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The interaction of a non-relativistic charged particle with a surface polariton in 
a crystal slab is formulated quantum mechanically and applied to calculate probabi­
lities of surface-polariton emission. The electron energy-loss function relevant for 
electron-transmission experiments is calculated in the Born approximation. Retar­
dation corrections to the electron spectrum are discussed for a dielectric and a 
metallic slab at normal electron incidence and for single- and multiple-scattering 
processes. 

1. Introduction

Quantum-mechanical formulations of the problem of interaction of charges 
with long-wavelength collective excitations in thin crystal foils. have been conside­
red in connection with various problems, such as electron tunnelling 1>, low-
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-energy-electron diffraction and photoemission2 >, electron transmission3
•
4>, etc.

Extensive reviews of this subject can be found in Ref. 5. However, as a rule, ·the
retardation of the electromagnetic field, which becomes important in the extreme
long-wavelength limit, was neglected in these approaches. Instead of dealing with
surface polaritons (coupled photon-surface phonon or plasmon excitations), the
theories treated their quasi-static counterparts (surface phonons or plasmons).
Although this approximation is often physically valid, there are cases when the
retardation of the electromagnetic field must be taken into account, e. g. in inter­
preting the experimental data obtained in electron-transmission spectroscopy6>.

Inelastic processes in which electrons transmitted through a thin foil lose 
their energy in exciting surface collective oscillations were first studied classical­
ly 7 

-
9> in a quasi-static approximation. These theories described the observed 

electron spectra satisfactorily and assumed that the retardation of the electromag­
netic field had little influence in such experiments. However, in measuring electron 
energy losses on Al, Schmiiser10> and Boersch et al.11> obtained apparently diffe­
rent results for the dependence of surface-mode maxima on foil thickness. This 
contradiction was · removed by observing that in interpreting the spectra, one 
should use a theory which takes into account the retardation·of the electromagnetic 
:field12>, as was later verified experimentally 12

-
14>. Since retardation changes the 

surface-mode dispersion drastically in the extreme long-wavelength region, it be­
tame clear that the main difficulty in observing its effects on the energy-loss spectra 
lies in the low angular sensitivity of the experimental apparatus. However, some 
years ago measurements were performed 1 5 

-
1 9> with an angular resolution of 

approximately 8 x 1 o- 6 rad, almost an order of magnitude better than in previous 
experiments. These measurements show that, in view of accuracy, the electron­
-transmission spectroscopy of surface excitations may become comparable with 
existing optical experiments and complementary to them because of a very large 
energy region it covers. 

The aim of this work is primarily to construct a quantum theory of the surface­
-polariton - electron interaction, i. e. to extend the quantized-Hamiltonian for 
malism to the slab geometry, and thus provide the basis for further theoretical 
investigations of surface-polariton properties and various effects associated with 
their interaction with charged particles. 

We apply our theory to the calculation of electron energy-loss spectra in 
transmission experiments, our considerations being motivated by the experi­
ments 1 5 

-
1 9> which, owing to the special techniques used, allow the investigation 

of the extreme long-wavelength region where retardation effects are most important. 
Although the classical dielectric theory2 0

-
2 2> leads to proper results (for first­

-order processes), we feel that the quantum-mechanical approach should better 
explain retardation effects in such experiments for two reasons: 

(i) The true dispersion relations of surface modes appear from the beginning,
and not as poles in the energy-loss function. Therefore, the contribution of each 
surface mode can be -calculated and discussed separately. 

(ii) The quantum-mechanical approach allows the calculation of higher-order
processes, i. e. multiple-excitation probabilities, which have so far been calculated 
only in the quasi-static approximation3

•
4>. 

On the other hand, the damping of surface modes, which is included in the 
classical theory immediately by using the complex dielectric function, should, in 
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our approach, be calculated separately (using the method of Nkoma et al. 23>, for 
example). In this paper, therefore, we study the main features of the theoretical 
surface-electron energy-loss spectrum, namely the influence of retardation on the 
strength and positions of loss peaks, neglecting in the first approximation the dam­
ping of surface modes24> and also the effects associated with the presence of an 
over layer 2 5>. 

