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Electrostatic drift-wave instabilities in a nonuniform low-plasma wherein the ion-
-temperature parallel to the magnetic field is much smaller that than of the ion-

-temperature in the perpendicular direction are studied. Specifically, three pro-
blems are treated:

(i) finite ion-Larmor-radius effects;
(ii) effects of curvature in the magnetic field;
(iii) drift-cyclotron instability.

The results show that the forementioned anisotropy makes available more free-
-energy sources to aggravate the various instabilities. Finally, a study is made of
electromagnetic drift waves in a nonuniform, anisotropic, finite-f plasma. The
results show that:

(1) the waves are unstable;

(2) the ions out of resonance with the waves produce some damping.

* Present address: Physical Research Laboratory, Ahmedabad 380 009, India.
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A purely oscillatory transverse wave exists that derives it energy source from the
kinetic energy of the electron-thermal-motion parallel to the unperturbed mag-
netic field.

1. Introduction

If a magnetised plasma is stratified, the particles have associated drifts. This
drifting motion will not only modify the uniform-plasma waves like Alfven waves,
ion-acoustic waves and ion-cyclotron waves, but will also excite a completely
new type of wave — the drift wave, which moves across the magnetic field with
a phase velocity of the order of the drift velocity of the electrons!’. The electron
drift waves have been observed in several Q-machine experiments?~%,

Further, this drifting motion may also become a potential source of instability
of these ‘plasma waves. ' '

A strongly magnetised plasma, such as the one in a mirror machine, ceases
to have isotropic properties, and there must always exist an anisotropy in the
velocity distribution perpendicular and parallel to the magnetic field. (The aniso-
tropy may also be a consequence of the method of creating the plasma by injection
perpendicular to the magnetic field.) Besides, it is such an anisotropy that makes a
mirror-confinement of the plasma possible. This follows by adopting the Chew-
Goldberger-Low®’ model, according to which the pressure tensor for an aniso-
tropic plasma is given by

Puy=p16,+ (@, —p)b b
where,

-

b=B||B|.
One -then has for a static equilibrium

Vot + @@L —p) (Y—BE)" =0

from which, it is seen that the anisotropy in the plasma can maintain a pressure

gradient along a field line in a direction of decreasing |§ |, and therefore, the field
lines can leave the plasma-mirror confinement,

- In an anisotropic plasma, free energy may always be gained by relaxing towards
isotropy®, and therefore, instabilities result. In a uniform plasma, one has the
well-known loss-cone instabilities”’. Furthermore, in a mirror machine the kinetic
energy associated with the ion-thermal motion parallel to the magnetic field is
much smaller than that in the perpendicular direction. In a uniform plasma,
under these conditions the.local constrictions or the smirrors« produced by the
change in the field strength of the perturbation will heavily concentrate the par-
ticles where the field is weakest so that the pressure there increases, pushing the
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field lines apart, and weakening the field further. Thus, »mirrors« keep growing,
and one has the well-known mirror instability. It turns out, in the following, that
in a nonuniform plasma under the forementioned conditions, further free-energy
sources become available to aggravate the various drift-wave instabilities. Though
this paper is primarily concerned with anisotropic-plasma effects on drift in-
stabilities, the calculations given here also illustrate some features of drift insta-
bilities in the case of an isotropic plasma that have been missed in the literature.

It may be mentioned that a combination of a loss cone and spatial inhomo-
geneties in the plasma drives what is called a »drift-cone« instability® =19, which
is known to constitute a serious threat to mirror confinement. However, this insta-
bility will not be considered in the following.

2. Elecrrostatic drift-waves in an amisotropic plasma

The analysis of drift-wave instabilities requires consideration of the Kkinetic
model rather than the fluid model of a plasma. This is so because the resonant
wave-particle interactions govern the instability mechanism and wavelengths
smaller than the ion-Larmor radius are involved. The fluid model is known to
follow from the kinetic model only in the limit of small Larmor radius and low
frequency!?.

