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lnteraction of the Dirac field with the electromagnetic field in the new formulation 
is considered and the results are applied to the relativistic hydrogen atom. 

1. lntroduction

A new formulation of the Dirac field has been recently developed 1 >. This for­
mulation differs from the standard one in the following aspects: 

( 1) the field is defined by two Dirac equations; the Ilirac equation with positive
and negative mass term as canonical equations, 

(2) the definition is given in fully correct Lagrange's and canonical Janguage,

(3) the negative energies are eliminated by the dual solution similarly to the
electromagnetic field. 

* This work was supported by the SIZ of Science of SR Bosna and Hercegovina„ Sarajevo.
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ln this paper we consider interaction of this Dirac field with the electromagne­
tic field. We introduce the interaction as in the standard theory but in a way con­
sistent with the new formulation of the Dirac field. We apply the derived results
to the relativistic hydrogen atom. The stationary states of the relativistic hydrogen
atom we find without self-interaction. The self-interaction we consider elsewhere.

Section 2 contains definition of the new Dirac field in a short form. In Section 
3 the interaction of this field with the electromagnetic field is considered. The defi­
nitions of the hydrogen atom and solutions of the corresponding Lagrange's and
the canonical equations without self-interaction are given in Section 4. The defi­
nition of the »norma!« and the »dual« solutions and corresponding consequences
are given in Section 5. Constants of motion are evaluated in Section 6 and conclu­
sions are given in Section 7. 

2. The new free Dirac field

We start�· w.ith. the Lagrange's density

!t' = K [(-i 80 �yz) (i 8p yfJ �) - ,e2 � �] (I)
�v 

for the .bispinor field �. K and ,e are constants. We use the coordinates X"'= (x0>
x1, x2, x3), the metric 

800 = - 811 = -122 = 833 = 1, CafJ = 
O, a =I: /J,

the representation of the ,,,, matrices

.,,, = ( 
0 ao'), ,,o = (

1 0
), ,,s = _ i „o „1 „2 „3,-<11 o -1 

and units c =li= 1.

are

The Lagrange' s equations, according to

a.:e a.:e 

a x -
a„ a ca„ x)

= o,
80 lJa �t + ,e2 (l>t = O,

oa 8a(I> + ,e2 (I>= O

(after multip�cation with -1/K).
'I'he co�jugate momenta to � and (l)t are

(2)

(3) 

II•= K(- i a.�t ')"'t) i, (4)

II.t = K ( - i) (ia
,, ,,,, (I>)
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and the corresponding Hamiltonian density 

The canonical equations, according to 

are 
dF oF dt = 8t + �F, H},

a.,,. n�t + K "2 '1> = o
or in the matrix form 

(i a.,,. - ") ( ." '1> ) �1 II. t - O,-,e i a. ,,. K IP . 

( · i ) ·(-i a • . yrt -") "tf>t, - K n� -,e -i a. y•t . 0·
Performing the unitary transformation by the unitary operator 

Eqs. (8) become 
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S- I (I I) 
- J/2 1 -f. ,

(io„ y• - ,e) 'l'1 = O, 
(i8 y• + ,e) 'l'II = O, 

-i8� 'P1 y• - ,e f/!1 = O,
-io. 'l'11 y• + ,e 'l'u = O,

(6) 

(7) 

(8) 

(9) 

(10) 
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where 

.(11) 

or explicitly 

(12) 

Let us also write the �verse of Eqs. (12): 

(13) 

n.t = i Vž ('l', - 'l',,).

We take Eqs. (10) as the definition of (new) Dirac field, or coming back toEq. 
(1) we take the bispinor ti> with the Lagrange's density (1) as the definition of the
(new) Dirac fielđ.

The general solutions of Eqs. ( 3), written in terms of plane waves with the box 
normali?.ation, is 

- .1-
a ... 

ki 
2 

a ... 
ki 
3 

a ... 
ki 
4 

a ... 
kl 

.­a ... 

a! 
k2- el ctx+"o'>}

a.! 
' 

k2 

a! 
i2 

(14) 

where a:;;, are arbitrary t:onstants and ko = + v "2 + k2.

Writing 
(15) 

where 

(16) 
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BRANA AND LJ'OLJE : THE INTEBACTION OF, •• 

the solutions tPn and tP4 are in the ,dual« 1·elation 

(17) 

and in the next we take ,P 4 = O. 
After elimination of the ,dual« solution� we separate the negative and positive 

frequency terms and write 

'P, = 'P,, + IJ.l1t,
'P11 = 'P11, + 'Puc, 

(18) 

(19) 

where E contains only the negative frequency terms and C contains only the positive 
frequency terms. 

The scalar, four-vector and the second order tensor constants of motion are 
then 

where 

and K 
= 

x. 

Q=Q,+Q,, 

pa. ry+ Pc,

MP, == M�,, + Mr,

Qe = const0 f (Pti P,e - P11, Pm) d3 x, 
Qc = const0 f (1JIJc P,, - 'P1ic IJ.lm) d3 x,

. i . 
I': = constp 2 f {('Pi, aa IJ.l,e - aa 'Pt, IJ.lu) -

- (IJ.1111 o" 'Pm - aa 'Pf1e 'Pm)} d3 x, 

Pc = const, _!_ f { (Pfc D° 'P1,: - aa Y"f1c 'P,c) --2 

- (Y".111, aa '1'11,: - ;;a 'Pi1c 'P,,c)} d3 x,
M� · constM { f (xfl 7':° - x"' 7f) d3 x +

I  
+ 2 f ('P1i afl'I 'Pn - 'P111 a/11 'Pm) d3 x},

Mt = constM {( J (ii' 71° - x"' Tt0) d3 x +

1 +2 f ('Ptc afJv 'P,r; � 'Pi1c afJv tJ.luc) d3 x}
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Selecting (when field components are difFerent from zero)

f ('Pte 'P,e - 'Pt1, 'Pm) d3 x = 1,

f ('Pf 1C "l'11t - lJ'ft lJ',c) d3 X = l,
and taking

const0 = q, constp = constM = 1,

(22)

(23)

these constants gf motion may be interpreted as the charge of a particle and its
antiparticle, the average values of their four-momenta and the average values
of their angular momenta, with the space-time probabilities 

for the particle and its antiparticle, respectively.
In the nonrelativistic limit (k � ,e)

1TI _ - IHt (Xll )
rre - e , 

. %12 

and Eqs. ( 1 O) and (22) become .

