FIZIKA 9 (1977) 105—115 YU ISSN 0015 - 3206

POTENTIALS IN THE DIRAC MASSLESS FIELD THEORY
J. BRANA and K. LJOLJE

University of Sarajevo, Sarajevo
Received 2 February 1976

Abstract : The potential method in the theory of Dirac’s field introduced in the
paper? is analysed with respect to gauge invariance of the Lagrangian den-
sity. It is shown that the requirement of the gauge invariance of the Lagran-
gian density is not necessary condition. Considering the Dirac’s field as
physical object, only final results which can be expressed completely by
p are correct selection, regardless how they are obtained. Various Lagrangian
densities are constructed from the potential and known constants of motion
are obtained. The considerations are restricted to the massless Dirac’s field.

1. Introduction

In the paper? the potential of Dirac’s field is introduced in the following
way*:

Wty =0, Jpyi =0, (LD
vy=709 y,=3,8yp, (1.2)
9 #P=0 (OP=0), 9,md =0, (1.3)

*) It is interesting to mention that Feynman and Gell-Mann® and Feynman himself*:5),
had introduced in the Dirac field theory the quantity which corresponds to @, considering weak
interaction problems, but with different viewpoint and corresponding consequences. However,
the algebraic connection @ and g does not hold for massless Dirac field. In this paper we do npot
discuss interaction of the Dirac field with some other field. We will do it at another place. The
situation will be then more clear. Because of this we leave further comparison out.
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where o is the Dirac’s field, @ is the potential, y# Dirac’s matrices

yo =48, ¥ =B a, ﬁ=(l 0)’ o =(O a“),
4x4

k=1,2,3 0 —1 e 0
. (1.9
PRV A R =280, Xt = (2, x) 3 9
- " = )
pryr—yyr=—2iov x=( —x) Out
and (1.3) is equation for the potential (c = 1).
The potential is undetermined up to a transformation
=D+ y (1.5)
with
d,9*x =0. (1.6)

The corresponding property of @ we call the gauge invariance (or in comparison
to the Maxwell field »gradient invariance«) and (1.5) with (1.6) the gauge (or »gra-
dient«) transformation.

Let us emphasize that @ is a spinor which has to satisfy the D’Alambertian
equation (1.3) not the Dirac equation.

It is useful to mention an other property of @. In order to get general so-
lution of (1.1) it is enough to take two non zero components of @ (similarly to the
electromagnetic field theory?). Indeed, writing the general solution of equation
(1.3) in the form

t - 1 Wated
— > Fpx — :)“i’“ i(px + pr)
(D—Z( (,lgeﬁ F ij ety F‘],
7 .
: : (1.7)
T4 "

¢l o

p=l;|3

the substitution (1.7) into (1.2) gives the general solution of the Dirac equation

Py = 20 0 d. dy — ia,\ !
P2 0 do o+ 19, -9, P2 | 1.8)
w3 —a, —0,+1d, —d, 0 @3 '

pe —9,—id, & 0 —do \ o¢
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(where y# are defined with (1.4)), or

- ! i 2 3 .
vellcsf 2 \tCaf © \+cz -2 |+
» 0 b4 —Px Py
b: . Px1p, —p
pﬁ* ipy ""P: 0
4 . Pioing i 2
S B Lo ) ;s — o
+ p; + 5, | e 4 [C ? +CLf 0\
g P
. (1.9)
0 #- e — ity
g B.tip, o £,
F G mpy VO pobip, oG-
3; 4 ] z;’ ¥ Py 24 }g
e Py i B
2 4]
&

One can easily see that two columns in the first row are linearly dependent from
other two. This is also the case in the second row. Therefore, we can keep only
two columns from each row. We take the first two columns from each row.