In Sect. 2 we quantize the long-wavelength surface-polariton field starting 
from the point-ion model of the dielectric slab and following the method of quanti­
zation already used for a semi-infinite crystal 2 6>. Then we generalize the results 
to describe a more general situation, e. g. a surface-polariton field in any crystal 
slab with a real dielectric function. 

In Sect. 3 we include the interaction of surface polaritons with an electron 
and calculate the probability of surface-polariton emissioµ in the Born approxima­
tion. For the electron energy much higher than the energy of polaritons, as is al­
ways the case in transmission experiments, the electron recoil during the scattering 
may be neglected (the so-called fast-electron approximation3•4>). In this approxi­
mation, our quantum-mechanical result leads to an electron energy-loss function 
which coincides, for a real dielectric function, with the classical result. In addition, 
the neglect of electron recoil opens the possibility of turning the theory into the 
semiclassical one, the electron representing just the classical current. In this way, 
one can easily calculate processes of all orders using standard methods, as perfor­
med, for example, in Refs. 3 and 4. We explore this possibility in Sect. 4. 

In Sect. 4 we discuss surface losses for electrons transmitted through a slab 
and analyze the effects of retardation on the electron spectra in a dielectric and 
a metallic slab. We make a comparison with the previously obtained results and 
with experiments. We also suggest some further possible investigations. 

2. The free-surface-polariton Hamiltonian

We quantize the surface-polariton field in a thin film, closely following the 
method of Ref. 26, where it was applied to a semi-infinite solid. 

We start with the point-ion model of a dielectric slab in vacuum, occupying 
the region Jzl < a and extending infinitely in the x and y directions. We look for 

a solution of the polarization vector in the form P .... (; t)"-' P .... (z) exp (ik · e..._ 
k 

- i rot) (where e = (x, y) and k = (kx, ky)). The wave vector k is made discrete
by limiting the considerations to the surface of area A and adopting periodic boun-
dary conditions. Now, we write Maxwell equations with - 'v P and ai/at as the 
charge and current density, respectively. Together with the equation of motion 
for the polarization vector and the usual boundary conditions, the Maxwell equa­
tions determine the normal modes of the system. As Kliewer and Fuchs 2 7> have 
shown, there exist two surface modes with frequencies ro± (k) satisfying the dis­
persion relation 
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where a and a0 are real quantities defined by 

· 
) 

1/2 

a= (k2 -B ;: 
, 

( 
2

) 
1/2 

ao = k2 - :
2 

(2) 

and s (w) is the long-wavelength dielectric function of the slab. In the point-ion 
model considered here, 

w2
e (w) = 1 + 2 P 2, 

Wr-W 
(3) 

wr and w P being TO and ion-plasma frequencies of the dielectric, respectively. 
The corresponding polarization eigenvectors have the form 

-+ A A k P .... + (z) = C ... + (ik sh az + z - eh az), 
k k a 

-+ • •'"" A k P .... -(z) = C ... -(ikchaz + z-sh az), 
k k a 

(4) 

where k and.; are unit vectors in the k and ; directions, respectively, and C .... 's 
k 

are some constants to be determined by an appropriate choice of normalization. 
From the polarization eigenvectors we can easily compute the electromagnetic 

fields> i. e. electric- and magnetic-field eigenvectors. Introducing the usual scalar 
(Q')) and vector (A) potentials and choosing the Coulomb gauge, we find 

!lib (z) = - 2n f d.s' e-•i•-••I X. Pb (z'),
-a 

a 

A ... (z) = 2ni-- dz' [e-tl:r-:r'I X X • P ... (z')
.... ck 

I 
....... .... 

,w w� k9 

-a 

k ........ 
_._ -aol:r-:r'I x' x' . P .... (z')], 

«o k• 

(5) 

· where the index i, takes two values, v = + or -, and we have introduced the
abbreviations

-+ A A 

X = ik - zsign(z - z'),
-+ Aa A 

x' = ik k
o - z sign (z - z').

