FIZIKA, 7 (1975) 97—104

MAGNETOHYDRODYNAMIC FLOW BETWEEN TWO ROTATING
CYLINDERS

B. BASU and K. K. MANDAL

Department of Mathematics, University of Burdwan, Burdwan, West Bengal

Received 1 October 1974

Abstract: The steady MHD flow of an incompressible viscous, electrically con-
ducting fluid is studied between two infinite concentric rotating cylinders
subject to a radial magnetic field, taking a uniform suction velocity at the
wall of the outer cylinder and a uniform injection velocity at the wall of the
inner cylinder. Induced magnetic field is taken into account and using
suitable boundary conditions exact solution is obtained.

1. Imtroduction

Ramoorthy !> has considered the steady magnetohydrodynamic (MHD)
flow between two concentric cylinders without taking the induced magnetic field
into account. Here we consider the MHD flow of an incompressible, viscous,
electrically conducting fluid between two infinite concentric cylinders of radii

a and b (a < b), subject to a radial magnetic field (= f}; A= constant) , taking

a uniform suction velocity o, at the wall of the outer cylinder and a uniform injection
velocity o, (= ‘-lbg'i) at the wall of the inner cylinder. We take induced magnetic
field into account. Muhuri?’ has investigated a similar problem. But the boundary
condition on the azimuthal component of the magnetic field which he has used

is corrected in our investigation.
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Because of the axisymmetry the velocity and the magnetic field will be of
the form

Vv, ), v (r), 0,
HI[H, (), He(r), 0],
brvb: Hr (7‘) =

= Therefore the induced magnetic field has its non-zero component only

where v, (r) H, (r) can be written by the divergence relationas v, (r) =

along the azimuthal direction. Following Muhuri?’ we get the equation of motion
and Ohm's law as

dz‘ve 1 dve Vg AﬂH@ A[l | dHe _
Tdr? _(R_l)_r dr —(R+l)f2+gv r2+gvrddr 0, (0
and
_ v ng
ve—ﬂ[(xR—l)He—r & ] (2)

b, . . :
where R =—v—" is the suction Reynold’s number and » = u ¢ v the magnetic

Prandtl number.

2. Boundary conditions

We suppose the inner and the outer cylinders are rotating with uniform
angular velocities w, and w, respectively. Then from the no-slip conditions we
have

Vg =aw,, atr =a 3

vg =bw,, atr =b. ()]
The electric current is given by
I; =(0, 0, J.),
I, =po(v, Hy —vg H,).
This implies that I, w:ll give rise to an azimuthal component of magnetic field

in the annulus and outside it. Therefore Hg needs not necessarily be zero at r = b,
This, in turn, implies that Muhuri’s boundary condition Hg = 0 at »r = b is not
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correct. However, if we assume the existence of no current inside the cylinder
r = a, we can write down the boundary condition on Hp at r =a as

Ho =0, at r =a. %)
3. Solutions of the equations

Eliminating ve from (1) and (2) we get

dH"Jr(4_ —nR)rzd Ho L (R=1)(xR—2)— R+1)—
2 dH9 2 —
— M) r +[(R+1D(xR—1)— M?*]He =0, (6
A*p*c
where M2 = BT M = appropriate Hartmann number.

Using the boundary conditions (3) and (4) in (2), we get the derived boundary
conditions on Hpg as

d He Ax

—dr—=——v—w|,atr=a (7)
d
and [(xR—l)Hg—deQ —A—:-‘bwz, at r = b. (8)

Solution of (6) subject to (5), (7) and (8) is given by

Ho =P, (}) + Pyri 4 Pyr, ©)
where

Ao d = 5 [R(+ %) £ {R*(1+ 9? — 4R + ) (¢ R— )+

+ 4 M2)a], (10)

P1=#[( R—1—2A)b4hagdttagy, — (R — 1 — A,) bi+h2 gd+hr oo, —

— ahtiar2 (4, — 2,) 6% w,),

P, =%[(:¢R —1— A a¥thr o, —xRa¥+w, 4+ (A; + DNal+ b2 w,),
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P, =? [—(xR—1—4)a*b+h e, + xRa¥ Mo, — (A, + 1) al+h by wy],

and
C=xRah+h+2(], — A,)+ (A, + DR —1— A,)bl+h gl+ha —
— (A 4+ 2)(R —1— A,)b1+42 gi+hs, (11

