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Abstract: Approximate Lorentz transformations of the first ((c- 2)0) (Galilean 

transformations) and second (c- 2) (x = (x' + Pet') (l + P2/2), t =.t'
(1 + P2/2) + Px'/C) orders are considered. It is emphasized that in a first
approximation the transformation formula for energy takes the form E = E'.
The corresponding transformations for covariant coordinates ( covariant 
transformations) are considered as well ; they coincide with space-like ones 
which follow from the Lorentz transformations if et � p x. It is shown that 
only based on the 1 st order covariant transformations one can obtain the 
known transformation formulae for probability density (e = e') and position
operator (X = X'). The group properties of the 1 st order covariant trans­
formations (Galilean covariant group) are discussed. A particular role of 
the 2nd order covariant transformations is emphasized when the questions 
on the invariance of nonrelativistic equations in physics are under consi­
deration. 

1 .  First approximation 

Galilean transformations (approximate) Lorentz transformatt'ons of the first 
order (c- 2) 0).  Let us consider the Galilean transformations

X = x' + 'lJ t', t = t' . (1) 
Further we introduce, as usually, the momentum and energy of the particle 
with mass m by means of the expressions 

dx dt p = p i = m ds ' E = po = m ds ' (2a, b) 

where s is a proper time, c = l .
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As a result, according to (I ), we have
p = p' + V E'' E = E'' (3) 

for the transformation formulae of momentum and energy in a G alilean approxi­mation, i. e. , with a precision of up to the terms of the order of (P2) 0 wherep = v. 

Here, perhaps, it should be noted that in G alilean approximations time is
not transformed when we transit from one reference frame to another, i. e. , it ispractically a scalar value. Therefore, according to (2b), both p0 and E are actualscalars. But the latter means that in this case the energy E should be expressedonly through a scalar value (which is not transformed when we transit from oneto another reference frame), i. e. , it represents a rest energy. J ust from the fa ctindicated, the first of formulae (3) can be written as 

p = P' + m v. (3a) 

The application of the formula for energy E = m in a G alilean approxi­mation can be born out by an additional consideration. O nly in this case the re­
lativi stic expression for the center mass coordinate X = E Ex/E E transits to theconventional classical expression X = E m x/.E m. O ne more argu ment in favourof the specified formula can be obtained, e. g. , by considering the transition from the relativistic expression for probability density to the nonrelativi stic* limit by means of the known substitution 

As a result, we have
Ee = 1 v, I 2 

-. m 
Whence it follows with necessity that the known expression

(4) 

(5) 

(6) 

can be obtained from (5) only on the assumption that in a Galilean approximationthe energy E is a rest energy. 
If we now introd uce, as usually, momentum and energy as partial deriva­tives of some scalar action function S 

* Below the term •nonrelativistic• is practically used in the sense of oapprotimateo.
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a s
P i = -, 

a x

a sp4 = - -,
a t

125 

(7) 

then, according to  (I), _we obtain that the t ransform at ion fo rm ulae p 1 and Po willbe different from the required ones fo r  energy and momentum (3). 
This fact is due to  that in the framework of the discussed approach t hecovari ant component s  of a vector are t ransformed by the formulae which diffe� from the transformat ion fo rmulae fo r  contravariant component s. 
First order covariant transformations. Using the definit ion of covariant vector

a "'
A , = a:, A� (8) 

and t aking into  account ( I), the first order t ransfo rmat ion fo rm ulae fo r  the covariantcomponent s  of a >>coordinat e  vector<< read as 
x 1 = x; , x0 = x� + v x' , (9) 

( we have also changed t he sign of a t im e  coordinat e).
It is evident t hat the expressions obt ained in such  a manner coincide withthe approximate  space- like t ransformat ions of the fi rst order result ing from the

L orentz t ransformat ions if t � fJ x due to  the reject ion of the t erms of the orderof /J 2 and higher. 
N ow it is possib le to  agree to  the definit ion of momentum and energy aspart ial derivat ives of the action function and t he ab ove definit ion (2). With this aim we should use covariant coordinate derivat ives, i. e. , c ont ravariant derivat ives 1 > .

