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Original scientific paper 

The paper deals with the torsional problem relating to a large thick plate rigi­
dity of which varies in the direction from one face to the other, one face being 
assumed fixed. The investigation is extended to the case where both faces are 

. acted upon by shearing force depending on the radial coordinate. 

B pa6oTe Hccne.zzyeTCH 38,z:r;aqa I<pytreHHH ,rr;.IDI TOJICTOH IlJI8CTHHI<H, >KeCTI<OCTI, 
l<OTOPOH H3MeHHeTCH B HanpaBJieHHH KOop.rr;HHaTl,I TOJil.qHHbl H BepXHee OCHOBaHHe 
KOTopoii 3aKperu1euo. Hccne,rr;oBaHHe pacnocrpaHHeTcH Ha c.rryqaii, 1<or.rr;a Bo6oHX 
OCHOBaHIDIX .rr;eiiCTByIDT c,rr;BHI'aIOIQHe CHJil>I, H3MeHHIOIQHeCH B pa,z:r;HamHOM Ha­
npaimeHHH. 

1. 

2. 

IIpe.z:r;1,1cropHH HaCTOH{QeH 3aMeTl<H BOCXO,rr;HT I{ pecpepaTaM 1-13. 

3aI<OHH H3MeHemm >KeCTI<OCTH npmmMaeM TaI<HMH: 

G = G0 (ae-a.:r + bea3) 2
, a> 0, b > O; 

[ ( 2 -r,z) ( 2 . -•z)] 2 

G = G0 alo -;-J/Pe2 + b Yo -;-VPe2 ,

p > 0, a > 0, b > 0; 
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3:8IIIHHCKH0: KP}."IEHME BOJihm0:8 ... 

[ (2• -vz) ( 2· -,z)· ]2 
3. G=Go aJ0 -;-V peT + bY0 -;-JI peT , 

p < 0, a > 0, b > 0;

4. G = Go (cz + d) [ aJ,,.(�i V<cz�d)') +b J_,,.(� y<cz ;.d)') r
c > 0, d > O, a > 0, b > 0, i = y=T;

s. G=Go(cz++J,13 (; V<cz!d)')w-,,.(; y<cz !dl')]',

6. 

7. 

7'. 

7". 

8. 

c > O, d > O, a > 0, b > 0;

G = G0 (a sin az + b cos az)2, a> O, b > 0,

0 
. a 

< arcsm JI + az < 1t;
a2 +b2 

G = GO (az + b )n, a > 0, b > 0;

G = GO (az + b) 2, a > 0, b > 0;

Go 
G =

(z + b)2
.,,, P-1\eJioe tJHCJIO

� .:... (ax+b)2 G = G0 (az + b)0 e2a , a =f= 0. 

II pH c = 0 no.nyqaer.1 c.rryqaH 7, 7', 7". 

<PopMyllupoa1<a npo6Jle.Mbl 

Onpe.n;eJIHAt KOMIIOHeHThI HanpIDKeHHH H nepeMew;eHHH miyrpH ynpyroro 
Tena, }KeCTKOCTh KOTOporo MeID.le'fCH no 3aKOHaM 1-8, orpaHHtJeHHoro IlJIOCKOCTHMH 

Z = 0 HZ= h. 

!IOJIO>KHTeJILHOe HanpaBJieHHe OCH X HanpaBJieHO BOBHYfpL Tena. Ha rpaHH-
1\e z = 0 cKpytJHaarow;He CHJibI .n;eikTBYIOT BHYTPH Kpyroaoii o6nacru DJioc­
I<OCTL z = h ocraeTCH q>HKCHpOBaHHOH. 

Bae.n;eAl �pHtJeCKHe KOOp)];HH3Tbl (r, @, z), TOr,na 

!Tez = G (z) !:, 
T,e = G (z) (!; - ; ) . (1) 
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3tmlli.lflCIG1H: KPYtJEHHE BOJlhIIIOH.,. 

rpallH'IH1,!e YCJIOBJffl: 

{
z = O, r < a, Tez = F (r) = kr, 

z = 0, r > 0, Tez = F (r) = O, 
z = h, f) = o.