The dynamic effects due to the curvature of the magnetic field may be si-
mulated by an effective gravitational force superimposed on a uniform magnetic
field, the plasma now being appropriately stratified!3. Since the gravitational
field is to simulate the drift produced by a curvature in the magnetic field, it is
appropriate to consider different gravitational fields acting on ions and electrons.

Consider a nonuniform, anisotropic, and low-8 (8 being the ratio of particle
pressure to the magnetic pressure) plasma in a uniform magnetic field B, = By 1.,
and a gravitational field g = g 7,. The constants of motion in this case are

1
Es=7msz’2_ s8s ¥
Psﬁzmsvﬁ (la)
Py =m; v, "'esA'v
¢ )

!v)here E denotes the total energy, P the generalised momentum, 2 the velocity,
A the magnetic potential, m the mass, e the charge and ¢ the velocity of light.

The subscript s refers to the ions and electrons, and
A, =fB°(x)d .
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For a weakly-varying static magnetic field, one obtains

Py, =myv, + Q,m, x (1b)
where
Q - g Bo
Y mge”

Since any function of the constants of motion is a steady-state solution of the Vlasov
equation, one may choose

12
ms ms vy
fo =m0 (2nz<Tu)(2nKT,.. ) [‘ “’(’““Q,)] X

2

2
_ms [ ) “n s gs x
Xe Z(KTS.L+KT3||)+KTS.L (2)

so that at x = 0 (the »local approximation« which will be discussed shortly), one
obtains

e n oo ThEs o 3)

where, T denotes the temperature, » the number density and

RT.,
ms
Qg .Q

If the equilibrium specified by (2) is perturbed, the perturbations evolve
according to Vlasov’s equation and Maxwell’s equations,

vt a[FrLixE i) va=0 @
V-E=4n§e,fd5f, (5)
v x§=47”23‘,e,fd577fs+%3—f (6
vxE=—_22 Q)

c dt
v-B=0o. ®
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Let
g=¢qo+4q1 |01 ]| <|g0| 9

where the subscripts 0 and 1 refer, respectively, to the state of equilibrium and
perturbation. Upon linearising the perturbations with respect to the state of the
equilibrium, Eq. (4) becomes

a.f s!

* Vs +— [_'DXBO+_gs] ‘ Vufsl=

=2 [E1 +—v xB‘] VeJs (10)

One may formally solve Eq. (10) by introducing the parameter ¢, and defining
the transformation

- = - -
L, v=t,% (0, v (r)

by
U=t ]
dz' = .
— r
& =v® (11)
do’ =0, (v X z)+ ix.
dt' B, 8s J

‘Note that Egs. (11) describe orbits of charged particles moving in the unper-
turbed force fields

=53 xBo—i-m,g,

;111(
!\

In terms of this transformation, Eq. (10) becomes

d 0 T e | & 1 =, r=g

Ez_’f"("’”")=—ﬁ, E, +7‘v X By| * Vv feo (lz)
and choosing the initial condition

-

"= (13)

- -
=1t %' =mx
one obtains

¢
fa (’-‘.s ;’ )= — %f de [El +—2';' X Ex] * Vo fro (14)
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One now assumes that all perturbed quantmes have space-time dependence

‘given by el Geox—an), (Now, because the equilibrium distribution function f.o is a
function of x, strictly speaking, it is not possible to express the fields and the per-
‘turbed :distribution function exactly in terms of a single harmonic dependence,
as in the foregoing: But, such complications can be avoided by adopting a »local
approximation«?. This is a valid approximation if (3) is satisfied.) It will be assumed
further that » has a small positive imaginary part so that the perturbations vanish
at t = — co. This would give one the prescription for handling some integrals
which would otherwise be improper. It is equivalent to Landau’s prescription!®,
The perturbed electro-magnetic field can be shown to be electrostatic (see section
7) for waves for which

‘and this approximation is valid in the limit of small AV. Thus, putting

Ei=—vo, (15)

the dispersion relation follows from Eq. (5)

’¢1——4n2esjd$f,1. (16)
Noting '

