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Abstract : In the present paper we give approximative expressions of the gene-
ralized density matrix of Bloch, which can be calculated exactly for the case
of free electrons in a uniform magnetic field, while for the case of lattice
electrons it can be expressed by the help of the Wannier functions. For the
case of high temperatures the generalized density matrix coincides to the
Green-function.

1. Imtroduction
As itis known ! the generalized canonical density matrix of Bloch D (#',7,b,J)
contains another factor of occupation, the so-called Fermi-Dirac occupation factor.
The generalized density matrix can be defined by the same way as the ordi-

nary density matrix?’ by the help of the eigenfunctions and eigenvalues of the
Hamiltonian operator, according to the relation

DG, % b T} = S (F)v (M) {1 + e@-D)-, (L)

where b = %, (k the Boltzmann constant and T the absolute temperature), J the

Fermi energy and also hold the following Schrédinger equation

Hy, (+) = Eg, (7). (1.2)
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The diagonal elements D (7', 7, b, J) give the total density 5 (#) which corres-
ponds to a potential energy V (7) for an electronic cloud of any degree of de-
generacy.

The above so defined generalized density matrix is used today for the solu-
tion of many problems in solid state physics and especially for the calculation
of the dielectric function of a degenerate electronic cloud and the optical transi-
tions in a high-doped semiconductor?®.

It has been proved that the generalized density matrix D (7', 7, b, J) fulfills
a differential equation analogous to the one of Bloch, which for the present case
will be of the form

oD oD
(H—J)ﬂ+b§—0, (1.3)
with the initial condition
lim lim e*D(#,7,b6J)=68(+—7), (1.4)
b0 J—+—oo
or the corresponding one
lim D (7, 7, b,J) = %6 (*' =), (1.5)

5—+0

which results at once from (1.1).
Equ. (1.3) for the case of free-electrons V(7) = 0, can be easily solved and
its solution is referred in!’ and is of the form

3/2 n
-, = . it 1 m — a2
D(f s ¥y b: J) = 3 (m) ngo";;i' - m‘i(f — ?') ] F,,.,..;.(b]), (1.6)

where the function F,,.,.% (x) represents the Fermi integral (Ref.%)*®

1 ydy
Fn (x) _F(n + 1) 1 + ex-_\v‘ (1'7)
0

In what follows we shall try to find approximative expressions for the ge-
neralized density matrix D (¥, 7, b,J) and to calculate it exactly for the case of
a free-electron in a uniform magnetic field. For the case of lattice electrons we
shall express it by the help of the Wannier functions®’.

*) The Fermi-integral is here defined without the F-function.
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2. Approximative expression of D (v',7,b,J)

Between the generalized density matrix D (#',7,b,J) and the ordinary Bloch
one p (', 7, b) exist the following integral transformations®

==

-, = -, = a 1
D(r,r,b,J)=fy(r, 7’5)5@‘(1-{-@'—‘;3‘—-”) dE, (2.1)
0
Y J'eu.l Gy db 2.2)
Yy r,r = 2 T&” r, T, . .
o+ioco

In the case in which for the ordinary Bloch density matrix y (¥, 7, ) has
been used the method of iterations e. g. up to the second class, then by the help
of the expressions (2.1) and (2.2) we can calculate the generalized density matrix
D (¥', 7 b, J,) in an analogous way c. g.; if 9, (#', 7, b) is the Bloch density matrix
of a non-perturbed problem and H () the perturbing potential, then as it is known?’,

the ordinary matrix of Bloch, up to the second order approximation is given by
the relation

'P(?" -‘;'3 b) = ?Po (-':” -7:9 b) +1I’1 (-‘;‘,’ 7‘: b) +w2 (_7:,: -;’ b) + e e =

3
= (F 70 + [[ dF i dbyyo (F, F1 b =) Hy (F1)po Gis 7 b2) +
0
b b
+ fff_[ d-;l d?z db, db, yo (-7:':_7"” b—b,)H, (_7:1) Yo (-7"1_’_’:” by —b2) -
00

- H, (?2) Yo (_7: 25 -7": bz)» (2.3)

Introducing (2.3) in (2.2) and then into (2.1) we get finally the aproximative
calculation of the generalized density matrix

D(#,7,b,J) = Do (¥ 7, b,J) + Dy (¥ . b,J) + D, (¥, 7 b, 7). (24)

An expression similar to (2.4) has been used by Eisenberg and Unger® up
to the first class, departing from the case of free-electrons.