The explicit form of Q') ... (z) and A: (z) can be found by a straightforward inte-
,w k9

gration of (5). 
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The quantization of the surface-polariton field can be performed as in Ref. 26. We start from the Hamiltonian: 

J 
... { 1 [ 1 ..:. ... 

] H� = d3 r S:n: c2 � 2 + (V X A)2 -(V t/J)2 +

and expand the fields in -the following way: 
... .. .. t/J (r, t) = � t/J .. (z) e•te L (a.. + a* + ),

.. k, k, 1w -k, 

P(;, t) = � P. (z) eil; l. (a.. +a* .. ), 
.. k, k, k• -k, 

..... -+ .... A (r, t) =EA .. (z) e1"e l. (a.. - a *.).
.. k, k, k, -k, 
k, 

(6) 

(7) 

The constants l. must be determined from the requirement that the Hamilto-1w nian ( 6), after inserting into it Eq. (7), should take the standard form 
HP = � liro .. (a: a.. + 21 )·

.. k, k, k, 
k, 

(8) 
Making use of the well-known vectorial identities, equations of motion for the fields and their continuity properties at the boundaries, together with the orthogonality properties of the different solutions, it can be shown that this is achieved with 

· 
( Ii (J)2 ) 1/ 2 [ f

a

.... ... 

� = s:n: ·A �i: Pi (z) Pi, (z) dz +.
-a 

� a 

(J)2 

I 
... ... (J)2 

J 
... ... ]- 1,2

+ (4 P )2 A! (z) A .. (z) dz - i 4 P A! (z) P .. (z) dz • . (9):n; C 1w k, :n; C CJJ+ k, k• 
-� -a 

We must still choose some normalization condition to fix the constants C.. • We 
1w choose 
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thus obtaining 
_ I [sh 2a a ( k2) ('k

2 )]-112 

C.+ - 11- 2 I + 2 ± 2 - f . k,± ya a a a a 
(11) 

It is understood everywhere that the quantities ro ... , e, a and a0 are functions k± 
of the wave vector k through the dispersion relations (I) and their definitions. Thesurface-polariton field is finally quantized by letting a+ and a! -+ a! be annihila-

kP k, kv tion and creation operators for surface polaritons, satisfying the usual boson com-mutation rules. 
Although we performed the quantization of the surface-polariton field for asimple point-ion model of a dielectric slab, the result can be extended to a moregeneral situation. To show this, we explicitly perform the integration indicated inEq. (5) and then in Eq. (9). The result can be expressed in the following form:

..t. 
= 
(Ii roz±) i1

2

le - 1 I (
roi± (e - 1

)2 + e a C! [sh 2a a (k2 - k2 ) ± k± Sn A wi k± 2a a a2 a� 

(12) 

Now, our point-ion model shows up explicitly only in the first term in the curlybrackets, i. e. where ro P appears. Thus, if we make the substitution 
ro2 

2 
ro de 

-(B - I) -+--, ro:» 2 dro (13) 

which evidently holds for this model, and regard e on the right-hand side and atevery other place as a general dielectric function, our formulae will describe sur­face polaritons in a solid slab with quite a general but real dielectric function 2 s>. 
If we neglect retardation, (i. e. if we let c = oo and therefore a = a0 = k) all results in this section reduce to the quasi-static results obtained previously3

•
4>.

3. The electron-surface-polariton interaction Hamiltonian and
the electron energy-loss-function 

The Hamiltonian of a non-relativistic electron with mass m and charge e,moving in the surface-polariton field is: 

82 

I - e - -+ -2 (p - -A (r, t))2 + e tP (r, t),m C 
(14) 
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where <P and A are given by Eqs. (5) and (7), r-+= (e, z) and p-+ (p
11
, p

1
:) are the 

electron position and momentum operators, respectively. Adding to this the free­
-surface-polariton Hamiltonian (8), we obtain the total Hamiltonian of the system 
in the form: 

H=Ho + H1nu 
p2 

Ho = 2m + H,,, 

H1nr = :E [I' .. (p; e, z) a.. + I'.! (p; i, z) a!].-+ kt1 kv kv kv kv 

The coupling functions I'.. are given bykv 

I' .. (p; e, z) = e ,t.. [<P .. (z) - :_L_ A: (z)] e1-;;kv kt1 kv me kv 

(15) 

(16) 

and can be easily calculated with the help ofEqs. (5) and (12) for each surface-po­
lariton mode. The term which contains combinations of two surface-polariton ope­
rators and which describes polariton-scattering processes will be neglected when 
considering only first-order processes. 

