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Abstrace: In this papsr we calculate generalized integrals density matrices which
are expressed in terms of the canonical Bloch matrices and the Green’ s functions.

1. Introduction

It is known that the Bloch!’ density matrices ¥ (', r, b) play an important role
in the calculations involved in many problems of statistical mechanics.

If the Fermi — Dirac occupation number is taken into consideration then we
are led to the generalized canonical density matrices®.

The Green’s function plays an important role in statistical mechanics too and
is related to the density matrix through an integral transformation of the Laplace
typz? or through another integral transformation of the Magaril Sawinykh*’ type.

Since in many problems of statistical mechanics we are led not only to integrals
involving the density matrix ¥ (', r, b) and another function F (r’) but to integrals

involving the Green’s function G (»', r, E) and another function F () as well,
we shall calculate the generalized integrals starting with the case of a canonical
d=nsity matrix.

2. Integrals of the density matrices

The density matrix corresponding to the Hamilton’s H operator is defined by
the relation

Y b) =D ¥ @) e ¥ (r), 2.1)
i
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and satisfies the Bloch equation®’

%% +H¥Y =0 (22.)
under the initial condition

Y@, 0) =080 — 1. 2.3)

In 21) b= » where % is the Bolzmann’ s constant and T is the absolute

1
RT
temperature, é (r' — r) is Dirac’s § — function.

Using the density matrix Y’(;:",r_': b) we can now define and calculate the ge-
neralized integrals of the form

[® @ r 0 F)ar, (2.4)
where F (r') is any function. We can also calculate integrals of the form

Je@ o ¥ e 2.5)
or even
[ [Phornb) ¥ ournb) P Gunb)dr-dr.  (26)
From the definition of the density matrix (2.1) and the relations
HY, =E,¥, ¥ =e™™¥,, P,V =248, .7)

where ¥, and E; are the eigenfunctions and eigenvalues of the operator H rcspec-
tively, it follows that for the integral (2.5) the relation

[PEnnPE ey ar = [ e ¥,@ ¥ (e V(") dr =

j’k

= > B () etHrE W () o = (2.8)
k

i'

= S W @) etn W, () = ¥ @) = ¥ @b+ b)
j

holds. Therefore

j W ) (e, b)) dr = W, v, b+ bY), (2.9)
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what can be found also in Feynman® (Statistical Mechanics, p. 79).

With the aid of (2.9) the integral (2.6) can be calculated

J’ "'IW{;D:;JJ 51}'—{"(;”;::52) gj(;m;:bn)d:l d;:n =

. (2.10)
=Y (”o, L8 Z bJ)

j=1
This integral, in case that b, =b, = -- =b,=¢, Wwith €650, n > o
and the condition ¢ n = U is used for th= definition of the Path integral®.

It will be seen, however, that the calculation of the integral (2.4) differs in the
various cases.

The integral (2.4) satisfies the Bloch equation (2.2) in the first place, and, under
the initial condition (2.3) the function

¥ (r,0) = F (7) (2.11)

is obtained and the Bloch equation accepts the symbolic solution

¥ (r, b) = e-** F(r). (2.12)
Therefore, we can write
[#F R FE)dr = e F (). (213)

Another symbolic proof is this: the definition of the density matrix (2.1) and the
integral (2.4) give

D[ e HAFO A =D 6 [ ¥ ) FE) A =

j j

3 3 (2.14)
= Z e, (r)= Z e 1a, ¥, (r),
j J
where
a, = f ¥ (7) F () dr, (2.15)

are the coefficients of the expansion of F (1-‘.) with respect to the orthonormal and
complete system of the eigenfunctions ¥, (7).
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Furthermore the relation'z e q, ¥, (1_'5 can be written
j
Z e~ o, ¥, (r) = e=# F (¥), (2.16
i
and we are led to (2.13) again.

In this proof, however, the case that in the Hamilton’s operator there are parts
which will not commute must always be taken into consideration. This holds even

2 — -
for the simple case that H = 2p_m + V(@) | p% V(r)|# 0, in which the relation

2 - (,pz -
—b| 4y o
e v # e 2m e %0 holds.

An integral of this kind can be found in® and refers to the case of free electrons
in a uniform magnetic field.

