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Interaction of the Dirac field with the electromagnetic field in the new formulation
is considered and the results are applied to the relativistic hydrogen atom.

1. Introduction
A new formulation of the Dirac field has been recently developed®. This for-
mulation differs from the standard one in the following aspects:

(1) the field is defined by two Dirac equations; the Dirac equation with positive
and negative mass term as canonical equations,

(2) the definition is given in fully correct Lagrange’s and canonical language,

ol ect(r3 mg:gen gggaggled.energies are eliminated by the dual solution similarly to the
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In this paper we consider interaction of this Dirac field with the electromagne-
tic field. We introduce the interaction as in the standard theory but in a way con-
sistent with the new formulation of the Dirac field. We apply the derived results
to the relativistic hydrogen atom. The stationary states of the relativistic hydrogen
atom we find without self-interaction. The self-interaction we consider elsewhere.

Section 2 contains definition of the new Dirac field in a short form. In Section
3 the interaction of this field with the electromagnetic field is considered. The defi-
nitions of the hydrogen atom and solutions of the corresponding Lagrange’s and
the canonical equations without self-interaction are given in Section 4. The defi-
nition of the snormal« and the sdual¢ solutions and corresponding consequences
are given in Section 5. Constants of motion are evaluated in Section 6 and conclu-
sions are given in Section 7.

2. The new free Dirac field
We étiart’,‘ Wlth t:h.e Lagrange's density
P = K[(—idaDPy°) (i85 * D) — x> D D] ¢))
K

for the bispinor field @. K and x are constants. We use the coordinates x* = (x9
x1, x2, x3), the metric

Boo = — 811 = —£22 =§33 = 1, gop =0, @ # B,

the representation of the y# matrices

0 G 1 0 .

and unitsc=4%4=1.
The Lagrange's equations, according to

0% 0oZ
a—x - 3,,5-(37’5 = 0, (2)
are
0, Dt + x2 Dt = 0, (3)

0,0P +x2® =0

(after multiplication with —1/K).
The conjugate momenta to @ and &t are
IIp = K(—i0, Dt p1) 4, @
Mgt = K (— ) (i3uy* D)
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and the corresponding Hamiltonian density

H = %H¢Yoﬂ¢f —Ip8,a' D — D0y o IIgt + + K (> Pt y° D).

The canonical equations, according to

dF OF
-d?= -3—t +{:F’H}:

are -KLII@ P — 3, Dy =0,
!t @
T He — Oy ® =0,

3y (ITst y°) y* + K> @ =0,
3,'y'II¢1' + K”Z D=0

id,y —=x %P :
i =0,
—x iay/\ ')

qﬁ iIT [—idypyt —=x
(x T o) — _iavy,f)—o.

Performing the unitary transtormation by the unitary operator

or in the matrix form

141 1
S—ﬁ(l —I,)’
Egs. (8) become
0,y —n) ¥ =0,

0y + %) ¥Yu=0,
_ia'Ey,_”¢I=0,
-, Puy +x¥; =0,
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xd P,
s| i = s 11
&%) \e, ’()

1 -
w, =—(x¢+%ﬂ'¢f), (12)

where

or explicitly

Let us also write the inverse of Egs. (12):

@ = xlﬁ ¥ + o), (13)

iy2

We take Egs. (10) as the definition of (new) Dirac field, or coming back to Eq.
(1) we take the bispinor @ with the Lagrange’s density (1) as the definition of the
(new) Dirac field.

The general solutions of Eqgs. (3), written in terms of plane waves with the box
normalization, is

ot = _5_2 (F, = ).

— = — 1=
a-— a-
Rl %)
al a2
[ k1 i (kx~kot) L P (kx4kqt)
¢(x»‘)=z*371'§ 2 |€ o) | 23 1€ o)), (19
P 1 k2
at al
| R R
where a'i‘." are arbitrary constants and ko =+ V,,z + B2,
Writing
b= ¢n + ¢d; (15)
where
D, 0
D, 10
Qn - 0 H ¢d - ¢3 (16)
0 D,
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the solutions @, and D, are in the sduale relation
b, >y D, (17
and in the next we take &, =0.

After elimination of the sdual« solution, we separate the negative and positive
frequency terms and write

Y =Y+ Yy
Yu=¥Yue+ ¥ 19

where § contains only the negative frequency terms and { contains only the positive
frequency terms.
The scalar, four-vector and the second order tensor constants of motion are

Q=Q€+Qb
Pe=P3+ Py, (20)

then

MPy == M8 + M,

where
Q: = constq | (P Wie — Phe Yrie) d x,

Q¢ = constg | (¥t ¥re — Vi Prre) d® x,
Py = constp — [ (e 0" ¥y — & ¥t ¥2o) —
— (¥t o® Wne - g’f:& Y'ue)} d?x,
Py = constp — [ { (¥}t 0° ¥yc — 0° Ph Pe) -

— Pl Vi — Vi W)} d x,
My= consty { [ (x° T — x* T®) d® x + @n

5 [ (Phao Pre — Whe o ) &° 1),

ME = constyg {( [ (2 TP — 7 TE) d° x +

] (Pl Wi — Pl o W) )
and K = x. |
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Selecting (when field components are different from zero)
J (Pt ¥ — Ve Vg d®x =1,

TP Y — YR ¥ d®x =1,
and taking
constg = g, constp = consty = 1,

(22)

(23)

these constants of motion may be interpreted as the charge of a particle and its
antiparticle, the average values of their four-momenta and the average values

of their angular momenta, with the space-time probabilities

we (%, £) = Ph Pre — Vi L 477
wp (% 8) = Pt e — Wit Y

for the particle and its antiparticle, respectively.
In the nonrelativistic limit (2 < x)

an - 0, WHE -> 0,

R (Zu ), W = e (Ztn)
_ X1z X112

and Eqs. (10) and (22) become

. I
idoyn = — EA""’

. I
—idoym=— EAZII - andh. c.,

Jahxm Bx=1,
Jabnam dx=1.