Replac ing (7) by the expressions 
1 a s  O a s 

p = -, p = - -a x1 a Xo 
(10) 

we find according t o  (9) that the values, introduced by means of (10), ac tuallyobey the t ransformation law for  moment um and energy (3). 
The fo llowing condit ion

(11) 

is an evident consequence of the definit ion ( 10) t aking into account (3) in theframework of the approximation considered. 
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It is precisely this condition that is an actual base for transition from the 
Hamilton-} acobi classical relativistic equation 

( 12) 

to the nonrelativistic limit. 
As a matter of fact, in order to make the indicated limiting transition, let 

us extract a square root from the both parts of ( 1 2) and then expand the right­
-hand side into powers of [(B S/a x)/m] 2 . Limiting ourselves to the second �order
terms and changing to the function S 1 = S + m t, we obtain 

( 1 3 -II) 

(note that the Hamilton-Jacobi nonrelativistic equation of the first order, i. e.,
for a given approximation, takes the trivial form a S 1/Bt = 0 ( 1 3)). 

That we made use of smallness of the value (B S/a x)/m or, so far as
a S/a t � m, of the condition ( 1 1 )  is very essential. And this, in its turn, means
that the Hamilton-I acobi equation under consideration should represent a partial 
differential equation in covariant coordinates. 

Similarly to ( 10), we introduce a wave vector with components 

where n is a scalar value. 

ko = - a n  a x0' 

Using further the de Broglie and Einstein-Planck relations 

( 14) 

( 15) 

we get that the momentum and energy defined by formulae ( 15) will be transformed 
according to the required law (3). 

Thus the fact (an indication of this fact is ascribed to Lande by Bunge2> 

and in this connection, see also Ref. 3>) that the wave length '1. 1 , which must be 
subject to transformations (9), is actually invariant for the considered approxi­
mation whereas the momentum is tranformed by the Galilean formula (3 a), finds 
its explanation. 

In addition, it should be noted that in the framework of this approach, the 
questions concerning the transformation formulae for probability density and 
position operator in nonrelativistic quantum mechanics are sequently solved. 
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I n  fact, in order to provide the wanted transformation formula for pro­b ab ility density in a Galilean app roximation 
e = e', ( 1 6) 

(which coincides, say, with the transformation formu la for elec tr ic charge density), we must u se contravar iant derivatives in the relativistic expression for (!, i. e., we
must b elieve that 

( 1 7) 

As far as the transformation formu la for position oper ator X is concerned,u sing (9) we n� tu rally ob tain 
X = X'. (18)

At the same time one c an hardly agree with the u sual derivation of formu la(18), (see, for exampl e, Ref. 3 >) from instantaneou s  Galilean transformations.The point is that the tr ansformations for coord inates (thou gh it were L orentz transformations or their particu lar c ase-Galilean ones) prac tically desc rib e eventpairs. The instantaneous G alilean transformation must describ e the pair of eventsfor which 
LI x = x and LI t = 0. ( 1 9) 

However, as is known, the transition from the Lorentz transformations to Galileanones takes plac e  if 
x �  t. (20) 

That is why the introduction of the instantaneous G alilean transformations cannotb e  admitted as a consistent step. 
Covariant Galilean group*. As the ab ove first order transformations (9)for covariant coordinates play a definite role in nonrelativistic physics and, inparticu lar, in nonrelativistic quantum mechanics, we will esp ec ially touch u ponthe group p roperties of these transformations. 
I f  the translations are taken into account, tr ansformations (9) are wr itten as

X = X' + a, (2 1) 

t = v x' + t' + b. 

* In this connection see also paper by Lewy-Leblond4>.
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The group of covari ant transformati ons (21 ), covari ant G ali lean group C, i s  generated by three one-di mensi onal subgroups, wi th their canonical parametri ­
z ati on: 

space translati on (a),
- ti me tr anslati on (b ), and
- pure covari ant transformati ons (v).

From the space-ti me acti on of the group (21 ), one can deri ve a three-di­mensi onal matrix r epresentati on d 

(
1 0 a) 

b (a, b, v) = v 1 b . 
0 0 1 

(21 ')

Hence, denoti ng the element of the group C by (a, b, v), for the law of groupmulti plicati on, we find 
(a', b', v') (a, b, v) = (a' + a, b' + b + a v', v' + v). (22) 

The Li e algebra of the group C can be bui lt by means of the representati on
d. Thus we fi nd the i nfi ni tesi mal generators  to have the matrix representati on

(
001

)P8 = OOO 
OOO 

for space translati ons,

(
OOO

) H8 = 001 
OOO 

for ti me translati ons , (23) 

(
OOO

) K6 = 100 
OOO 

for pure covari ant transformati ons.