ITI :_ hđ (Xlll) 
r11t - e 

x,12 

iao X11 = - !Ax11, 

• a 1· A dh - 1 o X111 = ....;. 2,e '-' XII · an • c.,

· f Xii Xm d3 X =· 1,
fx't11xmd3 x=1.

The constants of motion for x, 1 #: O and X111 = O are tJ].en

Qnonrel = q,

P0no�ei. "+ f X�1 (-�A x11) d3 x,

pJnonrei = f di (-i 8J) X11 d3 x,

Sr ,ro,,,.el = � f .Xii <1r X11 d3 X,

(24)

(25) 

(26) 

(27) 

(28) 
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where in the last constant the spin part is written only .. These: constants of1motion 
reveal the statistical interpretation of the field. 

At the end let us make a remark with respect to the separation of 'P on 'Pn 

and 'P d• In the representation of y-matrices where „s is diagonal the bispinor com­
ponents ('P i, .tt,2) transform under the Lorentz's transformation .. independently 
from (tl> 3, 'P4). The unitary·.transformation which realises transition:tq tpese·y-ma­
trices is 

1 
( 

1 1
) 

V2 1 -1 . 

Consequently, 'Pn = (ff), 'Pd = (�) go over into in ,-.J (:), i,4 ,_ <-:). We may 
then define the normal solution as that with ·equal upper two and with lower two 
components. In Section S we return to this equestion in more detail. 

3. Interaction with the electromo,gnetic field

We introduce the electromagnetic interaction in the system consisting of the 
new Dirac field and the electromagnetic field similarly as in the standard theory, 
i. e. by the substitution

(29) 

We apply also the standard treatment of the el�ctromagnetic field in order to avoid 
unnecessary misunderstanding. We consider theory · with analogous canonical 
description of the electromagnetic field elsewhere. . . . 

The Lagrange's density (1) then becomes 

!i'free D•f• + !i'int ="{[(-i a" - e Aa) i '1°1 [(i 8p - eAp) ,,11 'P] - x2 j°tp}, (30) 

where from now on we take K = x. 

. The total Lagrange' s density is 

(31) 
where 

(32) 

The Lagrange's equations for A11 and 'P are 

8a aa AI' = - 4 n {2e1 "� tp AP + i e" [ -4> "° (oa „
(I 'P) + (oa (J> y') Y" ii]}, (33)

00 8° tl> + x2 tl> + i e [8,. ,,JS (Apyll tl>) +Aa "" op rfl tl>] - e2Aa A" tl> = n, /., ·.; : ' (34) 
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where we have·used in Eq. (33) also the Lorentz's condition 

oa A" = O. (35) 

For the sake of later calculations and comparison with the standard theory 
we give Bq. (34) also in some other forms. First we write 

(36) 

By making use of 

and 

where 

(i o � eAa) (i 04
- eAG) - � [(i Oa - eAa), (i a, - eAp)] <f'P, (37)

[. a A J 
• aA,, 

l a, p = 18-' 
Xa 

i ""' = - (ya y/J - ,,, y'), 
2 

(38) 

(39) 

(40) 

Eq. (36) becomes2> 

with 

where 

{(i oa - eA0) (i D° - eA0) - � e <J"I' FaP} ti> = x2 ti>� ( 41) 

I ... ... ... ... 
2 <J°fl FafJ = 'J:, H - i a E, (42) 

(43) 

is the spin momentum, E and H are the electric and magnetic field ve,ctors 

(44) 

and <1, are the P.auli matrices. 
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The term with the magnetic vector is quasidiagonal while it not refers to 
the tenn with the electric vector. The unitary transformation 

- 1 (1 1)S<P = ti>, S= tf7i 
y2 1 -1'

makes ali terms quasidiagonal: 

(; o) ... (; o) -+ _ _ 

{ (iaa - eA) (iaa - eA0 
- ... eH + i ... eE}tf> = ,e2 t/>. a o a o -a . 

Writing 

t/) =(�I) 
<Pn 

one gets separated equations in components i1, i11: 

... ... -+-+ - -

(45) 

(46) 

(47) 

{( i 00 . - eA0) (i o0 
- ·eAa) - e a H + i e a E} t/>1 = ,e2 t/>1, (48) 

... ... ... ... ,.... -

{(i 80 - eAa) (i aa - eA0) - e a_ H -i e a E} tf>Il = u2 t/>11• (49) 

The last equation is just the one which Feynman and Gell-Mann suggested 
for description of electrons and positrons3 

-
5>. In our description it is almost so 

but not completely. The diHerence is ·a1ready evident· but wil1 be seen better in a 
due course. 

Now, we come back to the Lagrange's and canonicalformalism of the field 
(<P, <Pt). 

The conjugate momenta to ti> and tf)t are 

89' 
- a (oo ti>)

=.{-(i 00 + eA0) t/>y". i 10 } ,e, 

and the Hamiltonian density 
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The canonical equations are then 

o
0
Il<P = - ,e

3 j + II• i eAp y0 yfl + 81 (-II• 'Y� r'), 

o0 II.t = - ,e
3 y0 ti> - OJ (y0 yill�t) - i eAa y0 y" II�t, (52) 

- 1(oa - i eAa) ti> ya 
- -II<P y0 = O. . . ,e 

These equations can also be written: in the form 

(53) 

(54) 

(55) 

(
i (00 + i eA0) y0 

· -,e ) ( i ,ell> t) = O _(56) - ,e i (011 + i eAa) ya ,ill• 

and h. c. 