The constants of motion for xz; # 0 and xsr; = 0 are then
Q_yym: =q
Ponwel - %+ [xh (_ %A 2.’11) d3x,
Ploomer = [ 231 (—i0)) 11 A*x,

1
S, nonrel ='§" Ixyl Cr X121 d3x,

24

(25)

(26)
@27

(28)
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where in the last constant the spin part is written only. These’ constants of’motion
reveal the statistical interpretation of the field.

At the end let us make a remark with respect to the separation of @ on &,
and @,. In the representation of y-matrices where y* is diagonal the bispinor com-
ponents (P,, P,) transform under the Lorentz’s transformation. independently
from (P 3, D). The unitary. transformation which realises transition: to these ¢-ma-
trices is

71 1)
a2\t —1)
Consequently, @, = (), ®, = (%) go over into D, ~ (%, D, ~ (). We may

then define the normal solution as that with-equal upper two and with lower two
components. In Section 5 we return to this equestion in more detail.

3. Inmteraction with the electromagnetic field

We introduce the electromagnetic interaction in the system consisting of the
new Dirac field and the electromagnetic field similarly as in the standard theory,
i. e. by the substitution

10, 10, — edgy &= —|e. (29)
We apply also the standard treatment of the electromagnetic field in order to avoid

unnecessary misunderstanding. We consider theory with analogous canomcal
description of the electromagnetic field elsewhere. .

The Lagrange’s density (1) then becomes
Lrree poge + Lime = 2 {[(—i9a — e A) D ¥°) [(1 95 — edp) Y* P — x2 BB},  (30)
where from now on we take K = x.

. The total Lagrange’s density is

"Zfrce Do e + glm + -‘Zem (31)
where

1
Zem =1

— 95 Ay (0° AP — 3 49 (32)

The Lagrange's equations for 4# and @ are
0,0 Ar = —4n 22 DD Ar +iex [—Dy* (9, y° D) + (. P ¥ y» D]}, (33)
0,0°D + x> D +ie[d,p*(Apy? D) + A2 9P P) — 24, A°D =0, 75 - (34)

FIZIKA 13 (1981) 4, 265—301 271



BRANA AND LJOIJE : THE INTERACTION OF ...

where we have -used in Eq. (33) also the Lorentz’s condition
0, A°=0. (35)

For the sake of later calculations and comparison with the standard theory
we give Bq. (34) also in some other forms. First we write

[(i0. — eda) y*(10p — eds) ¥ — %21 D = 0. (36)
By making use of

(10 — eds) (18P — edP) oy =

(10 — ed,) (10°— ed) — % [0, — edo)s (i — edp] oy (37)

and
. .04
[i0s 4p) =i 3 x:’ (38)
Fop = 8, Ap — 8 Ao (39)
where
o =5 PP — A, (40)
Eq. (36) becomes?’
(19 — edy) (i % — ed®) — -;- ¢ F ) & = 52 &, 41
with
5Py =E A —idF, (42)
where
1 1{00
+2=5(g3) &
is the spin momentum, E and H are the electric and magnetic field vectors
-~ (0g “
i=(0) (44

and o, are the Pauli mawrices.
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The term with the magnetic vector is quasidiagonal while it not refers to
the term with the electric vector. The unitary transtormation

So =8, S=V%(: _:) (45)

makes all terms quasidiagonal:

-

0 - e 0\ - ~ ~
{(iaﬂ—eA,,)(ia"—eA"—-(g;)eH+i(g »)e 1P =x2d.  (46)

Writing

_ (%
?= 611) “7)

one gets separated equations in components @, @;;:

(19, — ed) (10° —ed) —ec H +iecd E}&; = w2 &), (48)
{10, — eAs) (9 — eA®) — e H —ied E} By = u* By, (49)

The last equation is just the one which Feynman and Gell-Mann suggested
for description of electrons and positrons®~%). In our description it is almost so
but not completely. The difference is already evident but will be seen better in a
due course.

@ ql;low, we come back to the Lagrange’s and canonical. formalism of the field
, DF).

The conjugate momenta to @ and &t are

I, — —a—(g;% ={—(ids + ed,) ay".iyo} %,

Mot = a_(j_gﬁ =x{— 10 — edp) YO}, (50)

and the Hamiltonian density

I

H = oy ot — Mo (37" V' B +ieds* ¥ &) -

— @, Py —ied, DYV It + > B D. (51)
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The canonical equations are then
91T = — @ +1oiedsy° ¥ + 9, (—ey° s

o gt = — %2 9° D — 9, (¥° Y'IIst) — i eday® y° Ilot,

i s
0P =—" Iz — (3, /°y' @ +iedsy° Y D),

aodi‘l'_—:?I‘-IL,y" — @, By —ied, By,

or
(0 —iedy) gyt + %3 Dt =0,

(aa + ied,) yﬂﬂd’f + %3P =0,

@ +ied)r @ -_i_ﬂ,, =0,

(G —ied) By — %II., 2 =0,

These equations can also be written in the form

i +ied)ys ~—x % P
iﬂ.* =0
-2 i@, +iedy) y?) \7% *°®

and h. c.

Performing the unitary transformation with the unitary matrix

and introducing the notation

(52)

(53)

(54)

(55

'(56)

(57

(58)
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Egs. (54) and (55) become
[(0a — ed) y* — %] ¥; =0,
[(i 0, — edd) y*+ %] ¥y = 0,
(—ids—ed V1" — 5 ¥y =0,

(—i0% — edy) Py y* + 5 Py = 0.