By exponenti ati on, easy her e  due to the ni lpotent nature  of these generator s, weobtai n for b 

The commutati on r elati ons of the generator s, which define the Li e algebra of the covari ant group C, tak e  the form 
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[H, P] = 0,
[K, P] = H, 

[K, H] = 0.
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(24 a) 
(24 b) 
(24 c) 

Here it is (24 b) which expresses the non-Abelian character of the group C.
I t  should be stressed that the time translation generator obviously belongsto the centre of the L ie algebra and thus it should be invariant in the frameworkof any irreducible representation. 
Taking further the Baker-Campbell-Hausdorff fo rmula

e- 8 Ae8 = A+ [A, B] +2\ [[A, B] , B] + . . . (25)

in the particular case (B = - v K) of pure tr ansformations (9) fo r  the transfor­
mation fo rmulae P and H, we find 

p = P, (26 a) 
H =m, 

(26 b) 
Taking into account (24 b) and (24 c), we conclude that P and H are transformedby the formulae fo r  momentum and energy (3) in a G alilean approximation. 

I n  this case, fo r  example, in the momentum- energy representation fo r  the(Hermitian) generators P, H and K, we have 
P = P, 

H =m, 

K . a = z m a p· 

(27 a) 
(27 b) 
(27 c) 

Note that, according to (27 b), in the right-hand side of (24 b) in this casethere appears the rest mass. However this does not lead to diffi culties similar tothose which arise when for  the considered approximation in the formula for  energythe next order term is taken into account (th is is groundless, however). 
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I n  the coordinate-time represent ation the i ndicated generators read as
p = - i _!_, 

O X 1 

H = i _!_, 
o x0 

K . a =i x , -a Xo 

(28 a) 

(28 b) 

(28 c) 

Let us note that the position operator X is correctly t ransformed underboth a space t ranslation U (a) 

U (a) X u- 1 (a) = X + a I

and pure t ransfo rmations (9) 
U (v) X u- 1 (v) = X.

The latter, i n  particular, is connected with the validity of the relation
[X, K] = 0.

(29) 

(30) 

(31)  

However, as is indicated earlier (see, e. g. , 5• 6>), when we consi der importantquestions on the invari ance of the nonrelati vistic equations of physics, whichare in fact the second order approxi mat e equations (so far as the t ransition t othem - from the correspondi ng relativistic equations - assumes that, t ogetherwith maximal terms, the addens, which are small with respect to  them - of theorder of fJ 2 - are taken into account as well) the fi rst orde r t ransfo rmations arealready lacking. We must lean upon the t ransfo rmation fo rmulae fo r  coordinate si n  which the second order t erms are also t aken into account. 

2. Second aproximation 

Approximate Lorentz transformations of the second order c- 2
• The secondorder transfo rmations are an extension of the Galilean t ransfo rmations as a result of t aki ng i nto  account the t erms of the order of {32 (note  that the indicated t ransfor-mations were earlier considered e. g., by Fichtenholz 70>, Fock 7b> and Chandra­sekhar & Contopolous 7c>). They t ake the form 

x = (x' + vt') ( I + + v2 ) ,  t = t' ( 1 + + v2) + v x' . ( I -II)* 

* We simply add figure II to the formulae which are a second aproximation to the
above expressions. 
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Using ( 1-11) and (2), we have for the transformation formulae of momentum 
and energy in the considered approximation 

(3-11) 

If now the framework of this approximation we pass to a range of problems 
discussed in the Section 1 ,  we must again turn to covariant coordinates. It should 
be emphasized that just these second order covariant transformations should 
serve as the basis for considering the questions on the invariance of the nonrela­
tivistic Hamilton-I acobi equation and the �chrodinger one. 

Second order covariant transformations. The outlined transformations represent 
a corresponding extension of transformations (9) due to the fact, that the terms 
of the order of p2 are taken into account and are obtained directly from formulae 
(8) and (1-11). They take the form

(9-11), 

In order to establish commutation relations for the infinitesimal generator 
of pure covariant transformations of the second order (9-11), let us use formula 
(25). For values P and H in the approximation under consideration we have 

P = P' + i a [P', K] + (i 2�
)2 

[P, K]; K] + (i;r [[[P', K], K], K] + 0 (c- 4), 

(26 a-11) 

H = H' + i a [H', K] + (i ;)2 
[[H', K], K] + 0 (c- 4), (26 b-11)

where in the given approximation a =  v ( I + -� v2 ), a2 = v 2, a3 = v3 • 

The underlined terms are the terms of the first order corresponding to the 
Galilean approximation. 