Another approximative expression for the generalized density matrix
D(r',r,b,J) results directly from the definition (1.1) for the case 8(E —J) > 1.
If the eigenvalues of the energy are positive, then for J < 0 we will have

D(#, %5, 1) = I (—1ye™ VBT gt () 9, (F)ewt 0t =
n=0 i

= 3 (—1yem DBy [#, 7, (n + D). (2:5)

n=0
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For th= total density per unit volume, we obtain easily
n@,J) = fD(?', 7 b, J)d? = E (—D)"etn+ o Z [(n + 1) 8], (2.6)
- n=0

where Z[(n 4+ 1) b] represents the Boltzmann partition function.
Also from the definition (1.1) after integration in respect to the diagonal
elements we get the total density, namely

1
&N =2 rgEy @27

The above formula for the case of the freeelectrons becomes

R L 2.8)

LY
—o0 1 + e=b . em

and after integration in spherical coordinates we get the result

m

(6, J) =2 (W) m Fy,, (JB), (2.9)

which concides to the result of (1.6) for # = 7.
3. Calculation of D (', ¥, b, J) for free electrons in a uniform magnetic
field

For the calculation of the function D (¥, 7, b, J) for an elecwron which moves
in a uniform magnetic field, we shall use the Schraubenfunctions®. Then the

function D (¥, 7, b,J) is given by the relation

b0z [ [

- 14+ €

€] v, (¥) dk. dk, dk,

b{pH(zn+1)+"—"'-—J} i

(3.1

. h -
where 7 is the Landau quantum number, x4 = Ze—mc the Bohr magneton and Vs ()
»7

the Schraubenfunctions, which are of the form

" B {2\ 1\ _lierienedly .
VA1) = (E (E) E) e BT BHRT _g ik (32)
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eH = 2 e = o
B=ﬁandK=k _'h—c A(T)’ (3.3)
. . . 1 1
with the symmetric vector potential 4 = | — —Z—Hy, —i—Hx, 0).

Introducing the function (3.2) into (3.1) and after the integrations in respect
to k,,k, we get

-= 2 4 2 -2
D(, Fb )~ € #ETR ORI

n=0

L2 @ + -7
'In (Z - Z’), (34)

where L, are the Laguerre polynomials and the function I, (z — 2’) is given by
the integral.

(3.5)

=2J- cos k. (z — 2') dk;

14 b{MH(2n+l)+hk J}.

Consequently the generalized density per unit volume is given by the re-
lation

°-° dk, 2m _ du - u=1/2
b J)~2% = —> .
n (6 J) n ;! 14 e—b{J—aH(h—l)}g; bh? %, 6[ 1 + ex— bl —uHE@n+ D}
(3.6)
Finally, after the integration we get
(b J) ~ 271”;_’; ¥ F_y2{0[J — pH(2n + 1} (3.7

4. The case of the Bloch electron

The calculation of the generalized density matrix for the Bloch electron
with the help of the Wannier function® will be of the form

- - o elk("a - fq]dak
D(r:r:b N=3X T a,(¥—ra(r— r’)ZTEJ. l-i-eb{E"(*) 5 (4.1)

where Q is the volume of the main district.
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From the above relation for ¥’ = 7 and by the integration in respect to 7,
and if also we consider the properties of the Wannier functions, we obtain for the
generalized density the following expression

- d3
1 + er{EG)-J}

Q

Integrals of the above form for several forms of the functions E, (ie.) are of
interest and we shall consider them in a future paper.

In the case in which we have high temperatures, then by developing the

exponential function eb {E=®)=J} up to the linear term, namely

- b -
¢{E®-J} ~ 1+ 31 B, (R) — J} (4.3)

the generalized density matrix (4.1) takes the form

D(-":’> -;" b’ J) ~ % G (_7:,> -7:, J— %‘): (44)

where G (7-', Ty J — %) is the corresponding Green-function of the lattice elec-
tron” — formula (13) — with the energy E =j — %— = J — 2kT.

Equ. (4.4) for high temperatures holds not only for the lattice electron, but
also in general and it results easily from the definition (1.1) of the generalized den-
sity matrix and also from the definition of the Green-function.
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