Performing the unitary transformation with the unitary matrix 

s- 1 (1 �)- J,'2 1 -1 (57) 

and introducing the notation 

S ( i"; t) = (' 'l'i ).
(58) 

,e • ':1'11
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Eqs. (54) and (55) become 

[(i oa. - eAJ „a - ,e] '1'1 = O,

[(i a" - eA,J y".+ ,e] '1'11 = O,
(59) 

(60) 

These equations are in accordance with (10) and (29). They are Dirac field equations 
in the electromagnetic field with negative and positive mass term. 

In the next it will be sometimes .useful to write 

Eqs. (59) then read 

12 [(i 80 - eA..) y" - "] e D_ 

h [(i80 - eA..) i'+"] s D+ .

D_ 'P1 = O, 

D+ 'Pn = O,
and from (58) we also have 

11'1 � D + '1>, 

From the canonical equations (59) and (60) follows 

By making use of this four-vector, !i''"' can be written in the form 

!i'in,. = ,e { [ (-i Oa - eAa) <P „0
] [(i 8p - eAp) yP (I;] -

(61) 

(62) 

(63) 

(64) 

(65) 

- (- i 8a rP „a) (i ćJ yp(l;)} = -ja A" - e2 "°i� Aa A" (66) 

�d ��- (33) _in the fonn
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Let us notice that we have also 

9' O + .!i11nt = -,e ('P1 1P11 + 1P11 1P1)• (68) 

By this we have introduced interna! interaction of the Dirac field with the 
electromagµetic field on the basis of (2 9), or the Dirac field with interna! elec­
tromagnetic interaction and interaction with extemal free electromagnetic field. 

Let us now consider the external interaction with the electromagnetic field 
with sources. We will not go into the source structure but will only assume that 
the interaction among the sources and the electromagnetic field is given by 

with 
!i' tnt = - i- A0, (69) 

(70) 

Disregarding any other interaction we have only · the change in the Lagrange's 
cquation for A": 

(71) 

The general solution of Eq. (71) is 

A"= Af + A�, (72) 

where A� is a general solution of the homogeneous equation and A� .is a particular 
solution. The particular solution is taken in the form 

A� = A�, + A��' 
where 

... ... ... ... 

(73) 

I i''{;,,xo - I;_ JI) 3 , A,,.,= ... ... d x,„ 
lx-x'I I jf (x', X - lx - x'I)

A�,. = ... .. d3x'. (74) 
lx-x'I 

The substitution of A" from (72) into (34) gives 

a" aa t/> + ,e
2t/> + ie [e11 'Y" (Ah/J „11 'ti>). + A110 'J'a lJp ,,,, �] - e2 A„11 A110 ti> 

- 2e2 AP• A� + ie [8" ,,,, t/>) + A,,o '}"' lJp yfl t/>] - e2 A"" A: t/> = O. (75)

We. have now the general elements of the interaction of the new Dirac field 
with the electromagnetic field introduced by (2 9) • Is this interaction C9rrect? 
We answer to this question partly in the next Section. The - other aspects we 
consider elsewhere. 
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4. Relati'Oistic hydrogen atom

In this Section we apply Eq. (75) to the relativistic hydrogen atom. We do
not consider here the self-effects as we do it elsewhere. Therefore, we take 

(76)Af = O, A�1 -:- O, � = (- �• s A 0, O, O, O ) .

Eq. (75) then becomes

a. ćJ" ti> + x2tP + i e [a„ 1'" (A0 „o ti>) + A O „o 8p „11 qj] - e2 A! ti> = O (77)

or by making use of ( 41) and ( 42)

...... 

{(i e0 - eA0)2 
+ A - i e a E} tf> = x2 (P, (78)

We seek solution of this equation in the fonn

(79)

and for O > k0 > x, since we expect that it will be connected with the hydrogen
atom. After substitution in (78) the equation for <p reads 

{(ko - e Ao)2 + A - i e; E} 'Pko (r) = "
2 <p1c0 6\ (80)

Now, we have to solve this equation. We can follow usual procedure of solving
such an equation. However, we may also make use of already known solutions of
the Dirac equation from the standard Dirac field theory. Due to general knowledge
of this material we follow this line. By this we are solving the canonical Eqs. (59).
(For direct solution of Eq. (80) see the Appendix.)

Multiplying Eq. (58) by s- 1 one gets

1
ti> = ,/7i ('P1 + 1P11)xy 2 

(81)

where 'P1 and 'P11 are arbitrary solutions of the first and the second of Eqs. ( 59),
respectively. 

From the standard Dirac field theory the solutions 1P, are known and the so-
1utions 'P11 one can get from them by changing the sign ofthe mass tenn (x-+-x).

Writing
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and taking into account (79) and (81) it follows 

- 1 ' - - '

'P11c0 (r) = 
1r,; ('Pa0 (r) + 'PIIko (r)].

. "r 2 

From the standard. theory we have3> 

.. 

where D1,m (-;,) is the spherical spinor, l = j ± , ! , l' = 2j -· l, ; = ; ,
and 

f (r) = V"+ koe -2 fl'-l (Q1 + Q2�, 

e 

g (r) = - JI ,e - ko 'e -:f e1- 1 (Q 1 - Q2),

Q1 = A� F (--n,., 2y + 1, e), 

Q2 = Bn,1c F (l - n„ 2y + I, e),

{ ,e2 . } 1/2 

ko = 

I+ (,,t,J ' 

j = l+ � 

. I' 
J = l-

,: 

($3) 

(84) 

(85) 

(86) 

(87) 

(88) 

(k = ± 1, ± 2, ± 3, ... ; the positive values correspond toj= l - � and .nega­

tive to j = I + _!_) 2 
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·
{ 

O, 1, 2, 3,... for k, > O
n, = ' 1, 2, 3,... for k < O

e = 2l r, A = V ,e2 -k!' ,, ' . V k2 - Z2 
- a2 •

(89)

(90}

F (a, b, e) is the confluent hypergeometric function. An,rc is a constant determined.
from the normalization of the solution, i. e. from ·the condition 

f u2 + g2 ) r2 dr = 1.
o 

In our calculation in this Section we leave the constant An� undetermineđ
and multiply the functions/ (r) and g (r).by y,e + k0• This corresponds to the free­
field procedure1 >. Then we bave ( denotin..g the new radial functions again by / and 
g) 

. . . . .. 

