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Using the methods of Lie algebras the matrices L, (¢ =0, 1, 2, 3), appearing
in the Bhabha wave-equation based on the 16 and 20-dim representations of the
group SO (4,1) are given as linear combinations of the basis elements of the Lie
algebra B,. The hermitianizing matrix is also constructed and the masses of the
particles determined. Finally the transformation properties of the hermitianizing
matrix are studied.

1. Introduction

“The field of relativistic wave equations is more than a half century old and"
aims at the description of particles in terms of wave-functions and equations of
motion!~23),

Bhabha in his effort to free the higher spin theories from the presence of the
subsidiary conditions proposed an equation which is similar in appearance to the
Dirac wave equation and which in the absence of interactions reads

v ¥ ¥ v |
I‘°E+L‘E+L’a_x, +-L3E+1x9’—0 )]
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where L, k = 0, 1, 2, 3 are four matrices of appropriate dimension depending on
the representation according to which the wave function ¥ transforms and y a
constant related to the mass of the particle. The Bhabha field is a multimass and
multispin field!!- 1%,

Making use of the methods of Lie algebras in this paper the matrices L,

k =0, 1, 2, 3 appearing in the Bhabha wave e uation based on the 16 and 20-di-
mensional representation of the group SO (4, 1) are constructed?4~ 29,

2. The marrices L, as linear combinations of the basic elements of B,
The Lie algebra correspondmg to SO (4 1) is the complex Lie algebra B,.

Its generators are hal, ha,, €1y eiaz, eim”.,,,, e:!:(“ﬁ- 202y We recall that for any Lie
algebra Z:

i) any element ke is given by
il‘ =t ,;;l + py i;az ()]

where 5# the Cartan subalgebra of &z H I;;l, Z,, the basis elements of the Cartan su-
balgebra and y,, u, coefficients.

i) (e B = o (1) o ®
iii) [h#1=0, Vh ' e ¥, )
iv) [eos o] = Pty ).
V) ew 8] = Nt o ©
where N, g =0 if a + B.is not a root of £, N, = —N, s and by convention

N_q,—g = Ny Moreover if the a-string of roots containing f is
B—ra, f—(@r—1)a,.p..0+qa ™
then the magnitude of N, g is:given by
(No? =80+ 1) (s a). ®

with the signs of N to some extent being arbitrary. ([,] = commutator, (;,) =
= ‘inner product).

44 FIZIKA 15 (1983) 1, 43—62



KOUTROULOS: LIE ALGEBRAS AND...

A five dimensional matrix realization of the complex Lie algebra of SO(4,1)
i. e. B, and hence of the canonical form of B, is given below?2®,

For the basis elements of the Cartan subalgebra we have:

- 1 -~ - - -

han == T {82.2 — €4,4 — €3,3 + 85,5}, (9)
P 1 ~ - i
o= = o — ) (1

For the basis elements corresponding to the simple roots we have

- 1 - -

by, = l/'—3 {ez.s - 95.4}: (1)

- 1 - -

g, = G {es,2 — a5} (12)

- 1 — -

=i {er.s —esn}s (13)

- l - -

bea; = —ﬁ {es.1 —e13) 14

For the other basis elements e (q,+ ;) €1 (ay+2a,) Of B2 We find

- 1 - -

Eay+az) = ﬁ {— e21 + e1s}s (15)

- 1 - -

€(-ay-ay) = ﬁ {_' e4,1 + 91,2}: (16)

;(a +2a )"—"i {— ;34+;2 sh 17
1 2 V’g » ’

- 1 - -

e(a:+2az)=ﬁ {—es.2 +ess}s (18)

-
where in the above formulae e,,, are 5-dim. square matrices in which the (m, n)
element is unit and all the other elements are zero. The elements e (4, +«,) Were
. -
determined using the elements e,q,, €.., and the commutation relations (6) ta-

king for Nu,,a, = N_a;,—a, = ﬁ and (a;, a;) = —;— The elements e q, +24,) Were
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- -
determined similarly using the elements e,¢,, €4} +a; and taking for Nyyoy 402 =

1 .
= N—uz.-au-az = V—g and (aZ’ aZ) = ?‘

Bhabha in defining the five dimensional realizations of the matrices L;, 2 = 0,
1, 2, 3 extended the group SO (3, 1) to the group SO (4, 1) by identifying
Lo=1Ioa Li=1I1,4 Li=Iy4 Li=1I, (19

where Ig, 45 1,45 12,4, I5,4 belong to the generators of the five dimensional Lorentz
group.
J. F. Cornwell2® gives the following similarity transformation

