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Abstract: Method of introduction of a special frame of reference — the single
observer approach — is applied to problems in test particles machanics
in general relativity. The equations of the first and the second deviations
of a geodesic relative to an arbitrarily moving observer are obtained in the
case of a »scalar« (non-rotating) particle. Similar approach is developed
for description of rotating particles (generalization of the Papapetrou equation).
Corresponding Lagrangians are considered.

1. Imroduction

There is a number of definitions of FR (frame of reference) and each of
them can be connected with certain set of problems. Considering mechanics of
mass points we use here the FR of single observer (SO). The notion of FRSO was
introduced earlier by a study of kinematics and observables such as gravitational
energy etc*?), The FRSO implies that on the Riemannian manifold there are
given:

— the world line (WL) of SO;
— the transport paths of physical quantities (from outside onto WLSO);

— the transport procedure for physical quantities along these paths (in
_ particular the parallel transport is here adequate);

— the definition of physical time and basis spatial directions of SO.

We consider here close vicinities of WLSO what corresponds to the case
of weak gravitational field (with respect to the SO). Such approximation is sufficient
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in the Solar system scale, e. g. for study of the Mercury perihelion advance?.
It is worth mentioning that this approximation was used by Bazansky to find the
energy of a particle in gravitational fields up to the second order in deviation®.

2. The case of scalar test particle

We use Lagrangian in order to describe the behaviour of particles. The
action integral for a test particle is usually written as S = — [ mg ds where m,

is the rest mass of the particle and s is its proper time. However the use of the
proper time of particle as a parameter leads to difficulties e. g. by a transition

to mechanics of continua. It is more convenient to introduce an independent
parameter which simplifies the variational technics and yields reasonable expression
for the energy-momentum tensor. If the independent parameter becomes equal
to proper time, the equations of motion have to coincide. This goal is achieved
by difierent ways, e. g. Bartrum> demands the invariance of the Lagrangian under
the parameter transformations. We shall avoid this limitation by applying the
conditional extremum approach. In order to describe the free scalar test particle
we use the action integral®’

S=f—;-mOWu'gp,dt=fum, ¢))

where u# is the parametrical 4-velocity of the particle, u# * + 1, ¢ is an inde-
pendent parameter along WL of the particle, g,, is the metric (sign g, = — 2),
Greek indices run the numbers 0, 1, 2, 3; Latin indices run the numbers: 1, 2, 3.

The condition
utu, =1 2

would lead to the variational principle for the action integral
= 1
S=J7(mo + A wu gy de,

where A is a Lagrange multiplier found from the condition (2) Edf (mo+ 2) =0.
If my = const. then A = const, i. e. we can put A equal to zero and ignore the
condition (2); then in transition to the proper time the parameter ¢ should be
replaced by s in the equations of motion.

Consider FRSO. Let x* = x# (v') be the transport trajectories of physical
quantities to WLSO, v being three parameters along the WL of transport,
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) =0 being the position of the observer. Suppose also that the condition Edf
v W =0 is satisfied along the WL of the particle. Define the first deviation of the
WL of the particle relative to WLSO as I# = g%, v® and n-th deviation as

D(n—l)
do®) =-D

@w=(

l") .v'(_n (n-1)

Find now the rule of transport. Let 4, s (x) be a quantity obtained by transport
onto WLSO. It satisfies the equation

D
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B
ordinates x'# = x# 4 & (see”). Formal solution of this equation has the form

here Ap

» (Ap (*) — A (x)) under infinitesimal transformations of co-

Zn (x) = exp (I“a‘%‘—) Ay = A 4 Ap; pl* + —%(AB; B+ “)

(if the quantity Ay is given along its transport line). This is the definition of the
Taylor expansion in the Riemannian space-time. Applying the formula (4) to the
velocity of the particle we obtain

O = exp (F ) Ve = VP bt 10 b VoPD 5)
= exp ? - “'i_ +‘§ Hpa +...: (

where V* = fidl: is the velocity of the observer.

Considering a scalar test particle we set the problem to find its equation of
motion relative to SO up to the second deviation. In order to achieve this goal
we expand the action integral (1) up to the third deviation with the help of (4)
and (5)

L =12°_((V2 420, VAL @D VE L B Rypya VAP V2 +
+ _;_(3) iu Vll_l_(z)l;‘ n + Rupys pe By ps 4 % 1—20576 Vulﬁlyl’a_l_

+%Raﬁ?5; ,,Vulﬂp'lﬁ V"P‘F...), (6)
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where R,,,, is the curvature tensor. Since WLSO is not subject to variation, § x* =
= 0; the quantities §{#, D,6 I*, D} 6 I* are independent variations. It is also con-
venient to introduce the notion of »variation at a pointe

0Ag()) =0A5() + Ay I, (e) I, 6%

where § Ap (¢) is an ordinary variation. The properties should be pointed out

[a, g-] Ay = Au LR af 65 V7,

[6, D|] AB =AB I;‘ Rfaﬁ Jx“ln,

where [a, b] = ab — ba. Putting the coefficient at the independent variation
41, equal to zero, we obtain the equation

(2) 1

D . .
—a[mo(w+zﬂ+7. it o RE - afy 18 W)] +
+ my R* - afly V"V”I’+%moR"-aﬂyV"V"‘2’l’+ @)
+%moR" By VeIPP + mo R - aBy F VR I +

+ -;—mo Rrafy; 6 VeVAI =0,
the coefficients at D, é /, and D? ¢ [/, give only lower order approximations of
the same equation, for they are infinitesimals of higher orders. These equations
are written relative to time of the particle; the transition to the time of the observer
meets no difficulty. Each following equation in the given form naturally differs
from the preceding one only by addition of the next order in deviation because
of the difference between orders of variations.