VP Vofeo= [—Kmf-“;‘ v+

_m, T,y ,
ibplg - (1 -2 u)e)n 1 an
d¢l d ¢1
e AR AL J
one obtains from (14)
z
- w My ms _ Ts,l,) l}]
fa = fw[ KT,“ +‘” T, Tk {9 KT, (l T, "
X el lhy O'=3) +hg (B'=P) —o (*=0] ¢’} B, (18)
.The lowest-order solutions to (11) are
- _&
v, =9, cos (2,7 + ¢) 'Q’J (19)
s = vp
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and
y._y=";)_-’- [sin(.Q,~r+<p)—sin<p]—gir 20)
B —B=uvt
where
=1t —1t.
Noting
ei4sin® — E Jn (A) eine (21)

n=-—co

J, being the Bessel function of order n, and using (19) and (20), (18) becomes
ny e m m 2
__ "0 ®s S S
fo === (2nKT,_L) (ZnKTs”) %

kg T
o487
X{ m, [“’* (o —5%) (2 ek |

T KT, K Ty [m, 0,
J ky v, kyvy
m Qs Qs A _

xzz Z z ei(n—me x
T —w+ ko, —{—n.Qs—%J—’
o ”lzl

% (1 + GkS_”) e 2 (KT;J_ + x‘r...')} (22)
1

where the subscripts || and L denote, respectively, subscripts z and y.

The perturbed number density is then given by

2z oo . 00 i
Nsy =J‘d¢J.dv“ J‘dv_,_'*z)_,_f,l, (23)
0 —o0 [\] .
Using
o 2
_ msv |
m, IRT, [ 2 (kL vL) _
27!7)J_d1)_|_ —Z-';I-?T e s Jn T =
sl s
0
k?L K Ts.L —k_z'l:_&l: 4
= In ('—'"'S—Q:—) € rm!)f (2 )

FIZIKA 14 (1982) 8, 187—205 193



SHIVAMOGGI: DRIFT-WAVE INSTABILITIES. . .

I, being the modified Bessel function of order n, one obtains

. kz K T, k_LKT:J_
gy = IZ”" ¢1{1+):1 ( 1’ Q:l) s BERS
( kJ. gs) ( sl ) gk K Ts][
ms 825
(1 + kJ_) TR x Z(as)} (25)
B, ]/_
ms
where Z ({,) is the Fried-Conte dispersion function
Z@) = f""x—c,
and
) k.Lgs
o —-nf 4
fs = 2 (26)
) 2K T,
i A
Note!s
Im[Z@)] =)met
—2(;[1—_+ ] [e] <1

Re[Z (D] = eD)

_?[l+ﬁf+"']"cl>|l’

3. Finite-ion-Larmor-radius effects

Consider a plasma in the absence of any effective gravitational field, with
hot electrons ({, < 1), and cold ions ({; > 1). Since the collisional relaxation
times for the electrons are shorter than those for the ions, the electrons in mirror
machine are very likely to have an isotropic velocity distribution!?), i. e., T,, =
= T, = T.. One then obtains from (25)—(27)

ey ~_g{:¢,[l +i 1—(“’ _K“’; ] (28)
ll
A a? r:z
nyy zI<T¢1{%"' -L ;/92+ +
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£ Tin ) A Tlli]

X e 2%KTu (29)
1 —ml
where
I dno
o KT ,_a o _mdn KT
s m > Q§, ”le Qe
and we have assumed
Neo = Rjo = Ng.
Using the quasineutrality condition, one then obtains from (28) and (29)
@ % —ad (30)
¥
20?2
VK T 1 + k.L a;
T A ]“” ) ( Tl“ )]
A —— — — Q — l
—k a (T._L/T,”)w Vz [w (Te S X
/Q 1] Sy
_ m(a +90)
Xe WyKTm, @31

It is seen that:

M

@

finite-ion-Larmor-radius effects, which become operative for waves with
wavelengths less than the ion-Larmor-radius (¢, a, < 1), have a stabxhsmg
nature on the drift waves, a result which is well known!®; the physical origin