~0 i 0 —i 07
010 1 o0
s=] 0 0i 0 —i (20)

0 01 0 1
iY2zo0 0 0o o

which maps the canonical form of B, to the Lie algebra SO (4,1). Using this si-
milarity transformation and constructing S=* L, S, 2= 0, 1, 2, 3 we find

003 0 7]
0 0 0 0 O
S-1L,S=8"1I,,5=|-il/Z 0 0o 0o o0 |
0 0 0 0 O

—-ify2 0 0o o0 o

"0 0 0 0 0~

0 0 i2 0 i
S§-1L,8=8-'I,,S=| 0 i2 0 —i2 0 |

0 0 —if2 0 —if2

02 0 —i20

@n

"0 0 0 0 0 -~

0 0 —1/20 —1/2
S-1L,S=8"'I,,5=| 0 12 0 1/2 0

0 0 —120 —1)2°

0 12 0 12 0

0 0 0 0 O-

0 00 0 O
.S"1L,S§=8"'I,,S=|0 0 i 0. 0

000 0 O

0 0 0 0 —i_
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The matrice8 $-1L,S form a linear combination of the basis elements of the Lie
algebra B,. Namely

S 1Ly S = als_aim (hay) + BT s aim Ghg) + ¥ T's — aim (€n,) + 0 T's — aim (E-a)+
+ & PS—dlm (Zaz) + CPS-dlm (e—az) + 771-'3—dlm (.;au+a;) + @ Pﬁ—dlm (:-al—az) +

+ % s atm (Cars202) + 2 Ts_ i (- ay - 20y) (22)

where I' is used to denote the matrices associated with the elements
- - - - -

hap ha;: €1apy €ray €4 (aq+az) Z;};(a1+2a3) and q, B, Y 8 & &, s 0, %, A coefficients
which for each 2 = 0, 1, 2, 3 can easily be determined by using (9) — (18) and (21).
Performing these calculations we find:

S™1LeS = 1V§ I's_aim (ea) + iV_jI's—dlm (e—ay) (23)
3 N i3 -
S-L,S = ll/hI'.s atm (€x,) — £Ps—alm (e-q,) +

V2 V2

IVV;- FS dim (;a;+2¢z) iVl/E_s. PS —-dim (-e’—au-2¢z) (24)

S~1L,§ = — :j:rs dtm (eal) ﬁps-dm (Z—a;) —

_V3 R £ 3
V§ I's_ itm (ea;+2az) Vi I's_yim (e-a,—z,) (25)

S-1LyS = —6i I's_ i (ay)- - (26)

The 16 and 20-dimensional realizations of the matrices L, are given by the
same linear combinations of the basis elements of B, as for the 5-dimensional re-

presentation except that I's_ 4, (;;,,) oo I's_dim (:_m_,,,) have to be replaced by

the 16 or 20-dimensional matrices 10— gim (;;,l) vee Ta0_ atm (:-al_n,). Thus
for example for the 20-dimensional representation of the matrices L, we have

L:o-dlm — il/i on—dlm (;az) + 1}1/3 on_dlm (:-az) (27)
1 3 - . 3 ~ s
L?O—dlm = l——l—/ﬁ:I‘zo_d'm (en) - IVV—;I‘ZO—J‘M (e—GI) +
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V3 -
+ 15—;—- I30-aim (ea1+2¢z) gzrzo dim (e-aq 2a3) (28)

3 -
L:O—dlm = V on dim (egl) V__:-\on—dlm (e-ﬂl) -

2 2
_V3 Gy V3 *
V§ Iy0_ aim (€ay +2¢) VE Iy aim (- ay-205) (29)

L:o—dlm = — 6i I'20—-atm (Zﬁz)' (30)

3. 20-dimensional basis of B,

We give now in this paragraph the 20-dimensional basis elements of B,.
The fundamental weights of B, are

I
M=a +a 2= 7‘11 + a;. €2))

The highest weight is given by
A=172 + ¢:2, (32)

where ¢;, ¢, are integers satisfying the relation

N=@+D+D@+a+2)Q+a+d. (33)

N gives the degree of the:representation with highest weight A. For N = 20 the
formula is satisfied with ¢, = 0, g, = 3. The highest weight then is