5 0 | len] |

W 1
P_Z{-[Cu? po\tC;
P 0 ? 0
p: | Dx- iP.v ?:
. Dxt le —p: pxt IP,
+C.) o ]e-’(Z;’—pn], (1.10)
2p
—p
Dy — 1Py
—P:
The corresponding potential reads
D= [P\ = Z { C:; ei(px—p0) 4 C;;; ei(ﬁnz),,
D2 ? Cl; Cz; (1.11)
D3 0 0
D4 0 0

It is evident that here &, =&, = 0.
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Let’s write Equ. (1.2) explicitly with this choice of the potential

Wi = 9, &',

w2 — 9,07, (1.12)
Y3 = — 3,0 + (— 9, +19,) D2,

W = — (9, +19,) D' + 9, P2

Having introduced the potential one can develop the Lagrangian formalism
based on the potential. The question arises how the results of this procedure are
related to the field ¥? The answer is, however, obvious. Each final result which
can be completely expressed by the field ¥ has physical meaning for the field ¥,
otherwise is of no interest to ¥ (if we take that the physical object is completely
described by ¥). Therefore, we do not require the gauge invariance of the Lagran-
gian*’. We consider it here and show that various Lagrangians can be used and
have to be used. The spinor’s scalar with first order derivatives of @ gives the con-
stant of motion [ dv ¥+, the spinor’s scalar with second order derivatives of @
gives the energy-momentum tensor for ¥ and corresponding constants of motion,
and so on.

In Section 2 we give scalars constructed from @ and select those which
might be proportional to Lagrangian density. In Section 3 we consider Lagrangian
formalism for these densities. Conclusions are given in Section 4.

2. Spinor’s scalars and Lagrangian densities

Real spinor’s scalars constructed from @ and its partial derivatives are
b,
Ci( @0y P+ 3Py dD)=C,(BY + T D),
Ci (0PY)(uy®) =C, PY,
Co@3 9, +0,0BD)=C,(Byrd,¥ + 9, ¥y D),
Cy (0, 9 ),

Cz[(9, 0, 67’1 ") (¥# 9, P)x (04 @ ve) (y* 0, y2 0, D)) =

*) However, it turns out that physical concentration can be put on the gauge invariant

Lagrangians. The potential method then makes possible the usage of the simplest scalar y y con-
structed from p as a Lagrangian density.
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=C: [0,y P=¥yd,¥] .1)
@ %Py y) (Y y" 0,8, D) = (2, F ) (8, )
Cy [(2 D ) (34 0" 12 0a P) & (3, 0" 3, D ) (37 3, D)) =
=Cy [P,V +9,#PVP),
and so on,

where @ = @+ 9°, C, is a real and C_ an imaginary constant.

The Lagrangian equation (1.3) for @ is second order differential equation.
Consequently, the first two scalars from (2.1) can not be Lagrangian densities. All
others might be. We multiply these scalars with a constant and analyze them as
Lagrangian densities in the next Section.

3. Lagrangian formalism

a). Taking the third scalar from (2.1), multiplied by a constant K,, as La-
grangian density,

L =K @GPy aP)=K¥Y, 3.1)
the Lagrangian equations
0% 0%
-9 =0 32
7o % 0 G2
give
— 0,0, P =0
or
0, P =0 3.3)
and
*,®=0. (3.9

Therefore, the ., given by Equ. (3.1) is a correct Lagrangian density for D.

We evaluate now the energy-momentum tensor for this %,

@ £¥ =

_ o 2
b =0, D _ 2
Ta M%@+a@@

=K, [0, Py, D+ 0, Dy P ® — 600, D yvyn 9, D) =
=K, [0, PPV + TPy o, d— ETV),



110 BRANA — LJOLJE

or

=K (0, P+ W+ P+0,D) (0, Py W+¥p19,0—FY) (8, Dy ¥ + Py29,P)
T 0,0t P+ P 0,0) 0,5y W+ Tyt o,0) (3,8y2Y + Fy20,0 — )
(0, PP +¥+0,0) (0. D' W +Ty10,0) (9, Py*¥+¥y29,P)

