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The procedure of the unitarisation (normalisation) of the charge exchange 
capture cross sections was performed in the impact parameter representation using 
the relation between quantum-mechanical and impact parameter amplitudes. As 
one can expect, the normalisation effect is very essential for transitions with small 
resonance defect w in the region of intermediate and low relative velocities. The 
analytical expressions for ls-electron capture amplitudes into nlm-states with n < 
< 3 and the amplitudes, summed over ali lm-states, were obtained in the Brink­

man-Kramers approximation. The influence of the normalisation effect is illustra­
ted by numerical calculations. The method of unitarisation, used in this paper, 
is rather effective in the region of intermediate velocities for the reactions, when 
the contribution from nonadiabatic transitions near quasiintersections of electro­
nic levels of the 'ion+ atom' system is negligible. 

1. f ntroduction

In the previous paper 1 > the relation between quantum-mechanical f (q, v) 
and impact parameter a (e, v) amplitudes in charge exchange was obtained, using 
the Brinkman-Kramers (BK) approximation. In the present paper, with the help 
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of this relation, the analytical formulae fora (e, v) were obtained for some n'l'm' -+-+ nlm reactions and the procedure of multi-channel normalisation (unitarisation)for a (e, v) was performed to calculate partial and the total one-electron capturecross sections a (v). The aim of this work is to show that the region of validity ofthe BK approximation can be extended and spread into the intermediate relative velocities v. 

Basic formulae for a (e, v) and a ( v) are given in Section 2, in Section 3 numeri­cal calculations of ls-electron capture cross sections are compared with experimen­tal data and the discussion is given in Section 4. Atomic units are used. 

2. Basic formulae

According to Ref. I the one-electron capture amplitude for transition n' l' m' -- nlm, i. e. for the reaction 
Bz+ + A (n'l'm') -+ B<z- 1>+ (nlm) + A + 

in the BK approximation can be written in the form:
00 

I a (11, ")J 2 "'w (11, ") = .. � I f KdK C l'm' c,m Pfl' (9') Pr (9) J 4m (K11) X 
o

(1)

x Q.-r ([K2 
+ (w/<> - <>/2)2)

11 2) T., ([K2 
+ (w/<> + <>/2)2]'1 2)1

2 

(2) 

( (21 + I) (1 - m) I ) 
11 2 

, 
=- - - -Grm = (l + m)I ; Lim= lm - mi; K = q -

(w/v + v/2) v/v;
=-

��=O � 

e = w/v + v/2 ; 9' = v/2 - iijv 
[K2 + (w/v + v/2)2) 1/ 2 [K2 + (w/v - v/2)2) 11 2 

where w is the resonance ( energy) defect, J (x) is the Bessel function, Pi is the
associated Legendre polynomial. The product Qn•i• <V x2 

- 2w) Tn, (x) is the ra­dial part of the charge transfer amplitude/ (q, v)2>: 

186 

co 

Q., (x) = f R., (r)j1 (xr) r• dr
o

co 

Tn, (x) = f Rn , (r) j1 (xr) V (r) r2 dr 
o
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where j (x) is the spherical Bessel function, V (r) is the effective potential of the
ion Bz+ ; Rnz is the radial atomic wave function

00 

f ,R!1 (r) r2 dr = 1.
o 

(6) 

If / (q, v) values are known, one can calculate W (e, v) and perform the uni­tarisation procedure of the capture cross section in the form: 
00 

a (n'l'm' - nlm) =na! 2 f e de W(e v)
o 

( ) N/3 • W1'fm'..nlm (e, v) W (!, V = -----..;._---'--N 1 + T � W!-f-m·�(e,v) 
nlm 

(7)

(8)

where W8K is the BK capture impact parameter probability, defined in (2). The
summation is made over a1l possible states nlm of the resulting ion B< z- 1 >+. The
factor N/3 takes into account the number of equivalent electrons N in the targetatomic shell and the asymptotic of the cross sections at high velocities 3>: 

00 

2Nf 
<1 (v) R:j �:K (v)/3 = na! • J W:,f,m',nlm (q, V)(! đ(!. 

v>y a., 

o 

(9)

Capture cross sections for transitions between terms n' l' - nl and the total
cross sections are defined respectively by

a (n'l' - nl) = :E a (n'l'm' - nlm)
mm' 

a, (v) = :E a (n'l' - nl).
ni 
,i'l' 

(10)

(11)

In some cases it is possible to obtain formulae for the functions Q (x), T (x)
and a (e, v) in a close analytical form. For example, using hydrogen-like wave
functions Rni (r) = Z31 2 R:, (Zr) with effective charge Z = n Jlu (I.is the bound
energy) and V(r) = - Z/r we have:

22 Q1s = Zl/2 (x2/Z2 + 1)2; (12)
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4 (x/Z)2 
- 1

Q2s = , 2i,'2z312 (x
2/z2 + 1/4)3

1/T x/ZQ2.11 = f 3 Z31 2 (x2/Z2 + 1/4) ;

T =
Vz [4 (x/Z)2 

- 1]
2s 4 y2 (x21z2 + 1/4)2

1/z x/Z T211 = f 6 (x
2/z2 + 1/4)2

Q _ 4 1 ( r z4 4 1 o z2 2) 
3s - 3y'1 ZS/ 2 (Z2/9 + x2)4 8I +

X -21 X 

Q =
64 z912

x
2 !--.