A comparison of equations (26-11) with transformation formulae (3-11)> 
when 

[K, P] = i H 

is taken into account, results in the following commutation relation 

[K, H] = i P,

(14b') 

(24c'-II) 

which coincid� with the corresponding one for the Lorentz group generators 
(in the general case we have a complete coincidence of the commutation relations 
with the corresponding ones for the Poincare group generators). 
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L et us now deal with several problems concerning the application of trans­formations (9 -Il) to nonrelativistic equations of physics. 
As was shown earlier5> , the conventional nonrelativistic Hamilton-Jacobiequation ( 1 3 -II) is invariant under the indicated transformations both in the freecase and in the presence of electromagnetic fi eld. At the same time the applicationof transformations (9 -II) to the Schro dinge r equation (see, e. g. , 6 >) leads to certaindiffi culties. 
In particular, the appearance of four additional terms (Ii = 1 )

LI - p2 av,  - p av,  + i (2 a2"" - p2 a2 "" )2 a ,mx' a x' 2 m 'P a x' x' a x' 2 
T O l l O 0 

(32)
is a result of the transition to another reference frame using (9 -II) for the Schro ­dinger equation (the mass term being taken into account) 

(33)

Hence, in order that the equation under consideration may keep  its form after th istransition, it is evident we should require to fu lfil the equation LI = 0 which canbe also written as 
p2 a <P a <P 
2 a x� = P a x; ' (34) 

where
(35) 

It should be noted that recently G aida 3> has also applied the second ordertransformations to the Schro dinger equation in the form of (33). He showed thatEqu. (33) was invariant under the indicated transfo rmations if 
<P = 0. (3 6)

However, it is necessary to stress that although, e. g. , in the case of free
particle, the condition (3 6) is sure to be fu lfilled, the application of similar conditionsasks for caut: on. Indeed, in the framework of (3 6) the left-hand part of (33) can be written as - i ('rp a 2 tp/ x�) 1 1 2 • It is the last expression that is a direct result ofthe transition* from the K lein-Gordon equation to the nonrelativistic limit9> .

* An analog of the above transition from Equ. ( 12) to (13-11).
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As fa r  as th e  above-ment ioned transformation formula for probability dens it yis concerned, in  the considered approx imat ion it is o f  the form 

(16 -II)
As in this cas e  E = m + p 2 /2 m, the above trans it ion to  the known express ion(6) (even for free part icle) is already imposs ible. Consequent ly , in a s econd appro­x imat ion we must use the relat ivis ic e xpress ion (1 7) for probability dens ity (as it is s o, we cannot avoid difficult ies when deriving t he cont inuity equat ion us ingthe convent ional Schrodinger equat ion). 

Us ing the above res ults , in contus ion we would like to  touch upon the quest ionconcerning the transformat ion of the s pinless part icle wave funct ion under Galileantransformat ions (I). 
As usualby , when one cons iders the indicat ed question, it is ass umed thatunder the Galilean t ransformations the wave fu nct ion transformat ion formula,that is , s ay ,  s ubject to  the Schro dinger equat ion, is det ermined by the express ion

'f/J1Sch = exp (i/)'lj}sch> (3 7)
where 'f/J' is the 'ljJ-fu nct ion which depends on the primed coordinates .

At first glance, one could agree with this st atement as , t o  exclude the mass t erm in the wave equat ion, the known t ransformat ion must t ake place 
'ljJ ='f/Jsch exp(- i m t).

Using this and t ak ing into account the equat ion

we are actually led t o  (3 7). For phas e / we have
f = i m (t' - t).

(3 8)

(39)

(40) 
However, as it follows from the G alilean t ransformat ion formula for t ime, f = 0.
I n  other words , this means that, as t ime is invariant under the G alilean t ransfor­mat ions , the funct ion 'ljJ sch ( as well as 'f/J ), obtained due to  t he t ransformation invers eto  (3 8), is i n  fa ct a s calar value. That is why the above statement concerning Equ.(3 7) cannot be called valid (in this connect ion s ee als o  Ref. 6 > where, in particular,it is s hown that for the correct t ransformat ion of the plane wave 'ljJ-fu nction there
actually appears no addit ional phas e in the nonrelat ivist ic cas e for 1P ). 
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