A= ’%‘ ay + 3a2. (34)
The other weights are
3 3 3 3
A4 =A1=-2-¢11 + 3ay, A2=——2—€11 + 2a,, A3=?al+a2, A4=—2—a1,
A =ia + 2a,, d¢ =41 =ia +ay Adg=A41 =—1-a A —-_l_a —a
5 2 1 2) ] 7 2 1 2> 8 9 2 1 10 — 2 1 23
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1 1 1
Ay = _Tal +ay Ay =445 = ——2"11, Ay =4,5= —701 — Q3
3 1 K]
Ayg = ——Z—al’ A,7 = "701 —2a,, A5 = —Tal —
3 3
A19 = — Tal - 2(22, Azo = — —2—01 - 3a2. (35)

In the determination of these weights we have made use of the Cartan matrix
of B, defined by

an ==L =[] @

The multiplicities of the weighst were determined using Freudentals recur-
sion formula. Using the test of reflections one can check that the above weights
are all the weights of the representation.

Using the weights calculated above and the elements of the Cartan matrix

(36) we find for the matrices I" (I;;,), r (—I;u,) forming the basis of the Cartan subal-
gebra

I (hyy) = %diag ©,1,2,3,—1,0,0,1,1,2, =2, —1, —1,0,0, —3, 1, —2,—1,0),
(37

I'(hy,) = ]1_2dlag (3,1,-1,-3,3,1,1,—1, =1, =3,3, 1,1, =1, =1, 3, =3,
1, —1,-3). (38)

The other basts elements of B,.

Constructing the differences A, — A, between the weights and finding those
for which 4, — A, = —a, we find that the matrix I"(e,,) has elements e,, diffe-
rent from zero at the positions

() 9) = (5:2), (6,3), (7,3), (8,4), (9:4), (11,6), (11,7), (12,8), (12,9), (13,8), (13,9),
(14,10), (15,10), (16,12), (16,13), (18,14), (18, 15), (19, 17). (39)
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Similarly from the differences 4 ,— A = —a, we find that the matrix I"(—;.,,)
has elements &, different from zero at the positions

@, 9) = (2,1), (3,2), (4,3), (6,5), (7,5), (8,6), (8,7), (9,6), (9,7), (10,8), (10,9), (12,11),
(13,11), (14,12), (14,13), (15,12), (15,13), (17, 14), (17,15), (18,16), (19,18),

(20,19). (40)

The matrix I (;_,l) is taken equal to —I"*" (;;1) and the matrix I'(e_,,) equal to
I (:,,) where zr = transpose.

The matrix P.(e¢,+¢,) is given by the formula

I (o) = e 6 T o) @)

where Ng,,q, = # and the matrix 1"(:,,“,,,) by the formula

1

N 2,000 + &2

[T (2a)s I (eay +02)] (42)

-
I‘(eou + zaz) =

where Ny, o, 40, = —V% The matrix I" (:-,,-,,) is taken equal to —I"*" (:,Haz) and
the matrix P(_;_m_ 2a,) is taken equal to —I'*" (z,l+2¢,). Thus all the basis ele-
ments I"(e1q,) I' (€a;4)> and I" (€4 (ay + 2a2y) are function of the quantities e, &.
To determine these quantities we make use of the commutation relations of the

Lie algebra, namely:

[T (ea)s T (6-)) = I (hay)s [T (Bg)s T (e-5)] = I (hey), (43)

(7 (o) T (e—a)) = O, [1" (e s o) Ty o)l = I'(Boy) + I'(hiy),  (49)

(7 (ear)s T (eay 40)] = Oy [ (e ay)s T (g +.26)] = O (45)
[T (as)s T (a4 203)] = O, [T (n)s I (g 4 20)] = O, (46)

[ (eay 402)> T (eay 4 202)] = 05 [T ey 4 208> T (6 203)] = I (o) + 2 T (),
(47)
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from each one of these relations we derive a set of equations satisfied by the quan-
tities e;;, &, Solving these equations simultaneously we find

1 1 1 1 1
&,== 50 €43 = :b—: €18,16 = :ET’ €20,19 = i?s €32 = :EPT-a-,

1 I 1
€19,18 = :EV—is €17,183 = o, €17,14 = :I:T’ €12,11 = 0, 13,11 = :1:7»

1 1 1
€142 =0, 15,120 =F—~, €15,13 =0, 14,11 = + —, &,5 =0, &;,5=4 =,
. . 2V§ . » V§ » . 2
1

1 1
g6 =0, 56 = % 7T 07 0, &g7==+ TEs €108 = L 5 E10,9 = 0, (48)

