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Abstract : In the present paper we give approximative expressions of the gene­

ralized density matrix of Bloch, which can be calculated exactly for the caseof free electrons in a uniform magnetic field, while for the case of latticeelectrons it can be expressed by the help of the Wannier functions. For thecase of high temperatures the generalized density matrix coincides to the
Green-function. 

1. Introduction

As it is known 1> the generalized canonical density matrix of Bloch D (r', r,b,J) contains another factor of occupation, the so-called Fermi-Dirac occupation factor. 
The generalized density matrix can be defined by the same way as the ordi­

nary density matrix2> by the help of the eigenfunctions and eigenvalues of the Hamiltonian operator, according to the relation · 
n Cr', -;., b, 1} = 1: 111t (r i') 1f' Cr) {1 + eb(E, - J)}- 1 , (1 . 1) 

1where b = 
k T 

(k the Boltzmann constant and T the absolute teµiperature), J the 
Fermi energy and also hold the following Schrodinger equation 

H?p, er) = E,?p, Cr). (1 .2) 
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The diagonal elements D (r ', r, b, J) give the total density 1J (r) which corres­ponds to a potential energy V (r) for an electronic cloud of any degree of de­generacy. 
The above so defined generalized density matrix is used today for the solu­tion of many problems in solid state physics and especially for the calculationof the dielectric function of a degenerate electronic cloud and the optical transi­tions in a high-doped semiconductor 3>. 
It has been proved that the generalized density matrix D (r ', r, b, J) fulfillsa differential equation analogous to the one of Bloch, which for the present casewill be of the form 

with the initial condition 

an an (H - J) aJ + b ah = o,

lim lim e-bJ D (r', r, b, J) = " (r' - r),
b-0 1--00 

or the corresponding one
lim D (r', r, b, J) = 2

1
t) (r' - r),

b-0 

which results at once from (1. 1). 

( 1 .3) 

(1.4) 

(1 .5) 

Equ. ( 1.3) for the case of free-electrons V(r) = 0, can be easily solved andits solution is referred in 1 > and is of the form 

where the function Fn+! (x) represents the Fermi integral (Ref. 4)*> 
2 

00 

(1 .7) 

In what follows we shall try to find approximative expressions for the ge­neralized density matrix D (r', r, b, J) and to calculate it exactly for the case ofa free-electron in a uniform magnetic field. For the case of lattice electrons weshall express it by the help of the Wannier functions 5>. 
*> The Fermi-integral is here defined without the F-function. 
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2. Approximative expression of D (r', r, b, J) 

Between the generalized density matrix D (r', r, b, J) and the ordinary Bloch 
one VJ (r', -;., b) exist the following integral transformations 2> 

00 

n Cr', -;., b, J) = f ,, Cr', -;., E) a� ( 1 + :b<E-J>) dB,
0 

( .... , - E) 1 y r ,  r, = 2nz'
a+ioo 

I bE 1 (-+ 
I -+ ) dbe 7, 1P r , r, b  

a+ i oo  

(2.1) 

(2.2) 

In the case in which for the ordinary Bloch density matrix V' (r', r, b) has 
been used the method of iterations e. g. up to the second class, then by the help of the expressions (2.1)  and (2.2) we can calculate the generalized density matrix
D (r', r b, J,) in an analogous way c. g.; if V'o (r', r, b) is the Bloch density matrixof a non-perturbed problem andH 1(r) the perturbing potential, then as it is known2 >,the ordinary matrix of Bloch, up to the second order approximation is given bythe relation 

VJ (r', -;., b) = "Po (r', -;., b) + 1/11 (r', -;., b) + 11'2 (r', r, b) + , , , =
b 

= 1Po (r', r, b) + ff dr 1 db 1  1Po (r', r 1, b -1'1) H 1 (1\) 1Po (r 1, r, b 1) +
0 

b bi 

+ ff f f dr 1 dr 2 db 1 db 2 ""o c-;.,, -;. 1> b - b 1 ) H 1 c1- 1) 1P o c-;. 1 >-;.  2, b l - b 2) • 

0 0 (2.3) 
Introducing (2.3) in (2.2) and then into (2.1)  we get finally the aproximativecalculation of the generalized density matrix 
D (r', r, b, J) = D0 (r', r, b, J) + D 1 (r', r, b, J) + D2 (r', r, b, J). (2.4) 

