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Abstract : M ethod of introduction of a special frame of reference - the singleobserver approach - is applied to proble ms in test particles machanicsin general relativity . The equations of the first and the second deviationsof a geodesic relative to an arbitrarily moving observer are obtained in thecase of a >>scalar<< (non- rotating) particle. Similar approach is developedfo r  description of rotating particles (generalization of the Papapetrou equation).Corresponding Lagrangians are considered. 

1 .  Introduction 

There is a number of definit� ons of FR (frame of reference) and each ofthem can be connected with certain set of problems. Considering mechanics ofmass points we use here the FR of single observer (SO). The notion of FRSO wasj ntroduced earlier by a study of kinematics and observables such as gravitationalenergy etc1• 2 > . The FRSO implies that on the R iemannian manifold there aregiven: 
- the world line (WL) of SO ; the transport paths of physical quantities (from outside onto WLSO);- the transport procedure for physical quantities along these paths (in_ particular the parallel transport is here adequate); - the defi nition of phy sical time and basis spatial directions of SO . 
We consider here close vicinities of WLSO what corresponds to the caseof weak gravitational field (with respect to the SO). Such approximation is suffi cient



136 EPIKHIN - MITSKIEVIC 

i n  the Solar system scale, e. g. for study of the M ercury peri heli on advance3> .I t  i s  worth menti oni ng that thi s approximati on was used by Baz ansky to find theenergy of a parti cle i n  gravi tati onal fields up to the second order i n  devi ati on4> .

2. The case of scalar test particle

We use Lagrangi an i n  order to descri be the behavi our of parti cles. Theacti on i ntegral for a test parti cle i s  usually wri tten as S = - J m0 ds where m0 i s  the rest mass of the parti cle and s i s  i ts proper time. However the use of theproper time of parti cle as a parameter leads to di ffi culti es e. g. by a transi ti onto mechani cs of continua. I t  i s  more conveni ent to i ntroduce an i ndependentparameter whi ch simpli fies the vari ati onal techni cs and yi elds reasonable expressi onfor the energy-m omentum tensor. I f  the i ndependent parameter becomes equalto proper time, the equati ons of moti on have to coi nci de. Thi s goal i s  achi evedby di fierent ways, e. g. Bartrum 5> demands the i nvari ance of the Lagrangi an underthe parameter transformati ons. We shall avoi d thi s limi tati on by applying thecondi ti onal extremum approach. I n  order to descri be the free scalar test parti clewe use the acti on i ntegra16> 

S = f ! m0 uP u• gµ, dt = f u dt , (1) 

where uP is the parametri cal 4 -veloci ty of the parti cle, uP u" ± l, t i s  an i nde­pendent parameter along WL of the parti cle, gP" i s  the metri c  (si gn gµ,, = - 2), Greek i ndi ces run the numbers 0, 1, 2, 3 ;  Lati n  i ndi ces run the numbers: I, 2, 3 .
The condi ti on

(2) 

would lead to the vari ati onal principle for the acti on i ntegral

- f 1 S =  2 (mo + l) Ul' u" gµ, dt ,

where l i s  a Lagrange m ul ti pli er found from the condi ti on (2) ! (m0 + l) = 0.
I f  m0 = const. then l = const, i .  e. we can put l equal to zero and i gnore the
condi ti on (2); then i n  transi ti on to the proper time  the parameter t should be
replaced by s i n  the equati ons of m oti on.