We shall use the F emu golden rule to find the probability for one-surface-po­
lariton emission. The free-electron wave function is of the form 

-+ 1 .... 
11'; (r) = (2n A)112 e'"", (17) 

where the parallel component of· the electron momentum @7, 1 is made discrete 
for convenience and the electron energy is E = li2 

�
2/2m. Assuming the surface­

-polariton field initially in its ground state, we find the probability Pi--+1 of one-
-surface-polariton emission to be

(18) 

where 

(19) 

-oo 

Ii;;, and Ii;, are the initial and final electron momenta, respectively, and 

(20) 

The total emission probability per electron P is obtained by summing Eq. ( 18) 
over all electron and polariton final states and by dividing it by the incoming electron 
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flux density. The conservation of the parallel momentum then eliminates the 
summation over ;,,,, while the d function in energy can be used to eliminate the 
integration over "zi• Finally, we arrive at 

( 2n ) 2 m2 ...... 
p = -Ii E !i2 IF .. (,e,, ,e,)12,

.. "zi "z1. kr, 
1w 

where the final electron momentum "zi is now fixed: 

... ... 
kl' 

( 
2m 00.. )1/2 

":1 = ,e:, + 2"111 • k - k2 - Ii . 

(21) 

(22) 

In contrast to classical treatments, Eq. (21) also includes corrections coming 
from the quantum nature of the electron and is; therefore, correct even for slow 
electrons. These corrections become unimportant whenever we can make the so­
-called fast ... electron approximation 

(23) 

i. e. whenever Eza > Ii ro.. • In this case, the electron represents just the classicalkl' 
current.

In transmission experiments, electrons with energies of several tens ke V are 
used; it is, therefore, perfectly correct to use the approximation (23). Using also 

with the obvious meaning of the quantities, we can convert Eq. (21) into either 
the angular-distribution function for electrons P (k) or the electron energy-loss 
function P (w). We quote here the result for P (w) and for normal electron inci­
dence, which is the geometry used most often. Performing all the necessary inte­
grations (from Eq. (4) to Eq. (5) and then from Eq. (16) to Eq. (19)) and using 
Eqs. (11), (12) and (13), one finds 

84 

P(w) = P+ (w) + P_ (w),

p (w) = 4��1 dk l
w 

(e - 1)2 ki 

± Ii v2 a0 dw -e q,t q,4 
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( . coa

) 

( coa

) 

2
sm-

2 
cos-

C2 YJ ± a0 e!!!... (.!.) v 
coa v c . coa oos- sm-v Y} 

[ co de ] [ k2 a 
(co)

2 

(
(eh a a)- 2))·] ( k2

) 2 dco + B 
1 + a2

• + ao C (sh a a)- 2 
-

B 
1 + at 

(24) 

where k = k± (co) and is just the inverse function of co:1: (k). In Eq. (24) we have 
introduced 

2 2 (
co

)
2 

'Po= ao + v , ,. = k' + (:)'- (;)'{l + •). 
(25) 

The range of co in Eq. (24) is, of course, determined by the solution of the dis­
persion relation (I) and is, therefore, different for different solids, i. e. for different e. 

Because of our approximations, Eq. (24) must correspond to the classical 
result obtained by Kroger2 0> taken with a real dielectric function. Indeed, if in 
his result we use the limit 

lim 1 _ - in d (k - k± (co))
Im...o ao s + a (th a a):1:1 

I a� (ao e + a (th a a)±ll
k=k (co) 

and integrate over k, we immediately arrive at Eq. (24). 