For the case of free electrons the proof can be right straightforward. For the
operator

h? 2
H=— mz Vi 2.17)
&
the density matrix is given by*’
3N m -
W@t b = (ggmg) - e (= g 2, (=),
: E

(2.18)
and the integral (2.4) takes the form

m G -
BT TTO AL Al o " L - -
un% F(ry, -+ -y )y dry -

—
.
———~
™
2s
Nl
g
(1]

w
b4
8
S
R
<
N

© Ed -o” - -o. -.” ”
F(ry+ri, - sry+ry)drf---dry =

N oo -, -y U
m 5 PR el e, - — - —-
(ams) " ([ [« FTE G @) FG R =

= ¢ E% x F(;n e ;r:) = a-¥ F(;.'“ . ;NJ (2.19;
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The integrals of this kind are very difficult to calculate when they involve the
generalized canonical matrices of Bloch3) defined by the relation

v @) ()

Dir'sn, b, 8) = 1 HE~D

(2.20)
where { is the Fermi energy, except for the simple case where

f D(;" ;’ b, L) - D(;': ;:"’ b, C) d;= D (_1"', ;", b, {) — % aac D(;': 7-'.”, b, ), (2.21)

which can be easily proved.

3. Integrals of the Gren’s function

The Green’s function of a particle in » — space and with energy E is defined as a
solution of the inhomogeneous equation

(H—E)G(r 7, E)=—8(r — 1 (3.1)

where H is the Hamilton’s operator.

When the eigenfunctions and the eigenvalues of the operator H (2.7) are known,
the Green’s function can be defined as

lim v () ¥ @)

CrnE) =y 50, E—E,+in

3.2)
With the Green’s function we can calculate integrals of the form

[ [Gloru E)G G rs E®) - G (> 7y E¥)dry -~ dry  (3.3)

and of the form
[, By FGryar. (3.9)

The integral (3.3) in connection with definition (3.2) gives

lim +0j“-[22916»%A2x W () W, ()
U ARG J E—E, +i9s ED —E, +1in,

Fudvdn

VR T 0. o
. v W) N s . =
RN B o) i dr; dry
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. lim Biis Bicis” w1 T () Vs () -
Mo T 5w+ 0 L, (E=E), +ino)(EP— Ej,+in,) - (EN—Ej, + i)
Josks o 02N
) lim ¥ (ro) ¥ () i
Mo -+ s v >0 L (E—E, +ino)(BYV —E, +in,) - - - (EM—E, +iny)
g ]
N
= z A, G (ros 1s E®, for E° = E, (3.6)
L
where the coefficients
1
An = - f; (E‘“)) (3.6)
and
fx)=(E—-%)(ED —x) - (E™ —x). (3.7
For N =1, formula (3.5) yields
(3.8)
f G (o> 71, E) G (11, 7y ED) dry = — Eu,l_ E[G(?o, 7, EM — G (ro, 1, E)].

The case where E = E' is also interesting and can be obtained from (3.8) by
letting E) - E,

A B 5 d G
J.G(ro, 7 B)GGrm B) &, = — & GGrop 7, B). (.9)

From (3.5) wez can easily obtin the special case E = E) = E‘™ which gives

_[ ---fG(Fo, ris E)G(ris 72, E) -+~ Grwy 7y E) dry -+ - dry =

(3.10)
_ (_ l)N dN

N! dE_N G (7'0’ L) E)

The case (3.9) is already known and is mentioned in Landsberg’s book!).

Because of (3.2) the integral (3.4), which can be calculated in an analogous

way, gives
91(;) 1/ o E(r) dr' a; YIJ(;.)
:;E—EJ ‘ 7 () E()dr ::'E—EJ’ G.11

j i
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where a; are the coefficients of the expansion (2.15). Since the right-hand side of
(3.11) is obtained by applying the operator (E — H)~! to the function ¥ a; ¥, (*) =
j

z (E_IH) aﬁ';(;)=zgéqu, (3.12)

7 i

=F (1:5, namely

the integral (3.4) takas the form

f GG, E)F@)dr = (ﬁ) F. (3.13)

The case where the function F (;:) is the density matrix (2.1) itself, gives

e - - - _. = _bE -.I
f Gl n E)PGT by dr= » 1 GeBHE) 54y
E —E,
j
The distribution
. = =
- =k s d —bE
F(?"a 7, b, E) = Y{; (r ) et Tj (?’) (3.15)
E—E;

appears for the first time and is believed to have certain applications. For b =0,
i. e. for high tempezrature, it coincides with Green function, whereas for E =0
it leads to the integral of the density matrix with respect to the parameter b.

The distribution (3.15) can be written as

I'(ryr,b, E)=

B Z ALl (Cas e VI SV T /160 N
n >0 E—E +1inq
i

(3.16)

b
Bm osrin G, 7, E) + e-bE f HEP(, b, )db.
n->0
0

Another expression of the above distribution is derived by means of the integral

& it
f R EErHin (3.17)

0



160 ANDREOU et al.

that is
-, = lim 1 ., i (E—Eytin) L,
I’(r,r,b,E)=n_>0—: W, ()| en dee-bE ¥, (r) =
i 0

lim 1 it Erin ., [ - it)
= — & ’ ) =
n EOiﬁfe Y’(r,r,b-}— 2 de

0 (3.18)

m 1 —- -
= o5 PELY.
E+4in +a_b
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