Consider FRSO . Let xP = xP (v<i>) be the transport trajectori es of physi cal
quanti tie s  to WLSO, v<I> bei ng three parameters along the WL of transport,
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v<1 > = 0 being the position of the observer. Suppose also that the condition d�
v <' > = 0 is satisfied along the WL of the particle. Define the first deviation of the
WL of the particle relative to WLSO as [P = ; ;:> �co and n-th deviation as

(n) lP = [P v<0 (n - 1 >. 
( n<n - 1 )  ) 

d v<I > (n - 1 ) 
r 

Find now the rule of transport. Let A8 (x) be a quantity obtained by transport
onto WLSO. It satisfies the equation 

µ " 

(3) 

here A8 I = _!_, (A� (x') - As (x)) under infinitesimal transformations of co­
aE: 

µ ordinates x'P = xP ± E" (see 1>) .  Formal solution of this equation has the form

(4) 

(if the quantity .As is given along its transport line). This is the definition of the 
Taylor expansion in the Riemannian space-time. Applying the formula ( 4) to the 
velocity of the particle we obtain 

where VP = dr is the velocity of the observer.

Considering a scalar test particle we set the problem to find its equation of 
motion relative to SO up to the second deviation. In order to achieve this goal 
we expand the action integral ( 1) up to the third deviation with the help of (4) 
and (5) 

L = n;,0 (cv2 + 2 ip VP + < 2 > iµ VP + ip iP + Ra{JylJ va zfJ zv VIJ +

+ _!_ ( 3) i VP + ( 2 > i iP + 'D
/J 

_. va ( 2> t/J JY VIJ + � R V" JfJ l>' i" + 3 /J /J "'� yu 3 a/Jyd 

(6)
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where Rµ•Ae is the curvature  tensor. Since WLSO is not subject to variation, � xP =
= 0; the q uantities � zµ, D, � /P , D1 � [P are independent variations. It is also con­venient to introduce the notion of >> variation at a point« 

'5 As (t) = d As (t) + A8 I; (t) r:.t '5 xA,

where d As (t) is an ordinary variation. The properties should be pointed out

[ '5, D,] As = As I; R�aP " x"  zs, 
where [a, b] = ab - ba. P utting the coefficient at the independent variation" lµ equal to z ero, we obtain the equation 

- � [ m0 ( V• + i• + +' � > i• + + R• · aPy /" 18 V')] +
I + mo RP . a{Jy va VP /Y + 2 mo RP . a{Jy va V8< 2> /Y +

1 + 2 mo RP . a{Jy va [P /Y + mo Rµ . a{Jy za VP /Y +
I + - mo RP a{Jy; t) va VP /Y /l' = 0,2 

(7) 

the coeffi ci ents at D, <5 l,, and D2 <5 lµ give only lower order approximations ofthe same equation, for they are infinitesimals of higher orders. These equationsare written relative to time of the par ticle; the transition to the time of the obser ver meets no diffi culty . Each followin g equation in the given form naturally differsfrom the preceding one only by addition of the next order in deviation becauseof the difference between order s  of variations. 
If the observer moves along a geodesic, and only the first deviation is takeninto account, the equation (8) acquires the well known form of geodesic deviation

D2 
dt2 /P = R" a{Jy V0 VP /Y ( see Ref. 1 > .) As one of the present authors  showed 7 > ,
the Lagrangian for this equation is L = lµ Vµ , which coincides with the second termin (7). The expression (8) shows that the second deviation satisfies the equation

n2 

dt2 
< 2> /P + Rµ a(Jy va ( l ) zP VY = (RP • {Jy�; E - Rµ • <5c{J; µ) .

· VP VY [d ze + 4 Rµ fJy" [P VY [d ,
which was first obtained by Baz ansky4> .

(8)
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3. Motion of a rotating test particle

The case of a scalar particle exc luded its proper rotation, but the motion ofa partic le of nonz ero proper angular momentum represents special interest. Equ­ations of motion for this kind of particle were written by P apapetrou 8> 
! � Pµ + ! SafJ UY Rafl;,µ = 0 ;

� S"" - P" -U" + P" U" = 0. (9)

U" is here 4 -veloc ity of the partic le, S"" is its proper angular momentum, Pµ isits linear momentum found from the second equation (9) as 
P - U. "' U"/ u2 