3d s1 V 30 cz2J9 + x2) 4 

(13)

(14)

(15)

(16)

(17)
For a given principal quantum number n the functions Q (x) and T(x) satisfythe known sum rules4• 2>: 

n-1 2 4 (x
2 1 

)
-4 

l: (21 + 1) Q!, (x) = 3Z3 z2 + "'""'I" 
�o n n 

n-1 22 z (x2 r )-l 
:t (21 + 1) T;, (x) = -3- z2 

+ 2
�o n n 

In the case of the K-electron capture by fully stripped ions
Z + Hz• (Is) -+ Hz (nlm) + Z'

(18)

(19)

we obtain from (2) and (12-17) for electron capture amplitudes:

188 

2e
2 (ZZ')s12 -

I a1s,ls I =
V k,2 K2 (eko) (20)

o 

I a I = e
2 (ZZ')S/2 (K (k ) - e z2 K3 (koe)) (21)ls,ls 
V 2 v k! 

2 o(! 
12 ko 

I I 
- Jfž 

e
s (ZZ')s12 z (wfv + v/2) 

K (k ) (22)als,2Po - 12 V k� 3 Of2 

e s (ZZ')s12 z -
I als,2.11±1 I = 12 V k! 

K2 (koe) (23)
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I a1s 3s I = 11-i ---=-- K2 (koe) - --=- (! K3 (koe) +2 (ZZ')s12 e2 1 - s z2 -• 3 y 3 V k� 34 ko 
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Jiz = � + _!_ + --, (- ·)2 z2
o 

V 2 n
2 

- (Z')2 z2 , w = 2(n')2 - 2n2 = I - I 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

where Kn (x) is the MacDonald function; in Eqs. (20-29) n' = 1, I'= Z2/2.
The analogous formulae may be obtained for the capture from L -, M - etc.target shells to the clifferent states nlm. 
The B K cross sections, calculated in the impact param eter approximation(2), (9), give the same results as those in quantum-mechanical treatment5> in thewhole range of velocity v with asymptotic: 

<1 (v) i"-' (nn')- 3 zs + 21 (Z')s+ 211 v- 2<6+l+l'>, v -+ co. (31) 

For different applications it is useful also to know analytical expressions forthe capture probabilities and cross sections, summed over ali quantum numberslm, i. e. for the reaction 
Z + Hz• (n') -+ Z' + Hz (n).
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Calculation of the sum L la!!f.m· .. n1m fo, v)l 2 directly from (3) seems to be
fm'lm 

not possible. However, using Eqs. (2, 4, 5, 18, 19) one can obtain:

(4:n)2 8 (ZZ') 5/2 

fn•n (q, v) = ___ 
[ 
______ z2-]-=--

3
(n'n)3

1
2 q2 

+ (w/v + v/2)2 
+ n2 

Wn'n = I an'11 (e, v) 1 2 
= 

4 (ZZ') 5 e4

( 
1/ _ z2

)-
2

] 

2 K; fl y (w/v +v/2)2 
+ 2° 

(n') 2 (nn')3 [<wfv + v/2)2 
+ !2 

n 

where ii is defined in (30).

(32)

(33)

Cross sections, calculated with (32) or (33), give the same result as was ob­
tained in Ref. 2: 

28 N(ZZ')5 

<1 (n' - n) = na! · 15v2 n3 (n')S
It is interesting to note that although

[(w v ) 2 z2

]-s
-+- +-v 2 n2 (34)

(except n' = 1 -+ n = 1 transition) corresponding cross sections are equal, i.e.

00 00 

2
� r�lm J e de ian·,·m·.n ,m ce, v)1 2 

= 
2i J e de 1an·n <e, v)1 2 ='1 (n' - n) (35) 

o o 

where a,,•,·m· nlm> an'n and <1 (n' - n) are given in (2), (33) and (34), respectively.