(59)

(60)

These equations are in accordance with (10) and (29). They are Dirac field equations

in the electromagnetic field with negative and positive mass term.

In the next it will be sometimes useful to write

_13 (G0 — eds) y* — %] = D_

_IE[(ia. —ed)y* +x=D,.

Egs. (59) then read
D_ ':FI = 0,

D + ![j" = 0,
and from (58) we also have
¥Y,=D,9d,

Yu=—D_9.
From the canonical equations (59) and (60) follows
0aj® =0,
Pr=e@ry ¥ — Py ¥n).
By making use of this four-vector, £, can be written in the form
L =% { [ (i 8 — eda) D y°] [( 9 — edp) ¥ D] —
—(—i0aDP pa)(i0 ypP)} = —foa A® — 2% DD 4, A°

and Eq. (33) in the form
0a 0P AP = 4 7 jn,
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Let us notice that we have also
Lo+ L = _”(![—il Y, + Y, ). (68)

By this we have introduced internal interaction of the Dirac field with the
electromagnetic field on the basis of (29), or the Dirac field with internal elec-
tromagnetic interaction and interaction with external free electromagnetic field.

Let us now consider the external interaction with the electromagnetic field
with sources. We will not go into the source structure but will only assume that
the interaction among the sources and the electromagnetic field is given by

Lt = —Jn As, 69)
with
0552 = 0. (70)

Disregarding any other interaction we have only the change in the Lagrange's
equation for A#:
04 0% A8 = 4z (5 + jb). (71)
The general solution of Eq. (71) is
As = Ap 1+ A8, (72)

where A% is a general solution of the homogeneous equation and A% is a particular
solution. The particular solution is taken in the form

A‘: = A"" + A"‘I‘, (73)
where

- - - -
mE, x—|x—%)

|x — 2|

B xo — | % — )
Ap, = I 222 I.. I d3x', Ab, =

(4

d3x'. (74)

I; —x
The substitution of 4# from (72) into (34) gives
90D + 2P + ie [e, 7* (Ang 2 B) + Ara 72 35 PP B) — & Aya A D
—2e* Ae A3+ ie [0, p* D) + Apa 2 YP D) — €2 Ay A2D = 0. (75)

We have now the general elements of the interaction of the new Dirac field
with the electromagnetic field introduced by (29) . Is this interaction correct?
We answer to this question partly in the next Section. The other aspecks we
consider elsewhere.

276 FIZIKA 13 (1981) 4, 265—301



BRANA AND LJOLJE : THE INTERACTION OF ...

4. Relativistic hydrogen atom

In this Section we apply Eq. (75) to the relativistic hydrogen atom. We do
not consider here the self-effects as we do it elsewhere. Therefore, we take

Ap =0, As =0, Ay = (— %‘1 = Ao, 0, o,o). (76)

Eq. (75) then becomes
0, PP+ 2*D +ie[d,y (Ao y° D) + Ao y° pyP D] — 242D =0 (77)
or by making use of (41) and (42)
{Geo—edo) +A—icaE}® =»*&. (78)
We seek solution of this equation in the form

@ = e~1%" g, (7) (79)

and for 0 > &, > %, since we expect that it will be connected with the hydrogen
atom. After substitution in (78) the equation for ¢ reads

{(ho — e Ao)* + A — iea B} gy (1) = 22 a (0. (80)

Now, we have to solve this equation. We can follow usual procedure of solving
such an equation. However, we may also make use of already known solutions of
the Dirac equation from the standard Dirac field theory. Due to general knowledge
of this material we follow this line. By this we are solving the canonical Egs. (59).

(For direct solution of Eq. (80) see the Appendix.)
Multiplying Eq. (58) by S—! one gets

d= LZ (y,! + yIn) (81)

x/2

where ¥, and ¥, are arbitrary solutions of the first and the second of Egs. (59),
respectively.

From the standard Dirac field theory the solutions ¥; are known and the so-
lutions ¥;; one can get from them by changing the sign of the mass term (x - —x).

Writing
W (7, £) = e ot Py (1) Pt (s £) = et Wy (1) (82)
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and taking into account (79) and (81) it follows

Prxo G) = ’% (n, @ + Pine ®]- (83)

From the standard, theory we have®

- £ Qm ()

P, (r) = -

itV g (1) Qypuln)

where 2, (-r.c) is the spherical spinor, I =; 4+ —;—, V'=2-1 n= —:-,
and
L
F@ =Vx+ koe 20-1(Q; + Q1)
—_— 2

g)=—Vx—Fkoe 2 g1 (Qs — Qo) (84)

Ql = A,,,gF(-ﬂ,, 2)’ + 1, e)’
Q2 = Bn'k F(l — Ny 27 +1, Q), (85)

n,
B,,=——T%—A4,
'k B Zax "™ (86)
A

%2 oy 12

k°=[ (5 )T} | >
1
+ y+n
A | . 1
—‘(J+'2—) =—@U+1) i=l+
k = . I . I 3 (88)
(J+i‘)=l: ]=l_-2—

(B = 3= 1, + 2, + 3,...; the positive values correspond to j = I — -% and nega-
tive to j=l+%),
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{o, 1,2,3,.. for k>0 g
=11,2,3,.. fork<0’ &9y
e=2in A=)x2—R,y Jr= 22 _ a2 (90)

F (a, b, g) is the confluent hypergeometric function. 4, is a constant determined.
from the normalization of the solution, i. e. from"the condition

f(fz ;l-gz) r2dr = 1.