- >

of this effect being the ExB drift characterising the hydrodynamic motion

BZ
which must be averaged over the orbit of a particle; because of their finite
Larmor radius, the ions see a slightly different perturbed electric field than
the electrons, causing a slight-out-of-phase motion which may lead to sta-
bilisation;

the finite ion-Larmor-radius effects become stronger as | | gets closer to

2, — advent of a drift-cyclotron resonance; though, according to (31), the

convective instability then disappears, as we shall see later, a flute instability
with %, = O then arises;
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(3) the ion response (represented by the second term on the right in (31)) further
destabilises the drift waves if T, > T;

2

(4) the terni kya,

A

in the denominators in (31) was missed previously
©

(‘—ﬁ:

in the literature for the case of an isotropic plasma, this is essential in treatirig
high-frequency drift waves (see Shivamoggi'™”).

4. Effect of curvature in the magnetic field

Consider a plasma confined by an oﬁtwardly curved magnetic field. One then
simulates this-by introducing an effective gravitational force in a direction opposite

to that of the plasma stratification, g = —gf,,. Consider a flute with %2, = 0.
If we restrict ourselves to w < 2, only the # = 0 term need be retained in (25).
Using (25) in (15), one obtains the dispersion relation

1 k) KT (l dn l
B = _ R RIa(1Gm0) 1
s i)sn [ L +{l m,.Q, No dX) ” _k..l_gs} %

Q,
) Ky KT,,
x 1o (X Tet) ¢ 2 ] (32
where
2 K TSH
Dai ™ i, w?,
Let
¥ KT,
W < 1. (33)

Further, since the actual forces on the particles due to a curvature in the magnetic
field are proportional to particle energy, let

_ T,
| mege =m, g, T 39
Putting
— k_l. gl ( Te)
w= ———Ql o+ T,,I 35
Eq. (32) becomes
o*t+o(t+akia)+ar=0 (36)
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where, we have assumed

Io(é,)e-d' ~ 1 ‘—61, if 6‘ <1

and

T,

=1 ¢

+ T,

a=KTl" (idno) 1
mg \ng dx/ kj Aﬁm 1+ aim%)m)

KTy

a = —ar
my &

The growth rate is then given by

12 .
w,z%lg—'[ar—%(t+akia§2] . 37

Note the stabilisation caused again by the finite ion-Larmor-radius effects. This,
stabilising effect, however, diminishes, if 7;; becomes much larger than T,
a trend we also saw in the previous section. o

One obtains the hydrodynamic result by ignoring the stabilising terms, and
letting a} > 4,

T 1dng
w; & V'fglaﬁ (38)

which is the well-known Rayleigh-Taylor instability induced by a density gradient
in the presence of an unfavourable gravitational force!®,

5. Drift-cyclotron instabiliry

It turns out an otherwise stable drift wave becomes unstable when it becomes
0 - 0 A .
degenerate with the stable cyclotron oscillation, ® = £,19°. Consider a flute mode
with
k“=0, w<€.Q,, O)z('bzgg

ky =k T, = qu Ngg = Myg = No-
If
k* KT, B KTy
me L0 <5 my 8% >1
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using (25) in (16), one obtains

1 o+ o
‘+kz—zg,[“—w-]+

i
+k=A;,[‘_ o —0,

I, (k2 ad) e~# a?] =0 (39)
from which one obtains the condition for stability

[aa+mm+an—-a ,>+9(1"I'—1)A,]2>

>4092,(1 + k2 ).E, —A,) (40)
where,

A1 = 11 (k2 af)e"‘z a‘z < l.

Only for & =~ £, can (40) be violated, and drift-cyclotron instability would then
arise. It is noticed again that T,, > T, favours this instability.