(2) 

)Jaa ypaeHeHWI paeHoBecwx y,noanemopmoTCH TO)l(,[{ecraeHHo, TpeTLe ypaeHeHHe 

(3) 

C yqeTOA1 (I) .r(aeT CJie,ro'IOillee ,nucpcpepe�HaJlLHOe ypaBHeHHe OTHOCHTeJll,BO fJ 

IlyCT.& 

82 
fJ 

+ 
1 a f) _ fJ 

+ 
82 

fJ + G' (z) ofJ = 
O

8r2 r or r2 8z2 G(z) oz 

fJ (r, z) = R (r) Z (z), 

(4) 

(S) 

TOr.rta ypaaueHHe ( 4) npeo6pa3yeTcH K eu,ror 

(4') 

(4") 

Peweuue ( 4) ul\reeT eu,n 
R = 11 (Ar), (4

"'

) 

fJ = f 11 (lr) [AA Z1 (l, z) + BA Z2 (,l, z)] d l. (S') 
0 

Mcnonayx (2) nonyt1aeM 
A,. Z1 (1, h) + B,. Z2 (J.., h) = 0, (6) 

Te, = G (z) f J.(lr) [ A, :z z, (l, z) + B, :zz• (A, z)] dl, (6') 
0 

-r,e = G (z) f (-i.J2 (lr)) [AA Z1 (1, z) + BA Z2 (A, z)] dl. (6") 
0 
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3ruilHHCIO:Ol: KPY11EHHE BOJlhm(?a •..• 

IlpH z = 0 110.nyqaeM 
co 

'lJ I:= o = f I1 (lr) [AA Z1 (A, 0) + B,. Z2 (l, 0)] d l, (5") o· 
co 

..-.... 1. ... = G (0) f J, (Ar) [ AJ.:_iZ, (A, z))�;o + BA :z (Z2 (A, z)),;� Jd)., (6"'.) 
co 

-r,e I = -G(O)f·ll2 (lt) [A1Z1 (l, 0) + B,.z2 (.,t, O)] dl, (6'"'
)

:co 

H3 (2) noey.qaeM 
Te: I== o = F (r), (7) 

co co. 

F (r) = f l 11 (lr) d l f y F(y) J1 (ly) dy, (8) 
0 0 rtonyqaeM 

a a 
. . . k2 a2 

•. J 2 (la). ... A,. az (Z1 (l, z)):=O + BA az (Z2 (A, z)):=O = G (0) . A ;... . (9)
�3 (9) H ( 6) AA H B,. Moryr 61,m, onpe]];enem,1, · nocne qero KOMnOHem1,1 nepeMe­memrn: 'lJ H HallpIDKemm T@.:> T,e O)];H03HaqHO Ollpe)];eIDIIOTCH. 

ECJIH B 7 y = n = 1, no.rryqaeM peaym,TaT Peet>. 5; e� y = n = -1, TO 110.rryqaeM peaym.TaT Peet>. 7; · ecm1 y = n =t= 2, TO 110.rryqaeM peayJI&TaT Peet>, 9. 

210 

3aMeTHM, 11TO c.rryqaii 7. ecrr, 11acrm,m: c.rryt1aH 8 npH c := O, d = a,n = a y.
. . . .·.· ....... ;., . 

. 

YrollHHM o� peayJILTaT H3 Peq>. 12. EcnH 
a2 y (2 -y) <p (z) = 4 (az 

+ b)Z' a> O, b > O, r + O, y + 2,
G= G0 (az + b)'I 

JI az + b {M1 •;• 1 r: (az + b)] + BAJ_ 1 •;• 1 r:c,.;, + i.>]}
Z= ,. ., '

- 1--

C1 (az + b) 2 + c2 (az + b) 2 

r = -2p, fJ = 1, 
A,. J 1 [il (z + b)) + B,. J 1 (iii. (z + b))] 

p+- -p--z = 2 . . 1·. 2 . 1· c1 (z + b)-P-2 + c2 (z + b)P+2 
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3HIIIHHCKJilt: KPYqEHHE BOJil,illOit ..•

npH C2 = 0 nonyqaeM <pOpMyny (4+ 7) Peq>. 12 crp. 639,: B KOTOpoii- HMeeTC.f.l
oqeaHWUUI oneqaTKa. 

Ilo.Jlh3y.a:a. 060�11aqe� Pe<p. 12 wm SnonyqaeM:;

g (z) = [In G (z)]',

Z = V (A, z) exp (- ! Jg (z) de:), 

V" + (::- A 2 
� ! ( (z) - ! g2 (z)) V = O,

- · 1 . I · <p (z) == - 2c'(z) - 4c2 (z),

. R; + <p (z) R1. =· (), ·

Z = 
V(l,z).. R1 (z) 

d2 V ['.. ·2.P + ea + ed 2atl....:. d2 c2 (az
4
+ b) 2 ] 

V
= 

O.
dz2 + - 2 + 4 (az + b) 2 -

az + b = Z1

npeo5paayer �H<pcpepeHI(HaJll,HOe ypaau"�HHe ,( � 9) . K BH)zy ..