In our calculation in this Section we leave the constant 4,, undetermined

and multiply the functions f (r) and g ) by Vx <+ ko. This corresponds to the free
field procedure®’. Then we have (denotmg the new radial functions again by f and

g)
f@) 2m
Wlka (1') = (i1+l—ug(:) lelm)’

F@ =@+ko)e Ze™ 1 (Q, + Q,) )
gr)=—)r—RKe 21 (Q, — Q,).

We use this form of the solution of the equation D_ ¥; = 0 in the following.

Let us write now the solution of the equatlon D, ¥;; = 0 of the form (82).

In order to get these solutions we rely on equation for f (r) and g () from (91) which
are®

L+ E@—(to+x+2) =0,

d k Z
) 2+ (ko - +Z) =0, ©2)
The substitution » - — » gives

a;(f")+—,.-(fr)—(ko—x+7)gr=0,

L@ -2+ (ro+x+Z) 7 =0 63
We see that
T =87+ k> o4
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transforms the system (93) into (92). Consequently, we have

f= Vx* — k?,e—%e”“ (ﬁx — éz):
g=(+ ko) e~.§ ! (éx - §2)> Qx «~ 0, (—k), 'éz <« Q. (—k). (9%

After multiplication hny;:—_”k’ and denoting the new radial function again
# =Ry

by f and g it becomes

F= (ko —n)e T g1 (@ — B,

F=—VF=Re T @, + 0. 96)
Thus, we find .
—_ F@) Quw -
kg \¥) = | . ~
ll +l-llg (1,) 'le'm

where f and ; are given by (96).
Let us write also explicitly the O functions:

al = An;k F(—‘;"n 2y 41, 0)s

Qz = — ankLF(l _Z: 27'+'1: 9): (98)
R 22
2
[o, 1,2,3,... for k>0
" =11,2,3,... fork <0,

where A4, are arbitrary constants. In contrast to ¥, ,71, at ¥n, cannot have
zero values for 2 < 0. One gets this solution from (913 after the change » - — .

The substitution of (91) and (97) into (81) gives @. The adjoint momentuin
follows from Eq. (58). By this, the solution of the Lagrange’s equation (78) and the
canonical equations (59) are found.

5. Definition of ,normal” and ,,dual” solutions

The solution @ is decomposed into the »normale and »dual« at the free field
case according to upper and down components (see Eq. (16)). The question is
how to do it now?
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We gave the solution of Eq. (78) in terms of ¥; and ¥;;. Due to this reason
we express the snormals and sduals solutions of the free field in tetms of the corres-
ponding ¥; and ¥, functions. Inspection of Ref. 1, Egs. (86) and (87), shows

(¢n) Sreefleld = ﬁ [Wlu (") - SFtn (—”)]: (99)
(D) ree rtera = 14% [Pira ) — Prra ()]s (100)

where ¥}, () has large upper and ¥}, (%) lower components in the nonrelativistic
limit. According to @, — y° @,, we take that it holds true in the case of the hydro-
gen atom.

Consequently, we write

S=0,+D,= ;lﬁ (¥ + i) + (Pra + o)) (101)
and define
2, =x—‘—ﬁ[m () — Pho (=), (102)

where ¥}, (x) is given by Eq. (91), ¥}, (—x) by the corresponding equation of
(97) (let us point out that there are no functions in this solution for n, = 0, 2 > 0),
and ‘

P, =’é-—2': [Prra () — Prza (—%))s (103)

where ¥}, (%) is in dual relation to ¥y, (%) and ¥y (—») is determined similarly
as ¥}, (—x,) with respect ¥, (x).

Due to the same reason as in the free field case!’ we take in the following
@, = 0. Keeping only ¥, we then leave out the index n. Therefore, we take as
physically interesting solution:

o= ,% [, () — ¥; (—))s (104)

A () Lpm
7 (") = (il +l-l,:(’(;)9“1:m), (105)

-2
For) = Aus (0 + ) & T g7~ [F(—n,, 2p+1,0) +

n,
+ —— Pl =2y + l,e)],

p===

)
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. -2
a0 = )R [Pyt Lo— (09
n, :
- F(l —n,2y+ l)e)]: °
! Zax
k-7

0,1,23,..., k<O,

"=11,23,..., k>0,

f-x(7) -Qnm),

Yy (—%) = (i“‘""g_ o) Qpirm (107)

£ () = Aualo =9 €7 @7 [F(=mady +1,0+

+— _F(l—n,2y+ l,e)],
Zax
k+

2

_—;_~_'£ =
g(r) = '_Anrkl/”z_k:e 2 91’—1 [F(—”.-:27' +1:Q) -

B 4 2

—— _ _Fl-n2y+ l,e)], (108)
A

1,2,3,...; >0,

" =01,2,3,.., k<O

Nonvrelativistic limit

In the nonrelativistic limit

F() > 27T @-1(Q, + Q) £() >0,
F®H »0,2m >0
and, according to (91) and (97),

7,60 ("7 ), =10,
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¥ (—x) > 0. (109)

Thus, in the nonrelativistic limit the system is completely described by the function
¥ (%).

To the nonrelativistic limit we may come also directly from Eq. (80). Writing

ko=x+¢ (110)

and keeping only large terms with respect to € and x Eq. (80) becomes

(2%e—2xedo+A)p=0
or . (111)

I
(_EA‘}“"AO)‘P:S?"

The solution of this equation for given ¢ < 0 is
p=3X| " |fum (112))
Im

where y,;, are the Schrodinger’s wave functions of the hydrogen atom.

In comparisson to the free field case we can define the »normal« and »dual« so-
lutions as

]
¢ tim

2
=2 €im Xntm>

(113)

Pa=3 Xntm:

3
Im C" I

4
| Coim

This is in agreement with (109), since ¢, contains two spin states for given squantum
numbers¢ nlm as it does also (109) when one takes the sum over the corresponding
»quantum numbers¢ for given k.
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6. Constants of motion

We evaluate the basic constants of motion of the Dirac field interacting with
the electromagnetic field first generally and then apply to the hydrogen atom.