In the presence of an inwardly curved magnetic field simulated by the intro-
duction of an effective gravitational force in the direction of plasma stratification,
one obtains in place of (39)

1 o+
"“ten|' Tk +k2).’ ['+
0

o+ (.Q, kg,) (T‘” - l) —®
2\ I, (k? a) e”*"’?] =0

kg
+ Q‘ Ql

+ (41)

and the condition for stability becomes
2
[.Q,(l+k21)+( kg‘)(l——./l,)-i—(.()—g)(T‘“ l)/l,] >
T,
k?
>afa+28) (0 -48) - a 1wy -

2o (- 2) (Fe—1)]xa+mm-an @
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Note the stabilising effect of g on the flute mode. This is in accord with the
result of Krall and Fowler2?. The drift-cyclotron instabilities have been observed
in experiments2!-22),

6. Electromagnetic drift-waves in an anisotropic plasma

The assumption of electrostatic nature for the drift-waves made in the previous:
sections is valid for low-§ plasma or for phase velocities much less than the Alfven
velocity

® o = B,
¥ a4 _ T
k, Ve n,m,

We will now relax this restriction, and consider electromagnenc waves in a non-
uniform anisotropic plasma.

Consider a plasma in a uniform magnetic field B0 = B, ?p. Proceeding as
in section 2, one obtains

E — & _ ms Ely [ My (—w+k“vg)
st m_,- K T.\'” lk_'_ K Ts“ kJ_

Eyy +

m nL,
'S 1 S.L} ) X
KTS..”"E‘”(Q KTsL‘ Tl ke

X (El,.—%{k”E,, —k lEl,,})] X

- (352
co mn 'Qs " g_, i(n—m)q:} E
X,,,,_z;m n}_:_m i(—e + kv + 702 € 50+ (43)

Using (43), Eq. (5) and the z-component of Eq. (6) give

2

pS_
ik,

r kv
I:f dog | 2mo, dv, J} (‘.’b,"‘)x

{[ m;  (— “’+kllvﬂ)E s

ik_LE1y+ik1|E16=z s
s
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(-]

+ ?28—‘ [Ely— 1:05 (B Eyy—Fky Exﬁ)]} X

1 2 2
e o s
% 22KT, ) \22KT, 2T, KTy,

(44)

sz_c

tw
(ky Eip— Ry Eyy) = — —C'Elﬁ—

-3 mf,s[f dog f 2nv, dv, J} (kJ'v‘L) X
s ‘QJ

—o0 0

my (— w + k,, vg) m ]
X E,, — vg Ejp| X
[[ ..L 1y Krsll B L£18

x[1+ ( A —1 )]+

Y,
+ X [Eu s (ku E,,—Fk E:ﬂ)]}

) (o) 3 e )
X(anT,L 2x KTy, 2 \KT, KTy,

t(—w+ ki Vs+ni)

(45)

Consider the low-frequency behaviour

w kiKTsJ_
E« 1, —_1;1-,9: <1

so that only » =0 terms need be retained in Eqs. (44) and (45). Using (24), (44)
and (45) become

k
[ki + Bl =l (o) e +

p;K T {1 IO (GS) e-"‘}]
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k
+ [kll - zw;s (_Q—J-—:, KT )IO(O'S e~ 'Wls] Elﬁ—"

kzlk_Lc Ely { k“kﬁ_cz
o R T T

A
— 5 o (B - ) h@eowa) By =0

@
where
kLKQf‘L K a,
m;ﬂﬂ
:vﬂ e 2KT:||
m.vﬂ
ool 2 )
ZnKTs" P otk o/
From (47)
Elﬁ_ k" [ wzcof,, (8 k.L_ m ) ~a,
E, Bl TZ ERa\Ge KT, X e W
so that if <1,
kv
By, By
E,, kR,

and one has then electrostasic waves.

From Egs. (46) and (47), the dispersion relation follows:

k
(2 +sob P nGem+

mg e
R Ty 1Tl '}] *
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[ku X @) (kf:, KT,,)"’("')e ] X

X [_ Ry B cz] [_ tH+Zo ;’;) gloe +

+ 3 o = (1 =L@y e) =0. (50)

Consider the limit

KTy, w KT
-y —kT e (51)
and let, as before
el — Ten - T
so that one obtains from (50)
K, v k c
I + | “Te ! s ( e
{ [ We w: Ty,
1 V_‘”e/ku _A A T
2.2 Te A
=k a n"-’.(ﬂ(‘” + w,) (52)
where
(:,=3k_LKTs” 2_KT3
s my 2, 5T Tmy