( 
f (r) DJlm 

) IJ'Iko (r) = i1 +1-1, g (r) DJi' m '

f (r) = (,e + ko) e -y ey-i (Q 1 + Q2),

g(r) = -V,e2 -k!e2 e>'-1 (Q 1 - Q2).

We use this form of the solution of the equation D _ 1/'1 = O in the following.

(91)

Let us write now the solution of the equation D + IJ'u = O of the form (82) .. 
1n order to get these solutions we rely on equation for / (r) and g (r) from (91) which.
are6> 

d k ( Za) 
dr (/r) + r (fr) - ko + " + r gr = O,

d k ( Za) -(gr) --(gr)+ ko - "+- fr = O.r r r 

The substitution ,e -+ - ,e gives

We see that

d - k - ( Za)--(fr) + -(fr) - ko - ,e + - gr = O,đr r r 

d/.:'.: k� ( Za)
-

-\.gr) --\.gr)+ ko + ,e +- fr = O.r r r 

7-+ -g, c -+ !, k _,. -k
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transforms the system (93) into (92). Consequently, we bave

After multiplication by JI ko-H and denoting the new radial function again
,e2 - k� 

by / and g it becomes

Thus, we find

( f (r) Di,m'
) 'P11ko (r) = ·1+1-1, """ c) n I g T �4JJ'm 

where·r and gare given by (96).

Let us write also explicitly the Q. functions:

Q 1 = An,k F ( -n:., 2,, + 1, e),
- - � -

Q2 = - Anrt F (1 - n,, 2y.+ 1, e),
k + Za"

it 

nr
= { 

O, 1, 2, 3,... for k > O
1, 2, 3,... for k < O,

(96)

(97)

(98) 

where An.tc are arbitrary constants. In contrast to q,1"e' � at q,,Do cannot bave
zero values for k < O. One gets this solution from (91J after the change ,e-+ - x. 

The substitution of (91) and (97 ) into (81) gives <P. The adjoint momentuin
follows from Eq. (58). By this, the solution of the Lagrange's equation (78) and the
canonical equations ( 59) are found. 

5. Dejinition of ,,norma/," attd ,,dual" solutions

The solution '1> i� decomposed into the »normal<1 and ,dual« at the free. field
cease according to upper and down components (see Eq. (16)). The question is
how to do it now? 
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We gave the solution ofEq. (78) in terms of '1'1 and 'l'u, Due to this reason 
we express the »normal« and »dual« solutions of the free field in tetn1$ of the corres­
ponding '1'1 and '1'11 functions. lnspection of Ref. 1, Eqs. (86) and (87), shows 

1 
(tJ>n)Jreeflelđ = ,e yž ['l',,. (,e) - 'Prn (-,e)], (99) 

1 
( '1> t1) free f lel d = ,e y'2 ['l'm (,e) - 'l'm, ( -,e) ], (100) 

where 'l'1n (,e) has large upper and 'l'11t1 (,e) lower components in the nonrelativistic 
limit. According to tJ> đ -+ 15 tl>n, we take that it holds true in the case of the hydro­
gen atom. 

Consequently, we write 

'1> = tl>n + t/>d =
1
J,i [('l'1n + 'l'11n) + ('l'1t1 + 'l'mr)] (101) ,ey2 . 

and define 

(102) 

where 'l'1n (,e) is given by Eq. (91), 'l'1n (-,e) by the corresponding equation of 
(97) (let us point out that there are no functions in this solution for n,. = O, k > O),
and

1 
ti> đ = ,/7i' ['l'rld (,e) - 'l'llđ (-,e)], 

,ey 2 
(103) 

where 'l',Iđ (,e) is in dual relation to 'l'1n (,e) and·'l'm (-,e) is determined similarly 
as '1'1,, ( -,en) with respect 'l'1n (,e). 

Due to the same reason as in the free field case1 > we take in the following 
tfJ t1 = O. Keeping only 'Pn we then leave out the index n. Therefore, we take as 
physically interesting solution: 

1 tJ> = 1/"ii ['l', (,e) - 'F, ( -,e)],
"Y 2 

· ·( JH (r) nJlm) 
lJ',(,e) = p+1-1, g(r)DJl'm 

,

f. (r) = A.,. (,e + ko) e-f 1r 1 [P(-n,, 2y+I, e) +

+ 
n,.

Za,e 
F (l - n,., 21 + 1, e) ]'

k--y-
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Zwe 
- . n, F (l - n,., 2i' + l,e)], 

k--x
-

{ O, 1, 2, 3, ... , 
n, = 

1, 2, 3, ... ,
k< O, 
k> O,

!Jr) = A.,. (ko - ") e -f I/ •- 1 [F (
-:-n., 2y + 1, 1/) +

+ n,. F (l - n,., 2i' + 1, e)],
k + 

Za,e 
l 

/:�r) = -A.,. JI,.• - k! e "'"f e•- 1 [F (-n„ 2„
0

+1, 1/) -

n;. . . . ] 
- F(l - n„ 2i' + l,e) ,

k + 
Zwe
l 

. 

{
1, 2, 3, ... , k > O, 

' n, = l 2 3 k < o.' ' , ... , 
N onrelatifJisti'c limit 

In the nonrelativistic limit 

f (r) -+ 2 ,ee 2 eY.- 1 (Q 1 + Q2), g (r) � O,

f (r) -+ O, g (r) -+ O

and, according to (91) and (97), 

(
f (r) !JJlm) 

lFr (,e) -+_ 0 , (f = f,,),

(107) 

(108) 
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'1'1 ( -,e) -+ o. (109)
Thus, in the nonrelativistic limit the system is completely described by the function
'l'1 (,e).