4. SU'rjace polaritons observed in electron-transmission spectroscopy

As pointed out in the Introduction, the main difficulty in observing the polari­
ton character of surface excitations lies in the low angular resolution of the experi­
mental apparatus. In a classical transmission experiment, the analyzer collects all 
electrons scattered up to some finite angle from the direction of the incident beam. 
The analyzer cut-off wave vector kcr,.J k0 @c (k0 is the incident-electron wave 
vector) is usually smaller than the polariton-decay cut-off wave vector ( r,.J 10 nm - 1)
but is larger than the typical wave vector k11 = co p/c, below which the retardation 
effects become important (k11 r,.J 10- 2 nm - 1 for metals and r,.J 1 o- 4 nm - 1 for
dielectrics). Therefore, surface polaritons, i. e. retardation effects by elect1"on-trans­
mission spectroscopy can be seen only if a high-resolution· (less than 1 o- 5 rad) 
apparatus is used. 

We describe the influence of the experimental apparatus in the following 
manner: 

(i). We introduce, in the k space, the cut-off wave vector kc which is directly 
related to the aperture of the spectrometer. 

FIZIKA 14 (1982) 2, 77-94 85 



TOMAS ET AL: THEORY OF THE ELECTRON-SURFACE-POLARITON ... 

(ii) To describe the finite energy resolution of the apparatus, we folded the
theoretical spectrum by an appropriate energy-response function. This is per­
formed formally by replacing the � function in energy (implied in o� theoretical 
spectrum) by a more realistic function of the. Gaussian or Lorentzian shape. 

In analyzing surface energy losses of electrons in a dielectric slab and compa­
ring their theoretical results with experiments on LiF29>, Chase and Kliewer22> 
( CK) concluded that retardation corrections were negligible for small slab thicknes­
ses. They pointed out that the coupling of the w + polariton mode (which is influ­
enced mostly by the retardation of the electromagnetic field) with electrons is very 
weak in comparison with the coupling of the w _ mode., because of the different 
polarization properties. To illustrate this, we calculated Eqs. (21)--(24) numerically 
and compared our theory with CK's dielectric theory22> and with experiments29>. 
We used the same parameters as CK did in their work. The dielectric function 
was of the form 

B ( (JJ) = Boo 1 + 2 . 2 ' 
[ w! ]

(JJ
T 

- (JJ 

where 

Figure 1 shows the result of our calculation (full curve) plotted against CK's 
Fig. 7 2 2> (broken curve). As can be seen, both calculations are consistent with 
experiments (dotted curve) and with each other. Of course, for thicker slabs, the 
contribution from bulk LO phonons, which is not included in our theory, should 
appear on the high-energy side of the spectrum in both the experiments and the 
dielectric theory. 

In Fig. 2 we compare the separate contributions of the two surface polaritons 
(P +' P _) to the loss spectrum, with the experimental spectrum.29>. The contri­
bution of the w + surface polariton in a thin slab is completely different in shape 
and is an order of magnitude smaller than that of the w _ mode, as a result of its 
weak coupling with the electron. 

Such behaviour seems to confirm CK's conclusion22>. However, two things 
should be noted. First, the dispersion of surface polaritons in a dielectric slab 
starts from a finite value wT, so that only photons with frequencies higher than 
wT contribute to the mixed excitations. Second, for the angular resolution of 8 c"' 
"'10- 4 rad and the electron energy of 25 keV, we obtain a cut-off wave vector 
kc

= 225 kp for the polariton. This means that the contribution of excitations 
from the ,,retarded'' (k .S kp) region of surface-polariton dispersion relations is 
negligible compared with that for the ,,non-retarded" region (k > kp). In other 
words, surface phonons dominate in the spectrum. With higher angular resolu­
tion, one should, in principle, observe retardation effects in the spectrum. We illus­
trate these two points for the case of a metallic slab. 

The frequencies of the two surface. modes in a metallic slab start from zero, 
so one should a priori except a more pronouµced photon character of the polariton 
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P(c.,J 

____:_ p 

--- Pc.it 
········- Pexp

0 0.5 

1. 