(10) 

(11) 

d2 V +··(_2i2 +ca+ed
+

2ad -d2 _c2 z!) V = O (ll)dz2 2 4a2 .r. 4a2 • 
1 . . 1 

IIo�craaoaKa
4s = z; (13) 

npeo5paayeT �ucpq>epeH.QHaJThHoe ypaaHeHHe ( 12) K a�

d2 V + _!_ dV + (- 212 +ea+ cd +. 2ad - d2 _ c2 ) V = O. (J4)ds2 2s ds 2a2 s . · l6a2 s2 a2 · _ 
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3:RWHHCKHA: KPY'IEIUfE BO.Jll,WO:R ..• 

npeo6pa3yer AHcl><l>epe�Ham,Hoe ypaBHeHHe ( 14) K BHJ,zy 

d2 V1 + (- c2 
_ 212 +ea+ cd + 2ad - d2

) V = 0
ds2 a2 2a2 s 16a2 s2 1 • 

IIOACTaHOBKa 

C 

Si = 2s • -.

a 

npeo6paayer AH<f>cpepe�am,eoe ypaaHe1me ( 16) K BHAY 

(16) 

(17) 

d2 V1 + (- _!_ _ 212 + ac + cd + _2ad - d2 + 3a2 ) 
V = 0 (lS)ds! 4 4ac · s1 16 a2 s! 1 • 

YpaaHeHHe (18) eCTL ypaaHeHHe YnTTeKepa-BaTcoHa (cM. Pecp. 14 crp. 317), 

ero o6mee peweHHe eCTL 

_!!. µ+l. 
( 1 ) + C2 e 2 • s1 2 l.P µ - "+ 2 · 2µ + 1; s1 , (19) 

C 1, C2 - npoH3BOJILH&1e nocrommL1e HHTerpupoaamm, t/>, 'P - KOH<PJII03H­
THbie rnnepreoA1erpHllec1<He <l>YHJ<QHH (CM. Pecp. 14 CTp. 317.)

2µ 
= ± I a - d 1., " = _ 2). 2 

+ ea + ed
.2a 4ac 

(20) 

.nnH 8 OKOHqaTeJILIIO nonyqaeM 

- � (a:+b)l 21'+ a-d [ 
1 c (az + b)2] 

Z =K 1 e .fa • (az + b) 2a <I> µ - x + 2, 2µ + 1 ;
2a 

+ 

PeayJILTaTLI pe<l>epaTOB 8, 9, 10 SIBJIHIOTCH qaCTHbIMH cnyqamm (21). 

212 FIZIKA 14 (1982) 3, 207-214 



3:RmHHCKH:R: KPY'IEHHE BOJihmOR ... 

C11y1'0,U Kpy1/,eHUJl ooeux zpaHU1/,H'UX tl.llOCKocmeu

B 3TOM cn:yqae:

·re, l:,,.h = F (r), r � a;

00 CO 

'l'e:l:=h = F(r) = f },,J1 (lr) dl f y · F(y)l1 (ly) dy
0 0 

CO 00 

i-e:l:=-h = F1 (r) =JA 11 (lr) dl f y • F1 (y) 11 (ly) dy.
0 0 

38,llalla acpcpeKTHBHO pewae-rcn TalOKe H B cny11ae .:Ja,llamm pa3JIHlllll,IX Kou1-
6HH� MOJzyJieii 1-8 OT cpe�HHHOii nosepXHOCTH (r.:M. Peep. 13). 

Te: = Z f)z' 'l"@.::
=

'J 
z f)z 'l G ( ) 

a V
I I ,,, ( ) 

a v' 
t T,e = G(z) e:- : ), -r;,, = G'(z) (�:' - �). 

rpaHHllHhie YCJIOBHH H YCJIOBH.fl HCIIpepbIBHOCTH (CM. Peep. 13) HMeIOT B�: 

{ [Te:1:=h = F(r),
['t"e:]:=-h = Fi (r),

{[v]:=o = [v']:=o,
[?"e.z]:= O = [TezL:= O• 

Oco6eHHo 1<0MnaKTHhIMH pe3ym,TaTbI no.nyqaroTcH e c.nyqae, ecnH

{ K · rn, K = const; n = 0, 1, 2, ... , 0 < r :5: a,F (r) = F1 (r) = 0 r> a.K EcnH e 1 a= O,a = 2, b = J/µo no.rry11aeM peaym,TaT Peep. 13.
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IZVIJANJE VELIKE DEBELE PLOCE PROMJENLJIVE KRUTOSTI 

A. M. EISINSKIJ

Vecernja fkola 46, Dnjepropetrovsk, SSSR 

UDK 539.41 

Originalni znanstveni rad 

Razmotren je problem torzije velike debele ploce cija je krutost promjenljiva u smje­
ru okomitom na povrsinu, pri cemu je jedna povrsina ucvrscena. 
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