To the nonrelativistic limit we may come also directly from Eq. (80). Writing
ko = ,e + e

and keeping only large terms with respect to s and ,e Eq. (80) becomes
(2,ee - 2,e eA 0 + l:i)<p = Oor
( - � /:i + eA o) ep = s '!'·

The solution of this equation for given s < O is

'P = :t 
lm 

c• .,Jm 

c2 
nlm 

c3 ,dm

c• 
nlm 

X111m 

where Xnim are the Schro�nger's wave functions of the hydrogen atom.

(110)

(111)

(112)) 

In comparisson to the free field case we can define the »normal<< and »duafo so­lutions as 
c• 

slm 

'Pn = :t 
c2 

-ilm Xntm, 
lm 

o 

o 

(113)
o 

'P4" = :t 
o 

c3 
Xntm• 

lm 
nlm 

c4 
nlm.:.. 

This is in agreement with (109), since <p„ contains two spin states-for given»quantumnumbers<c nlm as it does also (109) when one takes the sum over the corresponding»quantum numbers<c for given k0 • 
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6. Constants oj motion

We ev.aluate the b�ic coQ&tants of motion of the Dirac field interacting with 
the electromagnetic field first generally and then apply to the hydrogen atom. 

The scalar constant of motion, which follows from 

'" . ( 
t 

a .ft' a� ) a . o 1 = 1 11 a ca" f/t) - a (op f/,) f/• ' pJ" = '
(114) 

is given by 
Q = consto f io d3 x. (115) 

For the Lagrangian (30-31) and (69), or explicitly, 

ft' " { [(- i a. - eAa) 4i y'] [(i 811 - eAp) yP a>] - ,e2 li a>} -

where .ft' m is the Lagrange's density of the extemal sources interacting with the 
electromagnetic field (q symbolize the field variables of these sources), the current 
density j" and the scalar constant of motion are 

or 

j" = e i (tfJ ,,,. I/,z,t - II� ,,o yt' tfJ) = e ctf!, ,,,, 'I', - "" y1' 'l'II), (117) 

Q = consto e f (q:lf '1'1 - q:,1; 'l"II) d3 x (118) 

Q = const0 e J Y.,t Tt 'I' d3 x, (119) 
where 

(120) 

We do not consider here the current of the extemal sources. 
The energy-momentum constant of motion follows from 

and is given by 
P: = constp f T.0 d3 x. 

The tensor T.'1 for �e Lagrangian (116) is 

284 

(121) 

(122) 

(123) 
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where
T J D • a. q, yP n.t + n. ,.0 yP a�� - 8.1,. [..� n. 1o n.t - ,., !P �], c124)

T !exi = the part due to external sources. 

(125)

(126)
In the following we consider only Ta8D· Using (58) it becomes

a - - - -+ ax. (':Pn r1 ':P, - ':P, r1 'Pn)]+" 8l (':P1 'Pn+ 'P11 'P,). (127)

The corresponding contribution to the energy-momentum constant of motion
c122) is 

PaD = constp i
i 

J [(8s 'Pt ':P1 - ':Pt Oa ':P1) - (oa ':Pt, 'Pn - ':Pt, Oa 'P11) +

+ _a
a (':Pt, ':P1 + ':Pf ':1'11)] d3 X + ,e J (':P1 'P II + ':P11 ':P1) d3 X �: • ( 128)

Xa 

Assuming that the surface integrals vanish at infinity, the space components become

p,» = constp � I [ (Pj a, ':P1 - a, ':P1 ':Pr) - ('Pir a, ':P,r - 01 'Pt1 'Pn)] d3 X
(129)

and the time component, using also equations for '1'1 and 'Pm can be written in
the form 

Po» 
= constp � J [(Pi 80 IP1 - 80 ':Pi P1) - (':P1r a 'Pir - 80 1P1r P11)] d3 x.

(130)
Thus, we. have

or

PaD 
= constp � J {[':Pi (i 8a 'Pr) - (i 8a Pj) IP1] -

- [IPir (i Oa ':1'11) - (i 8a Pii) Pn]} d3 X
PaD = constp J ':Pt 'Z't (i 8a) ':P d3 x.
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The angular momentum density tensor is 

From 

follows the constant of motion 

We evaluate the part of Ma·frl which corresponds to the Dirac field: 

The corresponding contribution to Mflv is 

The space components of this tensol'. are 

The angular momentum vector components 

are then 

MD l M .. k = 
2 e11k z 

Mf = constM {Lk + f (wt-} I:� 1Pr - Pi1 ! I:k P11 )d3x},

(134) 

(138) 

(139) 
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It is useful to write L" in explicit field components form_. Using (127) one _gets

L1c = I ( � 81Jk PJ [x' (i o') - x' (i 8")] P1 - ! 81Jt W.i1 [x' (i 8') -

- x' (i a")] Pn} d3 x (141) 

or introducing the operator ( of orbital momentum) 

where 
p' = i8', 

-!--1c = I (Y!t i.." Y!1 - Pt1 L1c Y!1!) d
3 x. 

Eq. (139) then becomes 

or 

Interpretation oj the co,nstants oj motion

(142) 

(143) 

(144) 

(146) 

In accordance with the free field case1 > we accept the statistical interpretation
of the field functions as probability amplitudes for two particles: a particle and its 
antiparticle. Consequently, we separate the field tP as well as P1 and tJl11 in negative 
and positive frequency parts: 

tP = -� + C, (147) 

- (148)

{149) 

where E contains only the negative frequency terms and E only the positive frequen­
cy terms .. In the next we consider a time independent external field. 