1 1 V2 1 1
es2t = —V?s €19,17 = % V—? 618,14 = :l:T, e18,15 = :i:?: e1s,10 = % 3

V2 1 V2 1 1

€11,17= :I:T’ €116 = =k 3 €73 = :h—s“s €6,3 = :i:—:,‘—: e16,13 = ﬁ:

1 . 1 1 1
€16,12 = :I:V_? eg,4 = :EV—? €94 = :I:V—? €14,10 = :i:VTis €139 =+ 3V§’

1 ., 2)2
+ ma €13 g = =% a—ﬁ (49)

Choosing for the ¢, the positive sign this fixes sign of the e, to positive values.
Hence we have for the basis matrices of B, the following matrices which we give
in terms of their non zero elements.

5
e = 4 —_— =
12,9 3V3 €12,8

I'(ea):
I 1 2 1 1 1
I's,z=ﬁ,rs,s=——3—: P7'3=§’P8'4=ﬁ’ P9.4=‘V=sru.5=?s

2 1 _2)2 1

P =V_—, P = —y P —_—

11,7 12,8 3V§. 12,9 = 3V-— 3V§ . 3V§
2 I 1

Pu.xo =V3: sz 10—— sz.n V—, sz 13 = VE P18.14=Ts

1 I
PXG.IS =—3-: P19.17 =ﬁ- (50)
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-
I'(e_q,)
1 1 2 1 1
Is=——+, I Ny ol e=——Tao=——,
2,5 V—6 3,6 3 3,7 3 4,8 V6 4,9 V§
1 2 I 2)/2
Ps.u——3,r7u——l/—_:raxz— 3V§aPs.13=—§L3a
5 1 V2 1
Ty, = o Toy3=— —= Toye=—"5 Tions = ——s
9,12 3V6 9,13 31/3 10,14 3 10,15 3
1 1 V2 1
sz,xsv-—- —ﬁ’ I'ls.lG = _ﬁ, P14.1a =~ 73 Pls.is =73
1
Pl719=__'° (5])
' Veé
T (ey):
1 1 1 1 1 1
Pz,1=7:P3.z=V—§-,P4,3=7:I' 5=7:I'9.6=m:['3.7=7—§,
1 1 1
I'ios= :I'1311—7s1115.12 -—V=P1413 V_P”“'_T’
1 1 1
Pls.ls =7, I'19.18 =ﬁ: I’zo.w =7~ (52)
FG—az):
1 1 1
P1.2=—Tspz.3=—ﬁsps4— Psv———,F7s= -V——3’
1 | 1 1
69——21/3: 8,:0 _73P11.13—__2‘:P1314—_—_3'>
1 | 1 1
Fypys=——=T = Ti618 = — =5 Tig10 = — ==
12,15 V§ 14,17 2 16,18 2 18,19 3
1
I’w,zo ='—7- (53)

P(_e:u”,): Its non-zero elements apart from the mutiplying factor VB' are:

1 1 1 1 1
P, =— Tyy=— g y= — ——,
26 "% 33 " 66 P 6)6
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1 V2 5 1 1

Trow=—— T s=V2 rpe=—> M=t Mae=-4, -
10,4 21/3’ 11,5 6 ] 12,6 6Vﬁ 12,7 9 13,6 9
2 2 1 1 5
P13.7—18, Fus— ﬁ’ F14.9=—3, F15.8=:?:P15.9=_Wﬁ:
2 1 1 1
r = _V_, r =—— T =, T _
17,10 6 16,11 ZVE 18,12 3V_§s 18,13 6 6’
P19,14=——l—> F19 1s=—'l—s on.17=—L—- (54)
6/¢6 33 2)/'6

r (-;_ a1—az): Its non-zero elements apart from the multiplying factor Vg are:

