2 
(81 + 82) -+ 0 COa2.3 (co�

1 + w�2
) 1/2/V2

(1 + 82)-+ o Wa4 wP21V2 

Wa1 = [(8001 Wit + ro}1)/(e001 + 1)) 112 

Wa4 = [(8002 C0i2 + w�2
)/(8002 + 1)] 1 /2 

Wa2 , 3 = ([wiT ± (w1.r - 280012 W�L
) 112]/eoo 12)

112 

w}.T = 8001 (col1 + w}2) + 8002 (cof1 + co}1) 

80012 = 2 (eool + 8002) 

l\symptotic frequencies of surface modes. 

U p to this point we have described several models for the dielectric function, 
which in turn enable us to determine the dispersion of the collective oscillations 
(Table 1) in the corresponding system. These surface ( or Fuchs-Kliewer2 >) modes 
exibit a strong dispersion which essentially depends on both the dielectric proper­
ties and the geometry of the medi um. In our model the bulk modes are dispersionless, 
but each bulk mode is characterized by the discrete parameter q which plays an 
important role e. g. in the screening of the external charge1 5 > and in the electron­
-transmission experiment1 6 >. 

It is well known2 > that the collective modes are the dominant excitations in 
the small wave vector limit, so when essentially the same approach was applied 
to the thin film (or semiinfinite medium)5•9 >, one was able to explain many interes­
ting experiments (EELS, XPS, image potential, etc). The present theory enables 
one to describe the same experiments in the bilayer systems, which is obviously of 
great importance. Moreover, we have also outlined some important features of 
thin films such as the three dimensional cutoff wave vector and the discrete na­
ture of the bulk excitations, which were usually neglected. Here, we have been able 
to connect them with real experimental situations1 5 • 1 6 >. 
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This paper is mainly devoted to solving the general problem of charged par­
ticle interacting with the collective oscillations of bilayer systems, so it is appropria­
te to discuss the general behaviour of the dispersion relation W8 (k) and the coupling 
functions I'� (k, z). We stress again that our approach is a macroscopic one; if the 
experimental situation requires detailed knowledge of the microscopic properties 
of the system, our theory obviously could not give the com plete answer. 

6.3. Two dielectric or metallic plates 

The dispersion relation for two dieletric plates with the dielectric functions 
(39) is shown in Fig. la. There are four surface modes for finite b and three surface
modes in the case of semi-infinite substrate (b = oo ).

U' 
tl'=G>/c.>u ou[=:==:::::::::::::::=::::=:��============= 

CJ2 

0.9 

Q3 

o 0.5 1.0 ka 

Fig. l. Two diclectric plates in contact. The parameters are typical of ionic crystals: eco1 = 3, 
li '°1'1 = 0.06 eV, li coLl = 0.1 eV and eoo2 = 2, li '°r2 = 0.04 eV, li coL2 = O.OS eV. a) Disper­
sion relation. Full line: b = a, dashed line: b = 10a, dotted line: b +- oo. b) Coupling functions 
(in arbittary units), for b = a and ka = 2. For larger ka, the coupling functions would have more 

pronounced maxima at the corresponding surfaces. 

a) Dispersion relation. Full line: b = a, dashed line: b = 10a, dotted line: b-. oo.

As we have pointed out, surface modes can be classified according to their asym­
ptotic behaviour for k -+ oo. The asymptotic frequencies W08 = w8 

(k -+ oo) are 
given in Table 2. The coupling functions (32) for the same system are shown in Fig. 
lb. From Fig. lb or by comparing Fig. l a  with Table 2 we find that one mode 
( c.u 1) is connected with the surface z = a, two modes ( c.u 2, w 3) with the surface 
z = O and one mode ( w4) with the surface z = -b. In the limit b -+ oo, the frequen­
cy of the Iast mode ( w4) becomes dispersionless and it is not a solution of the dis-
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z 

r 

Fig. 1, b) Coupling functions (in arbitrary units), for b = a and ka == 2. For Jarger ka, the 
coupling functions would have more pronounced maxima at the corresponding surfaces. 

persion equation for � thin film on a substrate (Table 1). We point out that the upper 
(lower) interface mode c.o2 (c.o3) lies between c.ou, c.o„2 (c.oTI, c.on). Therefore, we 
call c.o 2 the longitudinal interface mode and c.o 3 the transverse interface mode. 
The first mode is strongly coupled, while the second mode is weakly coupled to the 
extemal charge. 

For two metal/ic plates [Eq. (25)], the shape of the clispersion relation is essen­
tially the same as in Fig. l a  provided we take c.oTI = c.oT2 = O. However, c.o = O 
( I s I -+ oo) is not a solution for the transverse surface mode because c.o = c.or = O 
is a degenerate frequency of transverse (shear) bulk modes in metals. This means 
that (for finite b) we find three surface modes, i.e. one surface mode is connected 
with each metallic surface z = a, O, -b. The asymptotic frequencies are given in 
Table 2. In the case b = oo, we find two surface modes connected with the sur­
face z = a, 011>. The coupling functions are of essentially the same shape as those 
for two ionic crystals. Obviously there is only one »interface« coupling function (11). 
The ratio of this function vs the »surface<c coupling functions I'� and r; is much 
smaller than the corresponding ratio in the case of ionic crystals. This is a consequence 
of a much stronger screening of the external field in the case of metallic plates. 