The scalar constant of motion (118) is then also separated, 
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Qe = consto e f ('l'1e 'l'1e - 'l'}1e'l'11e) d3 x, 

Qc = consto ( -e) f ('l'1rc 'l'11c � 'l'1c 'l'1c) d3 x 

Qe = const0 e J 'l'! T+ 'JI+ d3 x,
Qc = const0 (-e) f 'P!. T _ 'JI_ d3 x,

(151) 

(152) 

where IJ' + and 'P _ are the negative and positive frequency parts of 11' given by(120)> 

respectively, and 

Now, we select 

(-1 o) 
T_ = 

0 1 • 

(152) 

const0 = constp = constM = 1 (153) 
and require 

f('l'te 'l',e - 'l'Jre 'Jim) d3 x = f 'l'! T + 'JI
+ 

d3 x = 1, (154) 

f (IJlirc IJIIIc - 'Pf c- lJl,c) d3 X = f 'JI!. T - IJI - d3 X = 1. (1 SS) 

The scalar constant of motion then becomes 

{ e, IJI + ::/: O, 1JI _ = O, 
Q = -e, IJI + = O, 'JI_ ::/: O, 

O, 'JI+ ::/: O, 'JI_ ::/: O. 
(156) 

The quantity 
(157) 

is the probability density of finding the particle with the charge e at space-time 
point (i t) and the quantity 

(158) 

is the probability density of fincling its antiparticle at the space-time point (;, t) .. 
This is the same as in the free field case. The meaning of other constants of 

motion is analogous. 

Application to the hydrogen atom 

In the case of hydrogen atom there are no positive frequency terms. Thus„ 
the scalar constant of motion (156) is 

Q=e (159) 

288 FIZIKA 18 (1981) 4, 265-301 



BRANA ANI> UOI.JE : THE INTEBACTION O:&'.� • 

and 
I (�i �I - �,[ �II) d3 X = 1 · (160)

where �1 is given by (105) and �II by (107). The norm.alization condition (160} 
determines the constants An,t in Eqs. (105) and (107). Using 

this condition becomes 

From here one getc; 

J (f• I + g*g - J"';j - iii) r2 dr = I.

A - (2l)3/2 (2y + n,.)
[ 

I' (21 + n,.) 
]

112 

n,1c - 2" I' (2r + l) (Zax) ( Zak0 ) ' n,. -:I= 
O,

(n.. - l)! 2 
T 

k + -
.a
-

l2 

[ 
(Zax )] 112 

Ao1: = I'(2y + l) 2I'(2y + I) T - k , n., = O. 
Za,e2 

(161} 

(162). 

(163) 

The energy of the system far the solution of given k0, according to (132) and 
(160), is . 

Po =ko 

where k0 is given by (87). From here we conclude that the energies of the relati­
vistic hydrogen atom are equal to those of the stand�d theory. The space proba­
bility distribution, however, is not the same. For a given energy the space proba­
bility distribution is {157) while in the·standard theory it is only the first term of" 
this expression•. I� the nonrelativistic limit Za � O, the function �,I goes to 
zero and this diff'erence disappears. The space probability distribution reduces 
to the standard nonrelativistic quantum theory. 

These results enable us to interpret the solution (91) and (97) in terms of 
the hydrogen atom. Although we bave already used this interpretation, it is im-
portant to state it once clearly. 

For an arbitrary solution of Eqs. (59) for the hydrogen atom PO determined 
by (132) gives the average energy. Making use of the expansion 

... ... 

� (r, t) = � a,e0 �ko 
(r, t}, 

ko 

� With the correspoding normalization. 
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· where k0 stands for all par�eters characterizing a stationary state, we get

(165) 

Due to 
(166) 

which comes from (160), aj;0 ako is the energy probability of the value k0 and P0 

is the average energy. 

Writing Eqs. (59) in the from 

-or 

where 
ia0 'P=H'P, 

_ (-i a1 a!+ eAa yo t,a.+ ,ep O 
) 

H-
a! 

' O -i aJ + eAa yo y� - ,ep 

�he expression for PO becomes 

po = f 'Pt -r + H'P d3 x. 

(167) 

(168) 

(169) 

(170) 

The operator H plays the role of the Hamiltonian of the standard theory. 
Let us again look at the nonrelativistic limit. Taking Za -+ O and IJl11 in the 

form (97), Eq. (167) reduces to 

i a o 1/'I = (-i aJ ;,,., + eA o + ,ep) tpI• (171) 

This goes to the Schrodinger' s equation of the hydrogen atom in the nonrelativistic 
limit with the corresponding Hamiltonian. Consequently, in the nonrelativistic 
limit PO becomes 

(172) 

where index S denotes the quantities of the Schrodinger' s quantum mechanics. 
Here we bave used certain properties of 'l'u. We may take the opposi�e possibility: 
to require the nonrelativistic limit of PO and establish by this the nonrelativistic 
behaviour of tp u• 

Similarly to the energy po, the spin parts of the angular momentum v��Qr 
(146) bas the meaning of the spin average value of the system.
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At the end let us write the expliclt expressions for the space probability ·dis­tribution of the electron in the new and the standard theory for a given energy state. According to (157), (10S) and (107) in the new theory we have 
w"""(r) !: �!-r+ �+ = u:1" -f�,,f-_,,)DJrm DJim + (g:g,, -g:" g:...x) DJ1'mDJ1'm,(f73)where are 

X [
Q;; + n,.Zax (1 + /J�ako) Q2>' ] [�'+ n,. a,e (1 k - - l nr-1 ,,,. k - --

l l 

(174) 

fJ Zau) Q2Y ], 
). n,-a 

• - • - IA" ,. 2(ic2 - k2) (·-n.. �) -· ··-·g" g„ g_,, g_,, - n,k ,e { Zax)( Zak0 ) e 
e 

k- -r k+-i-

k + Zax
jA.,./• = /A::,. /• ( �ak )'2,e k +--0 .l 

The corresponding standard probability is 

where 
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{J 
k + zax· ;t 

(11s) 

(176) 

(177) 

(178) 