- Pµ U" " - m " + 0"" , m - ---yj2· (10) 
It is important that the system (9) is non-complete and needs an auxiliary conditioninterpreted as a definition of the centre of mass of the particle. In a number of papers(e. g. , by D ixon9 >) it was shown that the centre of mass supplementary conditionin the comoving system, in the sense of velocity: SafJ Ufl = 0, does not single outa unique solution, but the centre of mass condition in the comoving system inthe sense of momentum 

safl p/J =0 (l l) 
solves the problem of uniqueness. It is shown in Ref. 10) that the >>par ticle' s WL« described with the help of the system (9) together with the condition (11) remainsinside the convex body of the partic le world tube when natural assumptions aretaken. 

Consider. now the motion of the rotating particle relative to SO . The dynamic quantities have the form 
P P ( Ua '" m) . 8"11 __ S"" ( ua ,,,'" m),µ = µ , w , ' ....., ( 12) 

where rol'" = g (a) "g <0>11 is the angular velocity of the part icle, C{a) µ is the tetradrigidly connec ted with the partic le and rotating wi th it. Since the tetrad is transpor­ted parallelly onto WLSO, then 
(13)

and the observed angular velocity up to the fi rst dev iation equals
(14)
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From the expressions (5) ,  (12)-(14) , fo llows that the dynamic observables havethe form 
O>p = p + a Pµ ja + a Pµ � - V>' l"

µ µ a ua a Wap A"apytJ , 

(1 5) 

Applying the operation ( 4) , (5) to the system of equat ions (9) we obtain the equationsof moti on of the rotating particle relative to SO where the first deviation is takeni nto accou nt 
D <1 > I co - dt Pµ - � , µfly Pa V" 11 + 2 saP v,, Ra{Jyµ +

I ,ap • 1 c,nB " _ • 
+ T S /'Y Rap,.µ + T �-.- V'l l Ra/J)'p,tJ - 0,

D u> 
dt S"" + sav RP . a{J)' //J VY + SJ.UJ RV . a{Jy zP y,, -

(1 6)
The same resu lt can be obtained, as in the case of a scalar particle, from the L a­grangian approach if the L agrangian for the system (9) found by Bartrum5> andanalysed in the papers 1 1  • 1 2 > , is used 

(1 7)
Here m A are moments of mass in the proper tetrad of the particle. Expanding (1 7) u p  to the second deviati on we obtain the Lagrangian fo r  the system ( 1 6) in theform 

< o L = L + 
a L ia + 

a L R ya /f1 + _!_ a L . (< 2> ia + � /fl 11 V") +8 ya O W
µ

11 µni/J 2 0 ya - . fJytJ 

1 a L 
(R TTa 1/J /'Y + R 1·a 1/l + R TTa(2) 1/l) J 02 L 1·u ifJ + 2 0 W

µ11 
µr,a{l; y y 1,· µva/J 1,· µr,a{l y 1,· 

+ 2 0 ya O V/J 1,· 
+
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Note that the momentum defi ned from (18) differs to some extent from (1 5)
u > P = 0 > Pµ - ! S0fl l" RafJvµ , but neverthe le ss the equati ons obtained from
( 18) and from ( 16) are equi valent. 

The system ( 16) can be simplifi ed if we noti ce that up to the first deviation
D ( I ) 1 ( 1 ) P Ra ( I )  p TT{J zv + safJ vv R + - dt I' - • 11/Jv a Y , 2 a{Jvµ 

I c o · I 0 > + 2 Safi /Y Rap,,,. + 2 safl VV 18 Ra{Jvµ ; a = o;

D < 1>S1'" + < 1 >S10" R" zP VV + < • >sµa R" JP VV -dt · aflv afJv _ 

- <1 >p1• V" + < 1 >P" VII - ( 1 ) j,µ l" + ( 1 ) P" i/1 = 0
(we excluded  >> non-observable<< quanti tie s).
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