(JS 

10 

I 
lc.>i. 

Fig. 1. The energy-loss spectrum P(OJ) in relative units for 25-keV electrons normally trans­
mitted through a 24 nm thick LiF foil (e00 = 1.90, e0 = 8.81, OJT = 5.16 x 1013 s- 1). The 
energy resolution of the spectrometer is described by the Gaussian of a half-width of 0.01 eV 

and the angular resolution is determined by @c F::1 10-4 rad. 

0 

--P

�-- � 
•••••••• P.

XP 

Q5 tO 

Fig. 2. The same data as for Fig. 1, but with a 70 nm thick Li foil. The retarded (full) and non­
-retarded (broken) curves are almost the same and are both in agreement with the experimental 

(dotted) curve. 
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and a stronger influence of the retardation on the electron energy-loss spectrum. 
The metal is described by the long-wavelength free-electron dielectric function 

(J)1 
e(w) = 1 ---}, 

(J) 

(26) 

where w P is the electronic plasma frequency. Inserting this dielectric function 
into Eq. (1), we obtain dispersion relations of surface polaritons in a metallic slab. 

In Fig. 3a we compare the electron energy-loss spectrum given by the retar­
ded (full curve) and non-retarded (dotted curve) theory for two different values 
of the cut-off wave vector kc. As can be seen, the difference between the retarded 
and non-retarded curves is very small for kc = 4 k

11 
(@c � 2 x 10- 4) except in 

the very low energy region where the polariton character of surface excitations 
shows up. If we suppose that the angular resolution is an order of magnitude better, 
we can select electrons scattered by polaritons deep in the »retarded« region: kc = 
= 0. 7 k

11 
means that we collect electrons scattered at an angle of up to approxima­

tely 4 x 10- 5 rad. In this case, the retarded theory and the non-retarded theory 
give completely different results. 

To make the analytical behaviour of the energy spectrum more apparent, let 
us use the approximate solution of the dispersion relation (1) for a metallic film 
in the region of small (k < kP

) wave vectors30> 

(27) 

Inserting (27) into (24), we find for the low-energy region of the spectrum 

[ 
( wa

) 

(. wa)]2 cos- sm-e2 1 v 2 w v v v P± (w) � 4 --(-) (th k
11
a)±l --(th k

P
a)±l + · 

Ii cwp c rup c . wa rua sm- cos-v 'l} 

(28) 

We see that P + (ro),_, (ru/rop)2, while P _ (a,),-, const when w approaches zero. 
With increasing thickness of the slab, both modes give equal contributions to the 
spectrum, showing oscillatory behaviour in energy. This is completely different 
from the result of the quasi-static theory, where the ru + mode always contributes 
to the high-energy side, ru. < ru < ru P• 

The same point can also be illustrated by examining the angular-distribution 
function P (k) rather than P (ru) (Fig. 3b) (k is directly proportional to the scattering 
angle e for electrons). P (k) is obtained from Eq. (24), if we put dk/dw = 1 and 
express every quantity as a function of k. As � be seen from Fig. 3b, at k < k11, 

P + (k) is much smaller than P _ (k): P + (k-+ 0) -+ 0, p _ (k-+ 0),-, const. At 
Jr, � 3kp, the retarded (full) and non-retarded (broken) curves coincide. 
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a) 

b) 

0 

I 
I 

I 

--P 

---- f. 

I 
le. 
I 
I 
I 
I 
I 
I 
I 
I 
I 

2 3 .k/kp 

Fig. 3. The loss spectrum in relative units (a) P(o,) and (b) P(k) for 75-keV electrons normally 
transmitted through a 16 bm thick Al foil (lioJp = 1S.O eV). The Lorentzian with 0.15-eV half­

. -width was used as the energy-response function (Fig. 3a). 
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It is also instructive to discuss the influence of retardation on the probability 
for c.o_-mode emission. Taking the limit c � oo in Eq. (24), we obtain the quasi­
-static result 3 

• 
4 > 

(29) 

where 

In the region c.o < Wp, which is under consideration, the ratio of Eq. (29) 
to Eq. (24) is 

(30) 

so that the retarded theory -always gives a greater probability for c.o _ -mode emission, 
especially for thicker films. 