(179) 
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7. Conclusions

The obtained results show that the new Dirac field theory0 extended to the field interacting with the electromagnetic field gives: (a) conceptually the same results for the hydrogen atom as. the free field case, (b) the same energy spec­trum of the hydrogen atom as is given by the standard theory but not the same corresponding electron space probability distribution, (c) the standard nonrelati­vistic quantum mechanics of the hydrogen atom. Thus, these results support the new Dirac field theory. By this one gets quite a different view of the quantum physics and related content of the contemporary physics. 
Appendix 

�he equation , (80), 
...... {(k0 - eA0)2 + 11 - i e a E} <p = O 

can be written in the form
where 

Due to 

where 

(ko + H - 2eA o) (ko - H) <p = O 

[H,.12] = [H,J.] = O 
[Ao,j2

] = [Ao,J:] = O, 
... .. 1...... ... . .. (;o) 
J = l + l l:, l = r X ( -1 '\/ ), l: = O ; , 

(A1) 

(A2) 
(A3) 
(A4) 

(AS) 
solutions of Eq. (A2) can be separated in radial and angular variables according to6>. 

('Pa) ( · F (r) DJlm (� ) <p -� 'PtoJlm = 'Pb = 1+1-r -+ ' 
( -1) 2 G (r) !JJl'm (n) 

where 'PtoJlM is the eigenfunction of J2 and J:, 
J2 'PkoJlm = j (j + 1) 'PtoJlm> 

(A6) 

Jz 'PkoJlm = M 'PkoJlm, (A 7) 
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„ 1 l' 2· l „ r 
nkoJ,,. (n) is the spherical spinor and l = j ± -

2 
, = 'đ - , n = -. . r 

After substitution of (A 7) into (A2) follows 

...... 

( 
(ko - eAo - :ie) <p" - t1 P 'Pb 

) (ko + H - 2oA) ...... + (k A + ) . = O. -a P 'Pa o -e o ,e 'Pb 

By making use of6> 

n .,_,, -+-+ :,4J&'m = 1 (a n) Di,,,,,

......

(

dG 1 - k ) (t1p) 'Pb = - dr +-,-G Di,m

r �\ (dF + 1 + kp) n ·1+1-,, \a P, 'Pt = dr 
-,- . �4ii'm i , 

�,
..,. (; + �) = - (l + 1), j = l + ! , 

k- (· 1) 1 + 1+2 =l, j=l-,:

(AS) 

(A9) 

(AlO) 

(All) 

(Al2) 

(k = ±1, ±2, ±3, ... ; positive values correspond to i= l - � and negative to 

j = I + ! ) it becomes

([ 
(

dG 1 - k 
)] 

) 

(ko - eAo - :ie) F + dr 
+ -, - G Di,m

_ (k0 + H - 2eA0) · = 

[- (: + 
1 � k P) + (ko-sAo+") G] j l+ •-r,.o,,.., 

. (F Di,m
)= (k0 + H- 2eAo) ·•+1-1, G-n .I :,4JJ'm 

(Al3) 

The matrix on which the operator (ko + H - 2eA 0) acts is of the same form as
in (A6). Consequently the procedure repeats now with the operator (k0 +H -2eA0). 
Let us notice that

(
ko - eAo +"

(ko + H - 2eA0) =
.... 
<IP 
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As the result one gets 

From here follows 
[ 

- (da 1 - k -)]
(k0 - eA 0 + x) F - dr 

+ -,-G = O, 
(dF l+k-) 

. .....,
-+-·-F +(k0 -eA 0 -x)G=0dr r 

or after substitution of the expressions for F and . G

(AlS) 

(AI6) 

[� + 2_ � + (ki - "2 + 2k ze2 + z2 e4) - k I + k] F + ze2 G = Odr2 r dr O O r r2
, r2 r2 ' (Al7) 

[� + 2. � + (ki - "2 + 2k ze2 + z2 e3)-+ k l - k] G - ze2 F = O. dr2 r dr O r ·r2 r2 r2 

lt is useful to introduce the new variable 
and the notations 
Eqs. (Al7) then become 

[:;, + ! ! + (- ! + k; �a - ::) + :.] G - �: F = O. 
The transformation 

Za)- y� k (�)

. (Al8) 
(Al9) 

(A2�) 

(A21) 
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separates Eqs. (A20) and one gets for the functions P and Q
[ ci: + 2 d + (- 1 + ko Za _ r (y + 

�)] p _ 0đe2 e de 4 1 e e2 

0 Za _ y (y-
dt/ 4 1 e tl[� 

2 

+ 
e
�� 

de + (- _!_ 
 
+ k 1))] Q '= O.

We investigate first the limit e -+ O:
[� + � - ,, (,, + 1)] P. = o de2 e e2 e-+0 ,

[ d2 2 ,, (y- 1)] -+----- Qe-o = O.de2 e e2 

The solutions of these equations are
P,-..o = const tt, Qe-o = const e",

where s and v satisfy the equations ·

From here we bave

and

s (s - 1) + 2s - y (y + 1) = O,
v (v - 1) + 2v - i' (y - 1) = O.

s= C'..-(1 + I) 
' {_,, 'V -- ,, _ 1

Pe-o = const e.,, Qe-o = const e1- 1 

(A22)

(A23)

(A24)

(A25) 

(A26)

(A27)
as acceptable solutions. For lkl = 1 there is a »weak<< singularity in Q not affectlngthe wave functions normalization. 

In the limit e -+ oo Eqs. (A22) become
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(d2 I) 
de2 - 4 Pe-oo = O,

(A28}
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The physically acceptable solutions of these equations are 

I e 

P oo = const e 2, Q00 = const e 2 

Having these asymptotic behaviours we may write 

I 
P=e--Y 

e'P, 

I 
Q= e -2 e,-1 q. 