An expression similar to (2.4) has been used by Eisenberg and Unger3> upto the first class, departing from the case of free-electrons. Another approximative expression for the generalized density matrix
D(r',r,b,J) results directly from the definition ( 1 . 1) for the case b(E - J) > I.If the eigenvalues of the energy are positive, then for J < 0 we will have 

D (r', r, b, J) = I, (-lte<n + l) Jb l: ?pr (r') 1J); (r) e-(n+ l )bEJ = 
00 

n=-0 i 

= 1: (-l)R e<n+ l )Jb 1P [r', -;., (n + 1) b] .  
n=O 

(2.5) 
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For the total dmsity per unit volume, we obtain easily 

1/ (b, J) = f D (  T', ;., b, J) d;. = J
0 

(-1)" c,1•+ nn, Z [(n + 1) b], (2.6) 

where Z [(n + 1) b] represents the Boltzmann partition function. Also from the definition (1. 1) after integration in respect to the diagonalelements we get the total density, namely 
1

1J (b, J) = 7 1 + eJ, (BJ-J) ' 

The above formula for the case of the freeelectrons becomes 

and after integration in spherical coordinates we get the result 
( ) 3/2 

1J (b, J) = 2 'bi;h,. F 11 2 (lb),

which concides to the result of (1.6) for r' = r.

(2.7) 

(2.8)

(2.9) 

3. Calculation of D (r ', r, b, J) for free electrons in a uniform magnetic 
field 

For the calculation of the function D (r', r, b, J) for an electron which movesin a uniform magnetic field, we shall use the Schraubenfunctions 6>. Then the
function D (r', r, b, J) is given by the relation 

ff foo 
'I'! (r') V'-+ (r) dkx dky dk:

-+ 
I 

-+ k,n k_n (3 1)D ( r , r, b, J) _, l: { h2k112 } , • 
b µH(2n + 1 ) + -- - J  n -

oo 

1 + e 2m 

where n is the Landau quantum number, µ = 2eh the Bohr magneton and V'-+ (r)me � the Schraubenfunctions, which are of the form 

(3.2)
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eH � ... e ... ... B = lie and K = k - he A ( r ), (3.3) 

with the symmetric vector potential A= ( - � Hy, � Hx, 0 ) . 
Introducing the function (3.2) into (3.1) and after the integrations in respectto kx,ky we get 

D(  ... , ... b J) 
� - � {(x - x')2 + (y - y')2 - 2i (x' y - y' x)}

L 
{B  

(( ') l + ( )2} r , r, , ,-.J � e 
n -2 x-x y-y ·

n = O  

·In (z - z'), (3.4) 

where Ln are the Laguerre polynomials and the function In (z - z') is given bythe integral. 
I ( _ ') = 2 J

oo 
COS k: (z - z') dkz 

n Z Z h2k:2 · 
0 1 + cb {µH(2n + I ) + lm - J} (3 .5) 

Consequently the generalized density per unit volume is given by the re­lation 
(b J) 2 � j� dk: 2m � J

oo du · u- 112 11 ' "' � bh2 2 = b h2 � 1 + ,,.u - b {J - µH(2n + 1)}
0 

n 
O l + e - b {J - 1,H(21 - l)}e2m kz n 

O 
" 

(3.6) Finally, after the integration we get 

11 (b, J) ,-.J 2 � ;  F_ 1 12 {b [J - µH (2n + 1)]} . (3.7) 

4. The case of the Bloch electron

The calculation of the generalized density matrix for the Bloch electronwith the help of the Wannier function5 > will be of the form 

(4. 1) 

where !J is the volume of the main district. 
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From the above relation for r' = r and by the integration in respect to r,
and if also we consider the properties of the Wannier functions, we obtain for thegeneralized density the following expression 

(b J) � � _E_f 
- d 3k 

'YJ ' ';' (2n)3 l + eb{EnCk) - J}" 
(4.2)

Integrals of the above form for several forms of the functions En (k) are ofinterest and we shall consider them in a future paper. 
In the case in which we have high temperatures, then by developing the 

exponential function eh {En(k> -J} up to the linear term, namely 
(4.3) 

the generalized density matrix (4.1) takes the form 
n c-;.,, -;. , b, 1) � -} a (-;.,, -;. , 1 - ! ) , (4.4) 

where G ( r', r, J - � ) is the corresponding Green-function of the lattice elec-
tron 7> - formula (13) - with the energy E = j - i = J - 2kT. 

Equ. ( 4.4) for high temperatures holds not only for the lattice electron, butalso in general and it results easily from the definition (1 . 1) of the generalized den­sity matrix and also from the definition of the Green-function. 
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