As is well known 3 0>, retardation strongly influences the dispersion relation
of the high-frequency c.o + mode at k :S k11• Instead of approaching the frequency
c.o P for k � 0 monotonically, the c.o + mode bends downwards and approaches the
light line kc. For very thin films (akp < 1), the W + mode takes a maximum ro =
= c.o0 at ko "' k

P
. It markedly enhances the density of states of surface excitations 

near c.o O and therefore is responsible for the appearance of the high-energy maxi­
mum (c.o5 < c.o0 < c.op), i. e. the splitting of surface loss peaks in the energy-loss
spectrum. This behaviour is often screened by the more pronounced contrioutions 
of the ro_ mode (Fig. 2) and the bulk mode (c.o = c.op). Moreover, at k � k

p, the 
frequencies of both surface modes approach non-retarded values and tend towards 
the limiting surface-polariton frequency c.o5 (e (c.o5) = -1). At this frequency, both
modes give the same contribution to the spectrum (Fig. 3b). Therefore, the spe­
cific contribution of the c.o + mode can apparently be detected only by a high-energy 
and high-angular-resolution spectrometer, as we have already pointed out. 

For thicker films (ak
p > 1), the frequency of the ro+ mode decreases and the 

c.o + curve gradually approaches the c.o _ curve. The contribution of the c.o + mode 
to the spectrum moves downwards in energy and becomes comparable in magnitude 
with the contribution of the c.o _ mode, but the separate contributions of the two 
surface modes cannot be easily distinguished. 

Figure 4 shows the ,,theoretical" picture of the results of ,,high-angular-resolu­
tion" experiments 1 5 • 16> mentioned in the Introduction. We were not able to make 
a direct quantitative comparison with experimental data because the authors of 
Refs. 15 and 16 were concerned exclusively with the determination of surface­
-excitation dispersion relations in a thin Al film, so they presented only the experi­
mental photographs of the electron energy-loss probability fu1;1ction. Figure 4
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should, therefore, be compared with the intensity contour map obtained from 
photographic plates. We should emphasize that we have neglected polariton dam­
ping from the beginning, so that the intensity contour map we have obtained arises 
solely by the introduction of the energy-resolution function, thus taking into account 
the limiting sensitivity of the experimental set-up. In Fig. 4 we have chosen the 
same parameters as given in Fig. 1 by Petit et al. 1 6>. Comparison of Fig. 4 of this
paper and Fig. 1 of Ref. 16 shows that the calculated and experimental results 
are in overall qualitative agreement. Furthermore, the highest intensities appear 
in the region where surface-polariton dispersion relations are close to the light 
line kc (the tail in the radiative region ro > kc is exclusively a consequence of the 
energy-response function introduced). It follows from the preceding discussion 
that this high-intensity region is produced mainly by the excitation of ro _ surface 
polaritons., 
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Fig. 4. The density profile P (k, ro) of the electron loss spectrum. Only the intensities large1 
than some (arbitrarily chosen) intensity 10 are drawn. The density profile follows the retarded

surface-plasmon dispersion curves ro:1: (k). The data are the same as in Fig. 3. 

Up to now we have discussed the single-excitation spectrum only, but multi­
ple-excitation processes can also be taken into account. We notice that the ro _ 
mode gives a. non-zero contribution to the electron spectrum at zero energy, as 
can be seen from Eq. (28) (in full contrast to the results of the quasi-static theory, 
see Eqs. (29) and (30)). Therefore, multiple emission of ro_ surface polaritons 
should strongly influence the·low-energy part of the electron energy-loss spectrum. 
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Indeed, if we denote by E the electron energy loss due to all possible processes 
of surface-polariton excitations, we can write the full electron energy-loss spectrum 
W (E) in the form 4• 2 6> 

I 00 ..!..Et 
W (E) =

2n f dte 11 exp [f dco P (co) (e- 1mr - I)], (31) 