The scalar constant of motion, which follows from

y s 0% 0¥ .
»*= 1(’77 ] (3,."]7) - F) (3#77 ) "7!): 3#1” =0, (114
]
is given by
Q = constg [jo d® x. (115)

For the Lagrangian (30—31) and (69), or explicitly,
L = [ [(—ide—eda)Dy?] [(i9p — edp) Y D) — x* DD} —

l ' .
- m FI"' Fwr — A“]a + (xext (q: 34: Q) + ch"cx'), (1 16)

axt

where %Z,,, is the Lagrange’s density of the external sources interacting with the
electromagnetic field (g symbolize the field variables of these sources), the current
density j# and the scalar constant of motion are

F=ei(Pyrllyt —II; y° p*P) = e(Ng’r yr P — ?n?" ), (117)

O =consige [(PTW; — ¥} P d3x (118)
or : :
Q =constge [ Wtvy Wddx, (119
where
Y= yI’) 1o 120
=(gg) ==(o —1) (120)

We do not consider here the current of the external sources.
The energy-momentum constant of motion follows from

0¥ 0%
=3¢ a _
" Fomh T Ty ™

v 8L, 3 T=0, (121)

and is given by
P? = constp | TO d3 x. (122)

The tensor To? for the Lagrangian (116) is
Taﬂ = Toﬁn‘ + Tcﬁem + Taﬂzxn (123)
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where

Tfo = %D P llot + 1o y° Y 0a P — & x [;;1; IIp 9o [Tyt — 2 & qs], (124)

: I 1
Toem = — Z;Fm Og Ay + 6,° 6 Fy, F¥, (125)
ToPexe = the part due to external sources. (126)

In the following we consider only To?,. Using (58) it becomes
1 — _ — _
Tép = 5N [0 Pr9? Wy — ¥1 ¥° 04 YY) — (% Yur }’ﬂ Yy — ¥ 73 9. ¥)

d — _ - =
+ yra P ?® ¥ — V1P Pu)) + % 82 (P ¥ + Pu ). (127)
The corresponding contribution to the energy-momentum constant of motion

(122) is
P> = conste - [ [(9a V1 ¥, — P} 3 ¥;) — (3a P} ¥ur — P4, 0 W) +

d __ —
+ ‘a—x-(!pfl U+ P PP+ %[ (V1 ¥y + PuP)d®xd;. (128)
a
Assuming that the surface integrals vanish at infinity, the space components become
PP = constp % JI¥1o0. ¥ — 0. P3P — (P4 0 Pu— 0 ¥h ¥)] d* x

(129)

and the time component, using also equations for ¥; and ¥;,;, can be written in

the form
Py® = consty = | (P} 80 ¥y — 30 1 ¥)) — (P11 0 'y — 30 ¥y Vi) &
(130)
Thus, we, have
PP = constp % [P} % W) — (0. ) ¥) —
— [¥# (1 0a Pu) — (102 Piy) Pyl} d3 x (131)
or
PP = constp [ Wt 74 (i 0a) ¥ d3 x. (132)
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The angular momentum density tensor is

. . ¢
Motr = (720 7y — B (L) gy g (- L) B2y

T@ary\T 2 JoGny
From
O0a M*f* = 0
follows the constant of motion
MP = constyy | M™P? @3 x. (134)

We evaluate the part of M*# which corresponds to the Dirac field:

a¥

v
M = (2 Tl — 8 T3 — (1 3@ oH

Ay li)o-o (o)

@ TE— AT+ GG~ T+ E)+ (139)

1 —  —
+7 (¥ + P) oty (¥ — V).
The corresponding contribution to M? is

MY = consty [ {22 T — 8 Thp + - Who ¥y — - Pyt Wp}d®.  (136)
The space components of this tensor are

Mij = consty [ (' Ti9 — x T + _;_ Wi ot W, — % Vo WP (137)

The angular momentum vector components

M = - Mj (138)
are then

MP = consty Ly + [ (P14 2% — P4 2 W) &5l (139)

Li=fyen@ TP —# T r  To=pap.  (140)
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It is useful to write L, in explicit field components form. Using (127) one gets
1 . . I .
L= [ om PR G0 = # GNP — | e P (23 —

-2 () yf,,} d3 x (141)

or introducing the operator (of orbital momentum)

1

i‘k =7 Eijk (o pt — ' ph), (142)

where
pl=id, (143)
L= [(P1L¥ — ¥ L ¥y @ x. (144)

Eq. (139) then becomes

Mp = ot §124 (B + 5 3) B — Py (B4 30) Wad 0 (149
or

ME = consty [Pt (Lk + %Ek) ¥dix. (146)

Interpretation of the constants of motion

In accordance with the free field case! we accept the statistical interpretation
of the field functions as probability amplitudes for two particles: a particle and its
antiparticle. Consequently, we separate the field @ as well as ¥; and ¥;; in negative
and positive frequency parts:

¥ = Y’IE "E"TIC, - ‘(148)
Y’" = 'Pm + SFuc: (149)

where & contains only the negative frequency terms and & only the positive frequen-
cy terms. In the next we consider a time independent external field.