6.4. A dielectric and a metallic plate in contact 

The dispersion relation for the clielectric plate (39) (n = 1) and for the metal­
lic plate (25) (n = 2) are shown in Fig. 2a. Again, we have four surface modes 
( or three, if one of the plates is infinitely thick). Fig. 2b shows the coupling functions 
(32). 
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The frequency of the surface mode (ro 1) connected with the dielectric surface 
(z = a) is much lower than that ofthe surface mode (ro4) connected with the me­
tallic surface (z = -b ). There are two interface modes: The longitudinal interface 
mode starts from the phonon frequency w2 (k -+ O) = wLl , but approaches a 
typical plasmon frequency ro2 (k-+ oo) � roP2/( l + e001) 112• The transverse interface
mode is practically degenerate: ro3 (k) � wn , and its coupling function is negli­
gible. The two »phonon« modes (ro 1, ro3) exhibit much less dispersion than the 
»plasmon« modes (ro2, ro4). In fact, the »plasmon<< modes behave as ifthe dielectric
were approximated by 61 (ro) � 6001· 

I 0.4 / 

C,J' = CJ/(JP2 

>--
/ 

----
--

0009 

0.007 

CJ' 

-------.... _____ _ 

o.s 

CJ, 

CJ, 
... 

c.>i.,..,._ __ -r---..-----,...----,,----.------r--

0 o.s 1.0 ka 

Fig. 2. Dielectric and metallic plate in contact. The dielectric plate (soo 1 = 3, h wr1 == 0.1 cV)
is placed on a metallic plate (li Wp2 = 10 eV).

a) Dispersion relation. Full line: b == a, dashed line: b = 10a, dotted line: b-. oo, dash-dottcd
line: a == 1 Ob. The limit a -. oo has practically thc same curve as a == 1 Ob.

6.5. A dielectric or a metallic plate in contact with an inert dielectric

The dispersion curves of an optically active dielectric (ionic crystal), described 
by (e00, wL, wT) (30), in contact with an inert dielectric, described by s= const. 
(36), are essentially the same as the dispersion curves of the »plasmon« modes ( w 2, ro4) 
in Fig. 2a, as it was pointed out in sec. 6. 4. For an optically active dielectric of 
finite thickness, two surface modes appear: one of them, w 2 (k), connected with the 
interface, has the asymptotic frequency 

W2 (k -+ oo) = [(e00 ro}. + s w�)/(s + 800)] 1
/

2 
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and it corresponds to co2 in Fig. 2.a The other mode, co 1 (k), is connected with the 
free surface of the optically active dielectric. It approaches the asymptotic frequen­
cy co 1 (k -+ oo), given by Eq. (42) with s = 1, and therefore corresponds to co4 

in Fig. 2a. 
For an infinitely thick optically active dielectric, only one surface mode appears 

with the asymptotic frequency ( 42). The number of surface modes is independent 
of the thickness of the inert dielectric. 

The same conclusions are valid also for a metallz'c plate (25) in contact with 
an inert dielectric (36): there are two surface modes ( w u w 2) in the case of finite, 
and only one surface mode in the case of infinite thickness of a metallic plate. 

The coupling. functions (32) for an inert dielectric placed on an ionic crystal 
or metal are obviously of the same shape as the »plasmon« coupling functions in 
Fig. 2b, i. e. I'J looks like I'J and I'i looks like r; in Fig. 2b. 

z 

r 

Fig. 2, b) Coupling functions (in arbitrary units), for b = a and ka = 2. The coupling functions 
of the interface modes (particularly of o,3) are rather weak owing to the influence of the metallic 

plate. 

Finally, let us briefly note that one finds two surface modes for a thin film and 
only one surface mode for a semiinfinite metallic or an ionic-crystal plate2>. In 
fact, the same conclusions (as in 6.5) are valid if we put e 1 = 1 (vacuum) for an 
inert dielectric. 

Similar systems, such as two semi-infinite plates separated by a thin vacuum 1 5 > 
or an inert dielectric gap 14 >, can also be treated in terms of collective oscillations 
by using essentially the same formalism. 
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7. Conclusions

We bave developed a theory which describes coupled colective oscillations in 
two different materials: ionic crystals with well-defined optical phonons or metals 
with plasmons or inert dielectrics. 

We have diagonalized the Hamiltonian of a free system and found the Hamil­
tonian of a point charge interacting with collective oscillations of the system. 

The Hamiltonian approach has a particular importance when the charged par­
ticle interacts strongly with the system. If the threshold energy for such a process 
is well below the particle kinetic energy, the multiple excitations play an important 
role in the EELS spectrum9 >. As we can see from section 6, this is obviously the 
case when the bilayer system contains the metallic plate. In that case, the classical 
electrodynamics approach9

•
10 >, which gives only a single-excitation spectrum, is 

quite inappropriate. Moreover, the screening of the static charge distribution can be 
easily described in terms of collective oscillations of the system, i e. by the coherent 
states5

•
15> which involve all the excited states. 

In conclusion, this paper provides a theoretical framework for further inves­
tigations of bilayer systems, such as the image potential of a point charge, or inelas­
tic losses in EELS and XPS. 
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