3. Numerical calculations

Normalised (7, 8) and BK (9) cross sections were computed using analytical
formulae (20-29, 33) for charge exchange between H+ , He+ , He2+ , Li2+ ions
and H, He atoms and for ls-electron capture by multiply charged ions in the velo­
city region v = 0.01-10 a. u. Calculated partial and the total cross sections are
given in Figs. 1-1 O together with other theoretical results and experimental data
available. In the present calculations we put in Eq. (3) 'nmax = 10 with expression
Wn',n (e, v) given in (33) for n > 3 and effective charge Z = n J/21, where I is
the bound energy. 
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The total capture cross sections for H + + H collisions are given in Fig. I. 
It is seen the surprisingly good agreement ofthe calculated cross section with other 
theoretical results and experiment in the whole energy range. At v > 2 a. u. the 
normalised cross section aN is equal to BK cross section (9): a8Kf aN 

= 1; at v =
= 0.01 the discrepancy is much larger aBKfaN 

F:::J 104
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Fig. 1 Total charge transfer cross sections in H+ + H collisions. Calculated: l-12>, 2-the eikonal 
approximation 13>; - , . - the perturbed stationary states method 14>; ll- a three-dimensional 
Monte Carlo approach 15>; present work: -- normalised cross sections (11, 8). Observed: ... 16>, 
000 for n+ + D reaction1 6>, - - - average of experimental results 17>. 

Fig. 2. Total one-electron capture cross sections in He2+ + H collisions. Calculated: - - -
molecular treatment6> ; present work: - · - corrected BK approximation (9), -- normalised
cross section (11, 8). Observed: x x x 18>; ... 19>; a 20>. 
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0.01 O.I 

Fig. 3. Total one-electron capture cross sections in He+ + He collisions. Observed: - - -
average of experimental results 1 7>; Calculated: present work: - , - · - BK approximation (9)., 

-- normalised cross section (11, 8); in the scale of the figure experimental results are in good 
agreement with calculations by modified Bates approximation21 > in the region t1 = 0.7-3 a. u. 

The total cross sections for Hez+ + H collisions are given in Fig. 2. In this 
case the quasi-resonant reaction Hez+ + H-+ He (n = 2) + H+ with small w � 
� 0.05 a. u. plays an important role, therefore it is necessary to make the normali­
sation of the capture cross sections. At v < 0.5 a. u. the agreement of experimental 
data with results, performed by more accurate, but complicated methods (for 
example, by the molecular treatment6>) is better. The influence of the normalisation 
effect is illustrated in Figs. 3-5, where the total cross· sections for He+ + H, 
H+ + He, and He2+ + He reactions are given. 

E 
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-16 

,SI , 
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-17 I 

OJ 

/ 

I 
I 

I 

-16 

-1� 

-20 

1.0 10 

v(a.u.J 

Fig. 4. Total one-electron capture cross sections in H + + He collisions. Observed: - - -
average of experimental results 1 7 

• 
2 2>. Calculated: - · - · - BK approximation (9), -- norma­

lised cross section (11, 8) -present work; in the scale of the figure experimental results are in good 
agreement with calculations by Bom approximation 2 3> in the region t1 = 1 - 3 a. u. 
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Partial cross sections are given in Figs. 6-8. It is seen that the pure BK appro­
ximation does not describe in principle the region of the maximum of the cross 
sections, while normalisation procedure leads to the better agreement with experi-

-1

-3

-s

0.1 

2+ + + 
He + He- He +He 

1.0 

v(a.u.) 

10 

Fig. 5. Total one-electron capture cross sections in He2+ + He collisions. Calculated: the con­
tinuum distorted wave method14>; 2-modified Bates approximation21>; present work: -- nor­
malised cross section (11, 8). Observed: - - - average of experimental results 17• 2 1>. 

a) 

., 

10 

10 JO 50 70 

E(keV) 

Fig. 6. Partial cross sections for reactions H+ + H (ls)-. H (2s) + H+ (a) and H+ + H (ls) -. 
-. H (2p) + H + (b).

a. Calculated: - - - Boro approximation 2 6>; - • - pseudo-state expansion method 2 7>; the
eikonal approximation 1 3>; present work: -- normalised cross section (10, 8). Observed: xxx
from Ref. 17.
b. Calculated: - - - Born approximation28>; - • - impulse approximation29>; present:
work: -o- BK approximation (9), - - - normalised cross section (11, 8). Observed: x x  x30>_
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-16 

-lll 

-20 

-22· 

E(keV) 

Fig. 7. Capture cross sections for reaction H + + He-.. H (2p) + He+ . 

Calculated: . . . 11-state close coupling3 0>; present work: - , - • - BK approximation (9), -­
normalised cross section (10, 8). Observed: x x x 

31 >, O O 032>, - - - from Ref. 17.

15 

18 

vo.11. 