Tis= == Toa=— o= == Tug =

' Ve~ V3o 6/6 61F 3)/3
Tato =2 T V2 Lo = g Tens =g Ta == 3o
1’,,13_—‘{_85, Ty ’{_85 Tos= =5 Tsia= s Touis 6—51—8
Tyyye=— 11/3 0.7 ‘%5 Tiae 3;/3, Tiae %V‘s
=gy Tiase =373 T =375 ©
I’(;:(,,,za,): Its non-zero elements apart. from the multiplying factor 6 are:
Top=— % 6% Ty, = 3_1/]1=s Ty = Tros = E;l/_‘e’
Tysn = _#3, Type = #ﬁ Tirs = — o Tieas = 611/_6, Fyps= =15,

1 1

Tyo1a = Tl;ﬁ' I0,10= 6_1/:6, TIpo15 = — m
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I’(:_ «y-2a;): Its non-zero elements apart from the multiplying factor 6 are:

1 1 1 I 1
Pragste— Il gon— ey T g = gy I g=y, s 15 —= =y
1.6 6]’—‘3’ 1,7 6|’_6 2,8 3],—-18 2,9 = 1 £ 310 676
1 1 1 S 2
IPsia=-cy Mg ya=———y De1a=—r= Ds15s = — —oey Iy 10 = — —,
5,12 18’ 5,13 3m—8—’ 6,14 lsV—3-3 6,15 181/-63 7,14 QV—6
1 1 1 1 1

T = T, = — s I =—, T, = — I =—
7.15 ISVS’ 8,17 9V§ 2,17 18 11,18 i'g) 12,19 18

1 1 1

L Tigzo= —— Tysz0 = —=.
BVE 14,20 6V—-6- 15,20 6!/3

(57)

P13.19 = -

4. The matrices LX*~%" (k=0,1,2,3)
We are now in the position to construct the matrices L{*" for which we have:

L30—dim — _iViI'(;;) + iV—3 I'(?-az) =

w . -3 . .
i - -»-
. mos
. =12 ..
e
n . . -thfs . .
B I
nys . .
13 P | . .
. . =12 . .
e (58)
T SRR " S
c . s . -12 - .
voe e -1 .
"n . . .
. = .
i . -
L R |

The matrix L20-dim js hermitian.
. .J3 V3 a7 V3~ V3
L20—dim — 1V—§I'(-e:,,) —i —% I'(e_q) +i % (Cay +203) — 1% I’z;_al_z,z) =
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- . -s e’ ' T
. e - . dfiE -1
N " Vals . . e
e dis - .
. U . . . ~1p i
-5 . w m . . =Usfisse
e . Vi vils &5/s —1hy3
. oV - IV s 32 -
-3 . U5 - sy U3 - -1n
el s - - Vi . . Vi ¥ 1£'S
- .o, . y
i -1 . b3 e 1 . B
W5 . ﬂg this e . VB
- ] . o
’.6 . ! . : Wi /e . . Te
i -1 .. yve
e - . Vi LI
- A . R -
B We -0vs . - - K
59
. 3.~ 3.~ 3.~ 3 >
L%“"’"" — _V;F(eax) - [P(e—an) - Ep(ea1+2¢z) _V__P(e-axhzaz) =
V2 V2 V3 V2
B ¥ « o Vs - . « ® @
. e e =tlf§ . =2YiE 1h 'Ii’é . W
S G 7 T P
B . K « e ey =Y . . .
=15 . -y . -3 . P -
s . ¥is . . -yas . o =4nye s - .
N B S . -5 =2 i .
S R | I o =p5-133 . L I
Y A1 B . i . . . . . . o =¥3s =1 . . -
3 . " i Vils . N . . . . <18 .
. =13 . Y3 s . . =113 T oop
. WE B . s . -
o =1plY3 i3 Vils . Vi . -1
< e Y3 "n . . NPT S 1]
. . . . B V3 1lyE . . 5 . . .
aAsyi -1p - . ¥ ¥ ® ¥ -~ -if6
. « « W . . Yii B . .
o =ty W@ . . i SO
- L4 . M -uﬁ - ’ -
(60)

i

Lpo-din = —6i I (hey) = —

—1,—1,3, =3,1, —1, —3}.

The matrices L20—dim, [20—dim, J20-dim gre antihermitian.

FIZIKA 15 (1983) 1, 43—62
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5. Hermitiamizing matrix A

Using the hermmcny of the matrix L, and the armhermmcxty of the matrices
Ly, L,, Ly a matrix 4 called the hermitianizing matrix can be found satisfying the
following properties

A2 =1, [L,, A] =0, {Ln, A}, = 0,(m = 1,2, 3) (62)

where {,}, indicates the anticommutator.