The scalar constant of motion (118) is then also separated,
Q=0:+ 0, (150)
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-where
Qe = constg e [ (Phe Pre — Pe¥ire) d° x,

Q¢ = constg (—e) [ (Pl Ve — PR Pr) & = (151)
or

Qe =constge [Pz, ¥, d3x,
O = constg (—e) [Prz_¥_d3x, (152)

where ¥, and ¥_ are the negative and positive frequency parts of ¥ given by(120),
respectively, and

(_l 0 152
-=\o 1)’ (152)
Now, we select
constg = constp = constyy = 1 (153)
and require
J(Pte¥re — P3P dPx= [Pie, P, d2x =1, (154)
[Pl e — Ph W) dPPx= [Pto_ ¥_dx=1. (155)

The scalar constant of motion then becomes

6 ¥, #0,¥Y_=0,
o=(-6¥,=0¥Y_=#0, (156)
0,%, #0,¥_#0.

The quantity |
'Ph Ve — Y’Tte Yu:= y"t Ty Y’... (157)

is the probability density of finding the particle with the charge e at space-time
point (x, ¢£) and the quantity

YI;It Tnt - Wf: th =Pt W_ (158)

is the probability density of finding its antiparticle at the space-time point (:?, £).
This is the same as in the free field case. The meaning of other constants of
motion is analogous.
Application to the hydrogen atom

In the case of hydrogen atom there are no positive frequency terms. Thus,
the scalar constant of motion (156) is

Q=e (159)
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and
J(P39 - P Y dix=1 - (160)

where ¥; is given by (105) and ¥, by (107). The normalization condition (160):
determines the constants 4, in Eqs. (105) and (107). Using

J.Qxflm ‘Qj'l'm' dg = 6‘”! 511' 6""," (161)‘
this condition becomes
[(*f + 6% — % — g%) r dr = 1. (162
From here one gets
(24)%2 2y + n) I'(2y +n) W2
An,k =" — s m# 0,
21" (2 1
) o 28]

2 12
Ao = "1'7;-(-'2'5—_’_—1')‘" [2P(27 +1) (g;_x - k)] » p=0. (163)

Zax?

The energy of the system for the solution of given &, according to (132) and
(160), is
Py =k,

where &, is given by (87). From here wé conclude that the energies of the relati-
vistic hydrogen atom are equal to those of the standard theory. The space proba-
bility distribution, however, is not the same. For a given energy the space proba-
bility distribution is (157) while in the standard theory it is only the first term of
this expression®. In the nonrelativistic limit Za — 0, the function ¥}, goes to
zero and this difference disappears. The space probability distribution reduces
to the standard nonrelativistic quantum theory.

These results enable us to interpret the solution (91) and (97) in terms of
the hydrogen atom. Although we have already used this interpretation, it is im-
portant to state it once clearly.

For an arbitrary solution of Egs. (59) for the hydrogen atom P, determined
by (132) gives the average energy. Making use of the expansion

¥ (r, 1) = E i ¥ @ ) (164).

* With the correspoding normalization,
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“where %, stands for all parameters characterizing a stationary state, we get

Po=(¥tr, ido ¥ d3x =3 k, af, a, (165)
) kg

Due to

3 ol @i, = 1 (166)

which comes from (160), af, a,, is the energy probability of the value k2, and Po
is the average energy.

Writing Egs. (59) in the from
19 Py = (—id, & + eday® y° + 2f) ¥, (167)

'130 ?II = (—i 3, a" + EAG yO yﬂ _ xﬁ) W[},

or
idoW=HY, (168)
where
—id;a + eday® 4° + xp 0 )
H=( 0 —id, o +edayoyi—np ) U
the expression for P, becomes
Po =¥ty HY d3x. (170)

The operator H plays the role of the Hamiltonian of the standard theory.

Let us again look at the nonrelativistic limit. Taking Za — 0 and ¥}, in the
form (97), Eq. (167) reduces to

100 W =(—id,a +edo + xp) ¥, (171)

This goes to the Schrodinger’s equation of the hydrogen atom in the nonrelativistic
limit with the corresponding Hamiltonian. Consequently, in the nonrelativistic
limit P, becomes

IY’;Hs s dx, (172)

where index S denotes the quantities of the Schrodinger’s quantum mechanics.
Here we have used certain properties of ¥;. We may take the opposite possibility :
to require the nonrelativistic limit of P, and establish by this the nonrelativistic
behaviour of ¥;;.

Similarly to the energy Po, the spin parts of the angular momentum vegtor
(146) has the meaning of the spin average value of the system.
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At the end let us write the explicit expressions for the space probability dis-
tribution of the electron in the new and the standard theory for a given energy
state. According to (157), (105) and (107) in the new theory we have

w'mn-(‘r) = Y’I T, YI.;. = (j;fn _f—.-#f'-.x) 'lem .Q_",,, + (g’: 8x — g:" g-—u) le'm 'le'm’

(173)
where are
fifo = fon fon= A 200 7 Tk i A
4 (174)

2 " S ,
X [Q'* * ] { +6757) Qi,’_,“Q,’,;'+k a (1-+%) Qﬁf..]’

( ", Zax
2(x%* — k) A
» s = | 4%, |2 —@ g2r-2
580 — e 8.0 = [0 % (p_ 2w\ [ Zako )" ¢
A A
k (175)
x0x., [Q%:: — e O}
B2 — (252
(7)
2 i 2 — _ 0
IAHI"I IAnrk ' 2" Zaku 3 ﬂ k + Zax‘ (176)
A A
The corresponding standard probability is
et () = V1 ¥ = 1% Qi Qi + 8% Lyion Ly (177
where
- -2
P = | |2 G+ ko) [0+ —T— 02 Je-e g, (178)
e B T -
- -2
8% = |4%a | (e — ko) [ Q7 — —Z— 0 Te-egm-2. (179
B e S0
A
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7. Conclusions

The obtained results show that the new Dirac field theory!’ extended to the
field interacting with the electromagnetic field gives: (a) conceptually the same
results for the hydrogen atom as the free field case, (b) the same energy spec-
trum of the hydrogen atom as is given by the standard theory but not the same
corresponding electron space probability distribution, (c) the standard nonrelati-
vistic quantum mechanics of the hydrogen atom.