After substitution in (A22) one gets equations for p and q:

(A29) 

(A30) 

(A31) 

Solutions of these eq�ations are the confiuent hypergeometric functions: 

For e > 1 

F ( b ) -ima I'(b) -a + I'(b) a-• e
1 1 a, ,(l =e 

I'(b-a)e I'(a) e e .

The term ti will not be present if 

1 
I'(a) 

= O. 

The application of this condition to (A32) gives 

1 
-------=0,

r (r + 1 - k; za) 
. 1 

-----=0.

r (r - �0 Za) 

(A32) 

(A33) 

(A34) 

(A3S) 
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The poles of I'-functions are negative integers and zero. 
Thus, we bave 

From here follows 

ko - -
y + 1 - T Za = -n,., n,. = O, 1, 2, ... , 

ko 
')' - T Za = -n„ n,. = 0,1,2, .... 

;:. = n,. - 1. 

(A36) 

{A37) 

(A38) 

Therefore, the series (A32) terminate, expect p for n,. = O where we tal<e p = O 
and become 

P = 1F 1 {-n,. + 1, (2y + 1) + 1, e}, Pnr-o = O, (A39) 

q = 1F1 {-n,:, (2y - 1) + 1, e}. 

By making use of 

_ _ I'(d+l) 4 1F 1 ( s, d + 1, e) - I' (d + l + s) Q, (e)

where Qt (e) is a Laguerre polynomial, they can be written in the form 

- I'(2y + 1) Q2>'+1 ( ) o Pn,1i -. I'(2'J' + n,. + l) ,,,_1 e , Pot = ,

- I'(2y) Q2Y-1 ( ) - Q 1 2 
q,,," - rc2r + n..) .nr e ' n,. - ' ' , ....

Returning to {A30) we find 

Pn,1i = tln,1c e -2 e1 Q!�f (e), ao1c = O,

Qn,k = b""' 
e 2 e"-1 Q!;'-1 (e),

n,. = O, 1, 2, ... ,
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{A4I) 

(A42) 

(A43) 

(A44) 
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where anrk and bn,t are arbitrary constants. The I'-functions are incorporated in 
the constants. 

The functions F (r) and G (r), according to (A21) are then 

(A45) 

After substitution of (A4S) into (A6) we get the solution ofEq. (Al). 
1n order to make connection with already given solution we introduce the new 

constants in (A4S): 

k an,t = (k + r) An,t - Za 
"fkT 

Bn,t,

(A46) 
k 

bn,t = - ZaAn,t + (k + y) 
W 

Bn,t• 

The functions Fn,t and Gn,t then become 

(A47) 

where 

298 

F,,,1m = [(k + r) e Q::!:: + (k - r) Q;�-11 e1-1 e-2,

Gn,b = Za [e Q!!I + Q,,�-1 ] e)'-1 e 2, 

k -�

F, ,tđ = -(-Za) ( (! Q21+1 + Q2Y-1] e"-1 e 2,? I k I nr-1 nr 

k -�
G ,1ct1 = _ -[(k _ y) e Q2Y+t + (k + r) Q21-1] 11,-1 e 2.n 

lkl nr-I nr 

(A48) 

(A49) 

For a given k0 ( n,. and !ki =  j + ! ) the general solution of Eq. (A!) is
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(
Fnrk<O Du-f „ m) + I Ck�-(2-) .. m 

m ·. 2 

Gnrk<O Du+f„ m ' 

(·+ I) . 1 

- J 2 <m<1+2·· 

By making use of (A47) 'Pko can be written in the form

where 

'Pkon = I {ck=i+f Anrk>O 'Pnr,j, k=i+-} .. m(n) +
m 

+ Ck=- (i+ f) .. m Anrk<O 'Pnr„j,k= -(i+ f) .. m(n)}, 

'Ptod = ; {ck=J+f, m Bnrk>O 'Pm,J„k=J+f. m(d) +

'Pnr,;., k=-(;+ f). m(n) = , 
(F nrk<O n D;,;--}., m) 

Gnrk<O n D;.,;+f. m 

'PnrJ„ k=;+ f, m(d) = 
· 

. , 
( Fnrk>Od Du+f. m) 

- G n,k>O d D;.,;- f, m 

'Pnr„j, k=-(i+ f), m(d) = (

Fnrk<O d D;.;-f. m

) 
Gnrk<Od Du+f. m 
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The solutions (A56) and (A57) are in dual relation to· the solutions (A54) and 
(A55), i. e. 

<pnr.j. k= - (; + -} ), m(d) "' Y5 'Pnr.j.k=i+ -y, m(n)> (A58) 

'Pnr.j.k=i+f, m(d) '""" 7'5 'Pnr,i,k=-(i+ f) .. m(n)• (A59) 

This can directly be seen if one uses the expressions (A48) and (A49) for the fun­
ctions F and G.

In the nonrelativistic limit (Za-+- O) 

(A60) 

and the fum.1:ions (A54-55) and (A56-57) become 

(A61) 

respectively. This is in accordance to the definition of the »norma!« and »dual« 
solutions of the free field case. 

The selection (AS2-53) of th.e »norma!<< and »dual« solutions agrees with 
that .one in Section 5 where we bave used the solutions 9f th� canonical equations. 

At the end let us mention that one can investigate other selections of the 
»normal<c and »dual<i solutions in order to get positive definite energy.
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Razmatrana je i izgrađena teorija međudjelovanja Diracovog polja u novoj 
kanonskoj formulaciji sa elektromagnetskim poljem. Radi izbjegavanja poteškoća 
u razumijevanju, elektromagnetsko polje je opisano na standardan način. Utvrđena 
je ista fizikalna sadržina Diracovog polja kod relativističkog vodikovog atoma 
kao i u slučaju slobodnog polja. Nađeno je da je energetski spektar vodikovog 
atoma isti kao i u standardnoj teoriji. Raspodjela vjerojatnosti položaja elektrona 
u određenom stacionarnom stanju, međutim, nije ista. Nerelativistička aproksi­
macija nove teorije je standardna nerelativistička kvantna mehanika. 
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