If the observer moves along a geodesic, and only the first deviation is taken
into account, the equation (8) acquires the well known form of geodesic deviation
Dz
Iz—l”‘ = RFafy Ve VPI* (see Ref.?.) As one of the present authors showed?,
the Lagrangian for this equation is L = [, V*, which coincides with the second term

in (7). The expression (8) shows that the second deviation satisfies the equation

2
g?‘z’l"‘—}- R afy Ve D BY? =(R* . Byd; € — R* . 6ef; p) -

“VEVY P+ 4R BYSIB VT D, (8)

which was first obtained by Bazansky+.
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3. Motion of a rotating test particle

The case of a scalar particle excluded its proper rotation, but the motion of
a particle of nonzero proper angular momentum represents special interest. Equ-
ations of motion for this kind of particle were written by Papapetrou®

D 1

EP“'*'—Q-Suﬂ UyRaﬁy‘,:O;

5 ©)
ES""—P“'U"-}-P'U":O.

U* is here 4-velocity of the particle, S** is its proper angular momentum, P, is
its linear momentum found from the second equation (9) as

_ P, U

Po=mU, + 8, U U% m="2—. (10)

It is important that the system (9) is non-complete and needs an auxiliary condition
interpreted as a definition of the centre of mass of the particle. In a number of papers
(e. g., by Dixon?®) it was shown that the centre of mass supplementary condition
in the comoving system, in the sense of velocity: S% Uz =0, does not single out
a unique solution, but the centre of mass condition in the comoving system in
the sense of momentum

S% Py =0 (11)

solves the problem of uniqueness. It is shown in Ref. 10) that the »particle’s WLs
desaibed with the help of the system (9) together with the condition (11) remains
inside the convex body of the particle world tube when natural assumptions are
taken.

Consider.now the motion of the rotating particle relative to SO. The dynamic
quantities have the form

P, =P, (U% o™, m); S* = S*(U" @™ m), (12)

where 0" = g, #“g " is the angular velocity of the particle, g, u is the tetrad
rigidly connected with the particle and rotating with it. Since the tetrad is transpor-
ted parallelly onto WLSO, then

Dl g(a)“ =0 (13)
and the observed angular velocity up to the first deviation equals

(D — ¥ + R . q f Ve P, (14)
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From the expressions (5), (12)—(14), follows that the dynamic observables have
the form

<“P,,=1>,,+gf;‘,,1° "Ra,,,sz
g — gw 4 95 o v, 15
+ s aUﬂ Raﬂyd (15

Applying the operation (4), (5) to the system of equations (9) we obtain the equations
of motion of the rotating particle relative to SO where the first deviation is taken
into account

DW

l(l)
-5 P R.upP VM+7 S% VY Rupyu +

1 . 1
+?S’¢IYRQW,,+?S¢ WpRaﬂyp,d =0;

D W o
T S+ SR PV SER o PV —

— My pupr () prpe Pp'zv+ P = 0;
D
-aIS-“’+P”V"—P’V“=0. (16)

The same result can be obtained, as in the case of a scalar particle, from the La-
grangian approach if the Lagrangian for the system (9) found by Bartrum® and
analysed in the papers!!-12); is used

L=L (V, 8 (ops Wyvy My, ".zA)' (17)

Here m , are moments of mass in the proper tetrad of the particle. Expanding (17)
up to the second deviation we obtain the Lagrangian for the system (16) in the
form

oL ; oL I 3L

Wy = L+3V“ +aw,,, v V“l"-l—— 3y (2 [a+Ra ﬂyalﬁly V") +
oL . L
+ 2 3(0 (R;nuﬂ rV lﬂp+Rﬂwﬂlalﬁ+Rﬂ'ﬂﬁV(Z)Iﬁ)_l_ 2 aVaa Vﬁl zﬁ+
2 2 )
c 1 9L Rupas VAP Ry VP I + oL Ry V¥ P P (18)

2wy, Oan, 2 V° o awy,
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Note that the momentum defined from (18) differs to some extent from (15)
Hp=mp, — —;— S° I’ R,pyus but nevertheless the equations obtained from

(18) and from (16) are equivalent.
The system (16) can be simplified if we notice that up to the first deviation

D " m ” 1 (O S
—5 PR PP VP A STV Ry, +

1 (O . 1 O o8 s
+—2— SaﬂIVRapw,-i—T S¥prl Raﬁ,,,,:,,=0;

_dD_t(l)Snv 4 (O grar Rll.apy B yy + “’S“"R'apy Byr —

—pryy L (PP s (D Pupr L (D=

(we excluded »non-observable« quantities).
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