-oo 

where· P (co) is the probability of single-polariton emission, Eq. (24). Generally, 
W (E) consists of a f, line with some strength at E = 0 and a low-energy side-band. 
The strength of the r) line is determined by the probability that the electron excites 
none of surface polaritons (no-loss line) and is given by 

exp [- J dco P(co)], 

while the positive-energy side-band arises from the emission of all possible surface 
polaritons. It can be shown3 u that the behaviour of W(E), Eq. (31), for low energy 
(E � 0) is governed by the behaviour of P (co) for small co ( co � 0). If P (co) be­
haves as co" for co� 0, then the spectrum W(E) depends on the magnitude of 1/· 
For 1/ > 0, the strength of the no-loss line is finite and the positive-energy side­
-band starts from zero. For O � 1/ > -1, the strength of the no-loss line decreases,
while the contribution from low-energy excitations becomes finite. At 1/ = -1,
the no-loss line disappears and the side-band has the integrable singularity, W(E),....,, 
"' �- 1 +a. The singularity in .the spectrum becomes more pronounced with further
decrease of 1/· 

In our case, P (co)"' P _ (co)"' const and P + (co)"' co2 (Eq. (28)) for small 
co, so that 1/ = 0. Therefore, the strength of the no-loss line is reduced because 
of the excitations of co_ surface polaritons, i. e. the shape of the spectnµn of electrons 
for E � 0 is determined by their interaction with co_ surface polaritons. Since 
we have shown that pNR (co)"' co2 (Eq. (29)), this behaviour of the spectrum is 
not properly described in the quasi-static (non-retarded) theory. 

5. Sumary

In this paper we have quantized the long-wavelength surface-polariton field 
in a thin film described by some real dielectric functions (co). This is a prerequisite 
for the theoretical investigations of the effects associated with surface polaritons 
in many physical situations. 

We have applied the theory to the interaction of surface polaritons with elec­
trons in electron-transmission experiments. The shape of the· electron energy-loss 
spectrum has been calculated in the Born approximation and the corrections due 
to the retardation of the electromagnetic field haye been discussed. We have shown 
that the retardation strongly influences the probabilities for single and also multiple 
excitation of surface modes in a metallic slab. 

We have also confirmed the earlier conclusions that retardation corrections 
to the electron spectrum are more important for a metallic slab than for a dielectric 
one. However, in both cases., retardation effects cannot be resolved if the angular 
resolution of the experimental apparatus is not very high. 

92 FIZIKA 14 (1982) 2, 77-94 



TOMAS ET AL: THEORY OF THE ELECTRON•SURFACE-POLARITON ... 

Note added in proof: After submitting this paper, we became aware of a recent article by W. Ekardt 
(Phys. Rev. B 23, (1981) 3723). Like in our previous paper .tlnflu�nce of Retardation on the Excitation 
of Surface Modes in Electron-Transmission Spectroscopy« (submitted to Phys. Rev. B in 1976, but 
not accepted for publication), Ekardt quantized the surface polariton field and calculated the 
electron-polariton retarded coupling constants. The results agree with ours. However, in this 
paper we pay more attention to the electron energy loss function rather than to the electron­
-surface polaritori coupling constants and evaluate the transmitted high-energy electron spectra, 
compare them with experimental results, and discuss the retardation effects in the spectra. 
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Originalni znanstveni rad 

Formulirana je kvantno-mehanicka teorija medudjelovanja nerelativisticke nabijene 
cestice s povrsinskim polaritonima u kristalnom sloju te primijenjena na proracun 
vjerojatnosti emisije povrsinskih polaritona. Izracunata je, u Bornovoj aproksi­
maciji, funkcija raspodjele gubitaka energije elektrona relevantna u eksperimentima 
s prolazom elektrona. Diskutirani su utjecaji retardacije elektromagnetskog polja 
na energetski spektar elektrona pri prolazu kroz dielektricni i metalni sloj kod upada 
elektrona pod pravim kutem te za jednostruke i visestruke procese rasprsenja. 
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