The matrix 4 can be expressed in terms of the matrix Ly. A general formula
for the matrix 4 and for any value of the spin S is given by Madavarao, Thiruven-
katachar and Venkatachalienger?”~2®., This is

A(s) =f(Lo>s) (63)
with

=) —=s+D..x+s—D(x+s) % (2 1
1) = 251 ,Eo( )(——x—s+n)°

If s is half integer this formula reduces to

(64) .

f (xy s = half integer) =

h(xz—%)(xz—%) o (3% =57 ,+112( 2s ) 1

% Z srip-n) = =127
(65)
while if s is integer the formula becomes
) (x2=1(x%2—2%..(x*—s?
X, S = integer) =
f( ger) [ +
22(x2 =1 ... (x2 —s?) s ( 2s ) 1
+ (2s)! ,,§1 s —n) x2—n%] (66)
Specific examples are:
fors = 7, A=1L, (case of the Dirac equation) (67)
fors=1,A4A=2(Ly* -1 (case of the Kemmer equation) (68)
3 1 2
for s = > A= 3 Lo {4(Lo)* — T}, (69)
2 +_ 8 2
for s = 2, A = T (Lo) —_ —3— (Lo) + l- (70)
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Thus in the case s = % using the:formula (69): and L20-4m we find for the

hermitianizing matrix:
1 )
Azo-aim = Tl%o“’"'f {4 (L20-dim)2 _ 7} =

- e | (71)

Ajzo—aim satisfies the relations

(Az0-aim)® = 1, [L3P~dim, 4] = 0, {L30~dim, A}, =0, m  1,2,3. (72)

6. Eigenvalues of LY~

The eigenvalues of L20—dim give the masses with which the particles of spin
3/2 may appear. These are the roots of the polynomial

det (L2o-dim — 2) = 0. (73)
Evaluating this determinant by standard methods we find for the eigenvalues:
3 .
a'.I=T: i=123,4
3
A(=—T, l=5,6,7,8,
(74
A= %, m= 9,10,11,12,13, 14,
An = — 17, n =15, 16, 17, 18, 19, 20.
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The masses are given by the formula m; = -zl and thus for a spin 3/2 field
1

which we are considering here the possible different masses are

2
m ==+ TZ, ms 4 = £ 2. (75)

7. 16-dimensional representation of B,

Using the dimensionality formula (33) with N = 16 we findg;, = land g, =1
and hence the highest weight of the representation is

3

Al = '—2‘ ay + 2 as. (76)

'The other weights are:

3 1 1
a4, = + a;, 4; =5 +2ay Ay =4s =7 % + az

1 [ 1
A6=A7=7<11, A8=Tal—a2’ A9=—701+02:
A=Ay = —Lay, Ay =Ay= —ta;—ay Aug~— a; — 2a
10 11 5 %1 12 13 7 % 25 14 7 @ 2¢
Als = ——a; — ay A16 = ——a; — 2a,. (77)

2 2

The basis elements of the Cartan subalgebra are

|
I'(—h:.l) = —6—dzag {1,2,-10,0,1,1,2, -2, —-1,-1,0,0,1, =2, —1}, (78)

|
I'(h:,,) = Edzag {1,—-1,3,1,1, -1, -1, =3,3,1,1,—1, —1, =3, 1, —1}. (79)

Working as for the 20-dimensional representation we find by solving the set of
simultaneous equations in the quantities e;;, ¢;; thata possible solution for the ¢,
is:

1 1 1
=t —= €53=0, &3=FL5 €64=0, e74=% =
2,1 :l:zV3 5.3 4,3 2> E6.4 b €7,4 V-3-
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|

€11,9= 0, €10, = % Dk

(80)

1

1
875=0, 865=i_, 585=0’ 68.7=:L'_,
. ’ 2‘/3 . 2

1 1 I
12,100 = 0, €14,13 = 7, &1s.10= :};7—? &13,11 =0 &12,11 = £ 27?:
14,12 = 0.