Thus, these results support the new Dirac field theory. By this one gets quite
a different view of the quantum physics and related content of the contemporary
physics.

Appendix

The equation (80),
{(ko — edo)* +A —ieaE}p =0 (AT)

can be written in the form

(ko + H — 2edo) (ko —H)p =0 (A2)
where
H=pa+edo+pu, p=—iv. (A3)
Due to '
[H,52] = [H, %] =0 (A4)
[do, 2] = [4os 7.] = 0,
where X
- - 1 - = - . - ;0
F=T+457=Fxin, £=(73) (%)

solutions of Eq. (A2) can be separated in radial and angular variables according

toﬁ).
. - F () Qun (0)
P > Projim = (tp )= (( 1+1-t g )s (A6)

Pe —1)72 G0 Qnn

where @, is the eigenfunction of #* and Fo

} 2 Drosim =7 (G + 1) Progims
VA Projim = M Prosims (A7)
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- - 1, .. = 7
Q4 im (1) is the spherical spinor and / = i?’ U= 2] —Ln= .;
After substitution of (A7) into (A2) follows
(ko — edo — %) pa — GPPs )
(ko + H — 2,4) ( ap% + (ho—edo + %) G4 0. (AB)
By making use of®
Qypm =" (0 1) Qytes (A9)
- = dG , 1 —*%
Ghm=-(E+529a. (10
- = 1 k . ,
@n o= (§+ f F) Lypom i1 +1-0, (Al1)
. I
=~ (i+g) = -+ D=1+
(Al12)

1

+-)= =] — —

+ (J ) A ji=1 3

(k= +1, +2, 43,...; positive values correspond to j =1 — -%- and negative to
j=l+%) it becomes

[(ko—er—n)F+( +—G)] Qi )

(ko + H — 2e4,)

[_ (% 1 'l-kF) + (ho—edo+4) G] v
= (ko + H — 2eA4,) (~Q""' ) (A13)
o o) \;1+1-1 GQJ]'M

The mawix on which the operator (ko + H — 2e4,) acts is of the same form as
in (A6). Consequently the procedure repeats now with the operator (ko +H —2eA,).
Let us notice that

ko — edo + % ap )

(ko+H—2€Ao)=( cp kO—er_"

(A14)
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As the result one gets

[0 —cto+ 0 F - (dG +-28)| 2

=0. (Al5)
[(dF + ﬂp) + (ko — edo — %) G] je-r Q.
From here follows
[(k0 —edo+ %) F — (d—G+ﬂ5)] =0, (A16)
dr r
dF | 1

or after substitution of the expressions for F and. G

d? d s Zet  Z%e 14+ & Ze*
3 7 +— r+(k n+2ko——+ )_k—rz ]F+'72-G=0:
(A17)
VA AR 1—-% Ze?
[dr2+rd ( = 2ko 2o = ) 2 ]G_—’F=°
It is useful to introduce the new variable
e =2, A=)Z =R, (A18)
and the notations
y: =k — Z%a?, a =2 (Al9)
Egs. (A17) then become
'd? d 1 ko Za y? k Za
et eaet (—T+'z‘°?‘e—=)——= Frge=o
(A20)
d? 2.d 1 keZa 9? k Ze .
[ T eamt (_ 4 +T?_?)+?] G-gf=0
The transformation
1 _ Za
)|z ")) 821
y+k —1
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separates Eqgs. (A20) and one gets for the functions P and Q

2 d ( 1  koZa y(y+1)]
-t —— P=0,
[de’+ede+ Tt T e e* /I
(A22)
Za = \1 .
2  2d 1 | R4 _Y |
[+ 28+ (-++%7 ~T@ Y] e-o
e de ' ]
We investigate first the limit o - 0:
a2 | 2 y +1
[d92+ yye} '—)]Pe-»o=0:
(A23)
a2 2 p (? 1)
[+ - Qe =0
The solutions of these equations are
Pq .o = const 0°, Q.9 = const ", (A29)
where s and v satisfy the equations’
s6C—D+2s—y@@+1D)=0 ‘ (A25)
v@—1D)+20—y@—1)=0.
From here we have
14 -y
3 > = 2
’ {—(7+l) ¢ {7—1 (A26)
and
Poro = const ¥ Qo .o = const g?~* (A27)

as acceptable solutions. For |k| = 1 there is a sweak« singularity in O not affecting
the wave functions normalization.

In the limit p - oo Egs. (A22) become

a2 1)
(@37 =o

d? |
(a2 =) 00 -0

(A28)
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The physically acceptable solutions of these equations are

o A
P, =conste 2, Q. =conste 2, (A29)

Having these asymptotic behaviours we may write

[
(A30)
Q
Q=e Zgr-ig
After substitution in (A22) one gets equations for p and g:
d?p» _ydp ( _ko ) _
-d_e—i+.(2y+2 Q)az y+1 TZ“ =0
(A31)

+(2? e)de (—%Za)4=°-

Solutions of these equations are the confluent hypergeometric functions:

P = tpl{(?"" ‘1 _'I;—oza): 2(+ 1), Q}’

(A32)
g=F, {(y - %‘3 Za), 2y, 9}.
Forp>1
Fib o= s IO e sy
The term €@ will not be present if
LI 0. (A34)
L(a)
The application of this condition to (A32) gives
l p =0, ——;—— =0. (A35)
P(y+l——f-Za) P( ——;Za)
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The poles of I'-functions are negative integers and zero.