In the limit %3 a} < 1, one may drop the right hand side of (52). Also,

assuming
5 VK_i
Y “m, ke

<1, <1 (53)
Wpe W,
one obtains from (52)
, KT,
A - ¥k, l" me T, ke
@=0t1ym KT.L o} 1-*-Tm o I S
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Note that:

(1) if the electron response (represented by the first term in the bracket on the
right) dominates the ion response (represented by the second term on the
right), waves are unstable;

(2) ion response contributes damping;

(3) interestingly, the ions out of phase with the waves (because of (51)) produce
this damping;

(4) ion-thermal-motion parallel to the static magnetic field primarily sustains
this ion response;

(5) for the case of an isotropic plasma, (54) indicates the presence of a wave growth,
whereas Krall’s? calculation for the same case does not show any.

7. A purely oscillatory transverse wave

Consider a flute mode &, = 0. Using Egs. (6), (7) and (15), one obtains

T
coraffio) ]
T, S\T. ek
2 A2 __ 2) — 2 s st _ ix
(FLef—o)=ZTong, X[ IR Tyim, 2,1%
E ms 0%
E-fﬁ( Jbv"')e-zxr,i
X = E_ ws+ ngs 7)_|_ d'v_,_. (55)

This represents a purely transverse mode, propagating perpendicular to the
static magnetic field with its associated electric field vector along the static magnetic
field.

Consider the limit
Ra<l

so that neglecting the » = 0 terms in (55), one obtains

2
2 2y Do _sk_!_ KT,”)
R e ? ° (co 0. m ) (56)

The electron term will dominate, being larger by % than the ion term. Thus

2 & k_l_ K T,"/m, .Q,

1+ B o, 6N
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It is seen that:

(I) these waves are purely oscillatory;

(2) the energy source of these transverse waves is, interestingly enough, primarily
associated with the kinetic energy of the electron-thermal-motion parallel
to the static magnetic field, (unlike the Bernstein modes2??), in a uniform
plasma);

(3) these waves can be driven unstable only in the presence of an inhomogeneity
in the static magnetic field2#.

8. Conclusions

In some plasmas of practical interest (ex. mirror machine), the kinetic energy
associated with the ion-thermal-motion parallel to the magnetic field is much
smaller than that of the ion-cyclotron-motion in the perpendicular direction. First,
electrostatic drift-wave instabilities in a nonuniform low-plasma under these con-
ditions are studied. Specifically, three problems are treated:

(1) finite ion-Larmor-radius effects;
(2) effects of curvature in the magnetic field;
(3) drift-cyclotron instability.

The results show that the forementioned anisotropy makes available more

free-energy sources to agrravate the various instabilities. Further, this paper also
illustrates some features of drift instabilities in the case of an isotropic plasma that
have been previously missed in the literature — some of these additional features
are essential in treating high-frequency drift waves.

Finally, a study is made of electromagnetic drift waves in a nonuniform,
anisotropic, finite-f plasma. The results show that:

(i). the wave are unstable;
(ii) the ions out of resonance with the waves produce some damping.

A purely oscillatory transverse wave exists that derives its energy source
from the kinetic energy of the electron-thermal-motion parallel to the unperturbed
magnetic field. Further, for the case of an isotropic plasma, the calculations given
in this paper indicate instabilities that were missed previously in the literature.
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NESTABILNOST DRIFTNIH VALOVA U ANIZOTROPNO]J] PLAZML
B. K. SHIVAMOGGI

Department of Theoretical Physics, Research School
of Physical Sciences, Australian National University,
Canberra, Australia

UDK 533.95
Originalni znanstveni rad

Prouavana je elektrostaska nestabilnost u neuniformnoj plazmi u kojoj je ionska:
temperatura u smjeru magnetskog polja mnogo niza od ionske temperature u
smjeru okomitom na magnetsko polje. Posebno su proudavani efekt kona¢nog:
ionskog Larmorovog radijusa, efekt zakrivljenosti u magnetskom polju i driftna-
ciklotronska nestabilnost.
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