@y ¥+ ¥y 0)
0. B> ¥ + Ty 0, B) (3-5)
PP ¥Y+¥y0,9)
0, Py ¥ +¥y30,0 —FVP)
where a are rows and B are columns, and é = 00 D.
From here the constants of motion are
P,=C f T2 dV, (C is a constant),
or explicitly
P, = CK,,f(di+ Y 4ytd —Fw)dr,
(3.6)
P, = CK‘,I (0, P+ + W+ 9, D) dV, i=123.
Now, taking @, = @, = 0 and making use of (1.12) we get
Po = CK, [¥* ¥ av,
3.

P, = CK"I (0, D> W 4 9, B2 P2 | Wik Pl 4 W2k 9, P2)dY,

We see that P, is only constant of motion fully expressed by ¥. Therefore, this
constant has physical meaning for the field ¥. The conclusion is that from the
Lagrangian density (3.1) follows only one constant of motion of the field ¥ and
that is P,.

The angular momentum tensor

0% i i 0%
oy __ fa __ .= (L _ _
M = (2 T — 28 T7) = 0 q>)(2 aﬁv) ® fp( J aﬂr) 6.5 O
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for &, is
M =K, (P DOpV +Ppdfd— g PYW)—

— K, @OV +Ppd’d—gwPW)— (3.9)
— K, Py (% aﬂv) ®—-K, P (— -;—o'ﬂv) .
The corresponding constant of motion is

MoOP? = K,dex"(a’SQD"‘P-I—Y/* Fd—gs TW)—
—Kafdvxﬂ(avwW+'p+avq>—gw?lp)— (3.10)

— %K, f dV P+ obr & — B oty yo V).

As we see this tensor can not be expressed by the . Therefore, it does not have any
physical meaning for the field 7.

b). The next Lagrangian density, which we consider, is the fourth scalar
from (2.1) multiplied by a constant K,

Fy=Kpy ($, D £ #8,0P) =K, B3, P+ Vmwd). (3.11)

The Lagrangian equations for Lagrangians which contain second derivatives of
field components ¢ are

4 0% aF

- B + 8,0, =0, 3.12
57 "G G (3.12)
and the energy-momentum tensor
7 0% 7
Taﬁ:—'_ u_ag'?'i'_‘ ,av—av—_ a- 3.13
S T o Tom ! 3.13)

The equations (3.12) for & given by (3.11) are
Koo (30, @ + 8°8,0) =0

The equation with minus sign-is identically zero. We conclude that only the Lag-
rangian with plus sign is of interest. In this case we have

#9,P=0
and
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Therefore, the Lagrangian (3.11) with plus sign is also a correct Lagrangian density
for the field .

The energy-momentum tensor for this Lagrangian, according to (3.13), is
then

TP =Ky, (PFo,P+0,PD—P3,0—3,9 D) (3.14)
and the constants of motion

P,,=C'fT,,°dV=

=C'K,,+J’(q‘>a,,qi+a,,£q>—$aaq>—aa5q5)dv (3.15)
or
P, =C'1<,,+j(¢7d5+q‘i¢—q?¢—q3¢)dV

P, =c'1<,,,j(<§a,¢+a,$q)—$a,q>—a,¢7di)dv,

where C’ is a constant.

Taking again &; = @, = 0, and making use of (1.1) we find
Py = —2C' K,, f AV @+y,

P,=—2C'K,, j dv (9, 0+ ¥ + ¥+ 9, D).

Therefore, the results are the same as in the previous case.

The calculation of the angular momentum tensor requires generalisation
of the Noether’s theorem for the Lagrangians which depend of the second order
derivatives of the field variables®). We do not consider it here.

The structure of the fifth scalar is similar to the fourth. Consequently one
can expect the same result. It is really so. Because of this we do not give explicit
calculation for this case.

¢). The sixth scalar from (2.1) taken as a Lagrangian density reads

L, =Kz[0 2Py y) (90, P)F (3, P y») (3% 8,925, P)] = 616
=Kz @ Py¥F ¥yoP).