Choosing the positive sign for the ¢;; we find for

Lys~dim = i'/-g(;;) + iﬁr(_e)—az) =

= - <l - 7]
1,17 I
.. -m
" . ]
. m.}’i-llfy5
i . -12
"7 . v
=ilf3 s ¢ - 81
12 ?ﬂ . . _,[VS ( )
s |1 I
- s - -
s . - -1k
‘n - . -
. =123
_ 123 g
Its eigenvalues are
3 . 3
/‘l,=-§~, I=12 A —='§', 1=3,4
Am = %, m=5,6,7,8,9,10 (82)
A= — %, n=11,12,13,14, 15, 16
and the different masses associated with the field are
2
mia = £ my, = 2. (83)

8. Transformation properties of the hermitianizing matrix

For every transformation T of SO (4,1) which belongs also to the group
SO (3,1) the hermitianizing matrix 4 satisfies the following relation
T+AT=A (84)

FIZIKA 15 (1983) 1, 43—62 59



KOUTROULOS: LIE ALGEBRAS AND...

where T+ is the hermitian conjugate of T. We demonstrate the validity of this
relation in the case of the spin 3/2 Bhabha field based on the 20-dimensional repre-
sentation. It is sufficient to prove (84) for the infinitesimal transformations T = 1
+ & I;; where ¢ the infinitesimal parameter and I;, the infinitesimal generators.
The generators I;; can be expressed by their 20-dimensional representation matri-
ces in terms of the basis elements of the Lie algebra as follows:

Tao-aim (11,2) = i Tao- aim (hes) + = T'0- aim (s (85)

V Lo atm (e—au) +

75

V— Tao—aim (e,,u)

75

on—dim (11,3) ==

V_ Ts0—aim (ea1+zaz) + llf: 4+ Iyoaim (e_m Zaz): (86)

Vﬁ
Too—atm (T1.0) = — V3 a0 tim oy pas) + V3 Moo tim (eay—s)s  (87)

Tao-aim (I2,3) = —1:;: Iyoatm (eau) +i :;—on dim (e-m) +

V3 -
+1 % Iyotim (ea1+2az) 5— T30 aim (e—ou-zaz)» (88)

Is0_aim (Iz.o) =—i V§P20—dlm (e¢1+¢z) + 1‘/3 Iy0_aim (e—dl—az)’ (89)

Ty0-aim(I3,0) = — V3 gt aim (::;)-F V_j on—am_(:!-az)- (90)

In order that (84) holds it is necessary that
{Ffo—tgim (L) A+ AT 230_aim (1)} =0, (€2))
be satisfied. Thus using (71) and (85) to (90) we verify that (91) is satisfied and
hence (84) holds wrue for the particular case of the 20-dimensional representation.

Similarly it is verified that (84) holds for any other representation of the group
SO (4, 1) which belongs also to the group SO (3, 1).

9. Summary and discussion

In the present paper we have concentrated on the Bhabha equation based
on the 16 and 20-dimensional representations of the group SO (4, 1) describing
particles of maximum spin 3/2. By using the methods of Lie algebras we gave
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= - ->

matrix representations of the basis elements I'(h,), I'(ha;) ... I' (61 (ey+2a2y) Of
the complex Lie algebra B, associated with the 16 and 20-dimensional represen-
tations of SO (4, 1). It was shown also that the matrices L,, 2 = 0, 1, 2, 3 appea-
ring in the Bhabha equation can be expressed in terms of the basis elements of
B, by the linear combinations (23) to (26) (where in the general case the subscript
5-dim must be removed). These matrices were given explicitly. Then by means
of the matrix L, the hermitianizing matrix 4 was constructed employing (69).
Finding the eigenvalues of L, the masses of the particles were determined. Finally
it was shown that the hermitianizing matrix A satisfies (84).

Using the results of this paper it can be shown that the charge associated
with the spin 3/2 Bhabha field is indefinite. Also by generalizing]the ideas invol-
ved here to higher representations we can show that the charge of the half inte-
ger spin Bhabha fields is indefinite; (exception to this forms the Dirac equation).
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LIEVE ALGEBRE I RELATIVISTICKE VALNE JEDNADZBE
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Originalni zpanstveni rad

U radu su metodama Lievih algebri konstruirane matrice L, (k.= 0, 1, 2, 3) koje
se pojavljuju u Bhabhainoj valnoj jednadZzbi. Metoda se zasniva na koriStenju re-
prezentacija dimenzije 16 i 20 grupe SO (4, 1), a same matrice L, su linearna kom-
binacija elemenata baze u algebri B, u danoj reprezentaciji. U radu je konstruirana
hermitizirajuéa matrica i odredene mase Cestica. Studirana su transformaciona
svojstva hermitizirajuée matrice.
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