Fig. 8. Partial and the total capture cross sections in Li 3+ + H collisions. Observed total: - · - 3 3> 
Calculated: present work: - · - · - BK approximation (9), -- normalised cross section (11, 8). 
On the right the distribution on principal quantum number n is also shown at different velocities 

V (Eqs. (8, 10, 33)). 
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ment. In Fig. 8 it is also shown the distribution of the cross sections on the principalquantum numbers nin reaction Li2+ + H, Li+ (n) + H+ at different relativevelocities 'lJ = 0.1, O.S and 4.0 a. u. 

l 
o 
si 

-18 

-20 

-22

10 102 

v(a.u.) / Vlt)(Ry) 

Fig. 9. ls-electron capture cross sections 
for reaction p9 + + Si(Is2) � ps+ (ls, 2s„ 
2p) + Si+ (ls). Calculated: O O O K - K 
capture cross section, modified Bates appro­
ximation 34>; present work: -- normalised 
cross section (11, 8). Observed K - K 

reaction: x x x 35> (1 Ry = 13.6 eV). 

-I 
10 

r!a -2 
:;:: 10 

No 
C 

!:::. 
o 

-'3 
10 

0.1 

Z+ (Z-1)+ -t 
B +B(t!.2}-B(ts) + B(ls) 

1 10 

v (a.u.)/ Vl,)(Ry) 

Fig. 10. Scaled K - K capture cross sections 
in collisions of fully-stripped ions with iden„ 

tical atoms, present work Eqs. (10„ 8): 
l-Ne 10 + + Ne, 2 - Ar 18 + + Ar, 3 -
Kr36+ + Kr, 4 - Xe54+ + Xe (1 Ry =

= 13.6eV). 

In Figs. 9, 10 the K-electron capture cross sections by multiply charged ionsare given for reactions with relatively small energy defects w = (Z')2/2 - Z2/2 = 

= I' - I � I', I. In the region of maximum, the BK cross sections are 3-5 timeshigher than calculated by the present method. Calculations showed that K - Kcapture cross sections reach their maximum <1ma,; at the velocity 'lJnuu:, defined by

and
'l)max� Vw 

{ O.I (Z' - Z)2 na�, if Z � Z'
<1max = 32 Z5/(Z')7 na�, if Z' > Z.

(36)

(37)

Formulae (36, 37), obtained from analysis of the normalised cross sections„give the same results as obtained in Refs. 2, 6, 7 for K-electron capture by protons.
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These formulae aslo may be considered as a scaling law for K - K electron cap­
ture. For the total cross sections <ft the scaling coordinates are 8> 

and correspond to the asymptotic 

a� 1.88 · 10- 4 N(l'/Ry)5l 2 (I/Ry) cm2 

E(Kev) > 251/Ry ' 
(E8 (keV)1J/Z)6 

' 

where I Ry = 13.6 eV. 

4. Conclusion

(38) 

Normalisation procedure, used in the present paper, is very important for 
transitions with a small energy defect w in the region of velocities, defined by semi­
classical limits : 

Jl2w/M < v < Jhw, 

where M is the reduced mass of colliding particles. The smaller w, the more le­
vels of the resulting ion B( z- 1) + one must take into account to obtain normalised
capture probability (8). At v > V2w the procedure of normalisation gives the same 
results as corrected BK approximation (9). 

As was shown above, the normalisation of the capture cross sections reduces 
the BK cross sections in the region of maximum, v r-...J (0.3-3) � for ali reac­
tions considered. However, in a large number of transitions, for instance, involving 
multiply charged ions, the charge transfer cross sections may exceed the corres­
ponding BK cross sections at low energies, if the ionisation potential of the re­
sulting ion B(z- 1)+ is much higher than that of the target atom A. For such pro­
cesses it is necessary to take into account the contribution from nonadiabatic tran­
sitions near quasi-intersections of electronic levels of the 'ion + atom' system 
(see, for example Refs. 10, 11). It is possible, in principle, to include the contri­
bution from such semicrossings in the framework of the normalisation method, 
considered here, but this question will be discussed in another paper. 
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UNITARIZOV ANI PRESECI IZMENE NAELEKTRISANJA U 
IMPAKT-PARAMETARSKOJ REPREZENTACIJI 
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Fizički Institut AN SSSR - »PN. Lebedev«, Moskva, SSSR 

UDK 539.18 

Originalni znanstveni rad 

Koristeći relaciju između amplituda prvog reda za proces izmene naelektrisa­
nja u kvantno-mehaničkoj i impakt-parametar reprezentaciji, izvršena je unitari­
zacija (normiranje) efikasnog preseka ovog procesa. Demonstrirano je da se norma­
lizovani efikasni preseci dobro slažu sa eksperimentalnim podacima i u oblasti niskih 
energija. 
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