From the second row we see that the Lagrangian density with minus sign is the
standard Lagrangian density with the field ¥ as variable. Consequently, the stan-
dard energy-momentum tensor will be obtained and corresponding constants of
motion when one uses ¥ as variable. However, we want to use @ as variable in
the Lagrangian formalism.
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The Lagrangian equation (3.12) for % given by (3.16) are
Kes [Buys (@ 8,9) £ 0,0,y (3 72 9] = 0.

The equation with minus sign in the square bracket is identically zero. It means
that the Lagrangian (3.16) with minus sign is only of interest. For this Lagrangian
we have

v 9,[0" 9, 9] =0. (3.17)
The solutions

’8,P=0

correspond to our problem.
The energy-momentum tensor for £, according to (3.13), is

TP =K, [-P8,00+2,06Y+P9,—3,0¥]. (318

The constant of motion is then
(3.19)

P, = const. [ T¢ dV=const1<,_j(—Wa,,d‘> +0,8W P9, —a,8F)dV.
Taking again @, =D, =0, it is
Py = const K, _ f [—PIxPl — P2x P2 4 H1xP!l 4 G2 P2 |
. . . . . , . , (3.20)
gll* Ql + g/z* ¢2 —_ @1* Y,’Il — ¢2* glzl dV’
P, = const K, j (= W%, W Pa% g 2 4 p IR | J YR g
A, W O D Dy WA QBT — 2, X - 9, B 3o PV
By making use (1.12), (1.1) or explicitly for y# given by (1.4)
W' =— 9,3 — (3, —£8,) P4
B, W2 = — (3, +13,) ¥ + 8.V,
30 lI"S = - 3, "Ill - (ax - iay) wlz

do Wt =— (@ +id) ¥ + 8. ¥,



114 BRANA — LJOLJE

and performing some partial integrations these constants of motion can be written
in the forms

Py, = const K, f dV (P+ W — p+ 9), )
(3.21

P, = const K, _ f dV (o, W+W — W+, Y

We see that they are equal, up to a constant of proportionality, to standard expres-
sions for energy and momentum of the Dirac field.

The calculation of the angular momentum tensor we do not consider here
for the same reason as in the previous case.

We stop at this place further analysis of the scalars (2.1). In this paper we
wanted to show how known constants of motion for Dirac’s field can be obtained
by making use of the potential method.

4. Conclusions

We have shown that the potential of the Dirac’s field can be systematically
used in the theory. The Lagrangians of different order with respect to derivatives
of the potential have to be considered. In comparison to standard procedure, the
potential method seems a little bit more difficult. However, we think that the prin-
cipal point is of importance. Practical and some others values can appear when
sources and interaction with other fields are present.

The performed analysis indicates existence of some new constants of motion
with possible physical usefulness. At the moment it seems to us that is better to
investigate this problem first directly from the Dirac’s equation, the potential
and the spinor’s invariants. We do it at another place.
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POTENCIJALI U TEORIJI DIRACOVOG POLJA BEZ MASE
MIROVAN]JA

J. BRANA i K. LJOLJE
Univerzitet u Sarajevu, Sarajevo
Sadrzaj

U teoriju Diracovog polja uvedeni su potencijali u radu?. Nastavak tog
istrazivanja s obzirom na gradijentnu invarijantnost i konstante kretanja izloZen
je u ovom radu.

U prvom dijelu je data definicija potencijala Diracovog polja i sadrZaj rada.
U drugom dijelu je navedeno nekoliko skalara koji su izgradeni iz potencijala i
izbor ovih skalara za Lagrangeove gustoce. Treéi dio sadrZi utvrdivanje ispravnosti
izabranih lagranZijana za Diracovo polje i proratun konstanti kretanja pomocéu
tih lagranZijana. Zakljuéci su izloZeni u posljednjem dijelu.