Using (9) in (2) we get
Ax
2o =P, xR( ) 4Py (kR —1— A)rh 4+ Py(xR—1— A)ra. (12)
Moment (about the axis) of the shearing stress per unit length on the outer cylinder
is given by
d Vo
T=2 »l— (=
|
where vg is given by (12). Thus
233
T = 2_”ﬂ_b—-[—2x1e( )P‘ (A —1)(xR—1—

— A)BM=2P, 4 (A — D) (xR — 1 — A,) b2 P;]]. (13)

If the inner cylinder is at rest and the outer cylinder is rotating with w,, then T
becomes

5
T =2n93;b @, [_ 2:3R (A, — 2,)alr+ia+2 4
+ (A= DA+ DER—1—1,) - b2 gl — 9

- ()'2 - ]) (}»1 + 1) (%R — 1 — 12) bﬂz—z a11+1].

When the suction Reynold’s number R = 0, we see that our results (12) and (14)
coincide with the results (5) and (12) of Rammoorthy!’ and He becomes

= A—’_‘[(A — 1) (@, B — @ @t (R — gi+i) —

= (A4 D@8 (@8 — oy a-)) (it —ai-4)]

He= (i, = DB — a7 (1)

where A =(1 + M?pa,
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The solution for vg for the non-magnetic case can not be obtained from (12) di-
rectly by putting A = M = » = 0, because in our case the velocity field is obtained
from (2) only when a non-zero magnetic field is present and the fluid is conducting.
However non-magnetic result may be obtained directly from the equation (1)
by putting M =0 and is given by

vg=A,r®*!' 4+ B, r! (16)
— using boundary conditions (3) and (4) —,

_a*w, —blw,
aR+2 — bR+2 3

_azbz {an Wy — bR wl)

where 4, B, = pLE s e

For R =0, the equation (16) reduces to the Coutte’s hydrodynamics result®’.

4. Numerical results and discussion

We now introduce the following dimensionless quantities and parameters

— — aw; Ax—
Vo = W, a Ve Hg =+He:
T=pvatw, T, r=ar, V)
2=2, o9z
a w,

Using them in the equations (9), (12) and (13), we have
7o=TP, xR(é) + B, (xR—1— A)7 + Py (xR — 1 — 2,)7, (I8)
r

Ho =P, (i-) + P, 74 + PR, (19)
r

T=2373[—2xR(%;)F, F (A —1D(xR—1—A,) T2, +

+ (A —1)(ER—1— 1) 7*2—2173], (20)
where

P, _1 [(kR—x —A)A+h — (xR — 1 —A,) A+22 — (4, —A,)A2 Q),
c
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ﬁ2=_1“[(xR - I _;Iyz)-jl.l”‘; - xR + (Az + 1)22 §],
c

Py=—L[—(xR—1—A)F+ + xR — (4, + DA2 D), @0
c

C=%R(A, —2;) + (1 +2;) (xR — 1 —A,)A1+h —
— (L4 A)(#R — 1 —A) A+,

and bar sign indicates that the quantity is dimensionless.
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Fig 2. Velocity distribution for various values of M,§when Q=2
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The graphs of Ve against 7 for different values of M are shown in Figs. 1
and 2 for 2 =0.5 and 2 = 2 respectively, taking 1 = 2. Also variation of Hg
against r for different values of M are shown in Figs. 3and4for R =0and R = 1
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Fig. 4. Distribution of mduced magnetic field for various values of M, when R = 1, % = 0.153 *
- 1076.

respectively, taking 2 = 2. It may be noted from Figs. 1 and 2 that the effect
of the suction and injection is to sweep the velocity profiles towards the outer
cylinder. Effects of change in rotational velocities of the cylinders on the induced
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magnetic field as is evident from the Figs. 3 and 4 are significant. With the decrease
in the velocity ratio £ the induced magnetic field decreases rapidly.

TABLE
M T _ for T _for T for T for '
R=0, 2=0.5 R=0, 2=2 R=1, Q=05 R=1, 0=
1 4.492438 28.594744 0.417035 61.696811
5 47.876799 202.73414 54.428672 232.65811
10 113.48630 454.66002 120.46205 482.82259 I

Numerical values of T for A =2 and » =0.153 - 10~6 are given in the
Table. It may be observed trom the Table that T increases with the increase of
Hartmann number. This may be attributed to the reason that an extra amount
of work is being done to bend the magnetic lines of force. Also T for R =1 is
larger than that for R = 0 and T increases as £ increases.
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