Thus, we have

k ~ o~
y+1 —TOZa =—n,n=012,., (A36)
ko
y— TZa = —n,, n,=0,1,2,.... (A37)
From here follows
ne=mn — 1. (A38)

Therefore, the series (A32) terminate, expect p for 7, = 0 where we take p = 0
and become

p=1Fi{-n+1,Q2p+1+1, 0}s Pr=o =0, (A39)
g=1F1{—n,(2y — 1)+ 1,¢0}.

By making use of

__T@+y
1Fi(=sd+ 1,0 = TAFTYY o4 (o) (A40)
where Q4 (o) is a Laguerre polynomial, they can be written in the form
I 1
ot = Tyt Q24 @D P =0, (ad1)
I(2
Ik = T2y % _f_’),,r—) 0¥-1(g), n, =0, 1,2,.... (A42)
Returning to (A30) we find
_e
Poy=ayxe 2¢’ foll (@) aox =0, (A43)
-°
Qnrk = bt»-k e 2 Qy_l Qf:_l (Q): (A44)

n=012,..,
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where a,, and b,, are arbitrary constants. The I~functions are incorporated in
the constants.

The functions F (r) and G (r), according to (A21) are then

Z _e
Fop = {anu 0" Q2+ (0) — y—_:k; bue @77 Q21 ()} e 2,
(A45)

Q

Za BUNETR P
Gue = (- 225 s & Q241 @) — bu @t Q-1 @))%,

After substitution of (A45) into (A6) we get the solution of Eq. (Al).

In order to make connection with already given solution we introduce the new
constants in (A45):

k
an,k=(k+y)Anpk zalkl neks

(ad6)
bop = — ZadA,u + (B + p) |k|
The functions F,; and G,. then become
F,,,g = Aﬂr& F,,'k,, + Bn,k Fn,kd’ (A47)
G = Auk Cupn + B Gopras
where
Foun = [(k +9) e Q¥+! + (R — y) Q1] g*~1 e 2
(A48)
-2
Gopen = Za [e Q41 + Q110" e 2,
k -L
Fusa = [T (-2 [0 Gt + O 1 0t e,
(A49)

-2
Guta = — g [ = 1) @Ot} +(h+ ) Q1] ¢~ ™.

. |
For a given k, (n,. and |k =Jj + 5-) the general solution of Eq. (Al) is
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. ka>0 iji-l' —;‘, m
Pip = "2‘: Chmjtgum +

- Gmk>0 Qj,j——%—’ m

Gmk<0 Q; ;+—, m

mk<0 Q -7’ m
+ Zche(z)om
—(‘+ ‘) <m<jtu
J 7 J 2"
By making use of (A47) ¢, can be written in the form

P = ‘Pk(;n + Prod>
where

Pron = T {Ckmit 1 Ank>0 P, kit 3, men +
m
+ Chw- (,'+ %), m Ansk<o Prr.j k=~ (i+ %). m(n)} s
Prod = E {ck=j+—;-, m Bmk>0 'pm,i.k=i+%. m(d) +
m
+ cha- (j+ —;-), m Burk>0Pur,j, b= — (i+ %), m(dJ}’

Fri>o0n82; 54 - m)
;]

v, bmi ey m(m) =
2 G Q
nrk>0n"<j, —-—;,m

( l) ka<0n 'QJ'.J'— %, m
Prvssy k=— i+ =)> min) = >
2
Gmk<o n "Qj.j+—;-, m

—Gu>0a -1, m

1 Fur>04a Qj,j+l. m
Prrasy k=it 0 m(d) = s
)

Fub<od Djj-%,m
Prierjs k= — (1+ ) md) =

G"rk<°d Q]JJ"‘ 2 m
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The solutions (A56) and (A57) are in dual relation to the solutions (A54) and
(ASS), i. e.

‘Pnr,i, k=— (J + —;'): m(d) ~~ yS ‘pnni;k=f+ %, m(n)> (A58)

Prrojsk=j+ %. m(d) ~ ¥ Prieyjy k== (.f+ %), m(n)* (AS9)

This can directly be seen if one uses the expressions (A48) and (A49) for the fun-
ctions F and G.

In the nonrelativistic limit (Za — 0)

Gupn > 0, (A60)

Fn,kd )

and the functions (A54—55) and (A56—57) become

6 ) (o s

respectively. This is in accordance to the definition of the »normal¢ and sduale
solutions of the free field case.

The selection (A52—53) of the »normal¢ and sduale¢ solutions agrees with
that one in Section 5 where we have used the solutions of the canonical equations.

At the end let us mention that one can investigate other selections of the
snormal« and »dual¢ solutions in order to get positive definite energy.
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MEDUD]JELOVAN]JE DIRACOVOG POLJA SA ELEKTROMAGNETSKIM
POLJEM U NOVOJ FORMULACI]I. RELATIVISTICKI VODIKOV ATOM

J. BRANA i K. LJOLJE

Prirodno-matematicki fakultet, Odsjek za fiziku

Univerzitet u Sarajevu. Sarajevo

UDK 530.19
Originalni znanstveni rad

Razmatrana je i izgradena teorija medudjelovanja Diracovog polja u novoj
kanonskoj formulaciji sa elektromagnetskim poljem. Radi izbjegavanja poteskoéa
u razumijevanju, elektromagnetsko polje je opisano na standardan naéin. Utvrdena
je ista fizikalna sadrZina Diracovog polja kod relativistitkog vodikovog atoma
kao i u sludaju slobodnog polja. Nadeno je da je energetski spektar vodikovog
atoma isti kao i u standardnoj teoriji. Raspodjela vjerojatnosti polozaja elektrona
u odredenom stacionarnom stanju, medutim, nije ista. Nerelativisticka aproksi-
macija nove teorije je standardna nerelativisticka kvantna mehanika.

FIZIKA 18 (1981) 4, 265—301 301



	Vol.13_no.4_pp265-301



