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The vertical sea level muon spectrum has been calculated from the recent primary cosmic ray spectrum. On assuming the validity of accelerator data in the fragmen­tation region for x > 0. 1 in the framework of Feynman scaling and using the meson atmospheric diffusion equation we have estimated the muon flux at first generati9n of parents from pp -+ n± X, pp ·:+ K ± X, np -+ :1t± X inclusive reac­tion · sources and second generation from pp =-+ K ±' X inclusive reaction increaseswith muon energy� The flux .of muons for second generation and third genera­tion for pp -+ n-± X inclusive reaction decreases with energy. The derived diffe­rential muon spectrum below I TeV is well in agreement with the direct magnetic spectrograph data of Holmes et al., Allkofer et al., Nandi and Sinha, Ayre et al. and Green et al. Above I TeV energy the calculated muon spectrum is in accord with the direct measurements of Thompson et al., Amineva et al. and Varkovitskaya et al. The derived differential muon spectrum in the range 0.5 - 30 TeV follows the form � M, (E14) dBµ = 9.5 E; 3 • 6 dE14 (cm2 s sr GeV)- 1 i and the corresponding integral muon spectrum follows 
l: M, (> Eµ) = 3.65 E;2 • 6 (cm 2 s sr) - 1 • i 

This integral spectrum agrees the measured data of Chin et al., Akashi et al., Krishnaswamy et al. and Sheldon et al. 
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1 .  Introduction 

The derivation of spectral shapes at different depths in the atmosphere from primary cosmic ray spectrum is necessary in cosmic ray phenomenology and for the tests of validity of a<;:celerator data at super high energies. In a recent investigation we (Bhattacharyya and Pal 1 >) have calculate<;! the sea level muon spectra up to 10 TeV energy from a predicted primary cosmic ray spectrum. In that study we used the Fermilab data of Johnson et al. 2> and Elbert et al. 3> along with the meson atmospheric diffusion equation originally developed by Zatsepin and Kuzmin4> and later modified by Bugaev et al. 5>. In the present investigation we assumed that in the fragmentation region (x > 0.1) the spectrumof particles created in hadron-nucleus collisions GOincide� with the spectrum of particles in hadron-nucleon collision. In another study we have (Pal and Bhatta­charyya 6>) derived the all particle primary spectrum . from the recent balloon flight data 7 • 5> which has been found to follow a power law fit. Using this spectrum as hadron source the sea level muon spectra have been estimated for various gene­rations of parents. The calculated differential spectrlll11 have been compared with the magnetic spectrograph data of Holmes et al. 9>, Allkofer et al. 1 0>, Nandi and Sinha 1 0, Ayre et al. 1 2> and Green �t a1.·1 3>, Above 1 TeV energy the derived spectrum is in accord with the experimental data of Thompson et al. 1 4>, Amineva et al. 1 5> and Varkovitskaya et al. 1 6>. The agreement of the derived integral muon spectrum with the directly measured data of Krishnaswamy et · al. 1 7>, Sheldon et al. 1 8> and with the indirect measurements of Chin et al. 1 9> and Akashi et al. 2 0> has been studied. 
2. Nuclear physlcs and kinematics

A) Primary spectrum and calculation of pion and kaon spectra:In a recent investigation we (Pal and Bhattacharyya6>) have determined theall particle primary. spectrum from the balloon flight proton and helium intensity data of Japanese American Cooperative EI11,ulsion Chamber Experiments 7> and nuclei inteµsity data compilation of Abulova et al. s>. On assuming that the nuclei br.eak up into free nucleons near the top of the atmosphere, i. e. a heavy nucleusof mass A behaves as A independent nucleons in its interactions in the atmospherethe spectrum of primary partices follows the form: .. 
N (E) dB =  2.36 E- 2 • 1 dE (cm2 s sr GeV/nucleon)- 1 • (1)The superposition model in the primary nucleus-air nucleus collisions is neglected here because in the recent charge transfer distribution after Breitenlohner2 1 > and Abdrakhmanov et al. 2 2> in hadron-hadron collisions it is found that irespec­tive of the kind of projectile particles the quantum numbers were conserved in the target and projectile hemisphere in the centre of mass system. So one can safely replace hadron by the hadronic single matter and the projectile matter behaves according to hypothesis of limiting fragmentation which is nothing but Feynman2 3 > scaling in the forward region for x. > 0. 1 .  So p - p collision data can safely beused in the present investigatiol). due to the negligible contribution of intranuclear cascading in p-nucleus colli�ioiis. 
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The pion and kaon pi::oduction spectra in the atmosphere have been estirp.ated using the conventional procedures described in Ref. 1 follows the forms : 
7C (En) dEn = (Zp:r+ + Zpn-) N (E:r) dE:r � In E;<y + l) dEn (2) K (Ek) dEk = (ZpK+ + ZpK-) N (Ek) dEk � lk E;<v+ 1 > dEk (3) 

where / n and I k are the spectral amplitudes of the pion and kaon spectra, respecti­vely. The fractional hadronic energy moments of pp -+ n+ X, pp -+ K± X and np -+ n± X inclusive reactions can be estimated by the expression : 
1 Zac = f xy- l fac (x) dx

0 

(4) 
where the scaling function for the inclusive reaction a + b -+ c + X defined as

fa,· (x) = !!_ f lac (x, Pr) dp� 
<Jin 

(5)
for a = n± or p, b = n± or K±.B) The passage of pions and kaons through the atmosphere :The kinetic equation for the passage of charged pions through the atmospherehas the form : 

on (E, Y) a Y  (6) 
where Ap and An are the interaction mean free paths of nucleons and pions in the atmosphere, respectively, H :i is the critical energy for pion decay, AP is the absorp­tion mean free paths of nucleons in air. The solution of the above kinetic equation for pions generated via pp -+ n± X inclusive reaction channel in the atmospherehas - been considered for muon flux calculation at N generation of parents and the result follows after A. D. Erlykin (private communication) which account the muon flux arises from the pion source : 

(7) where a is the elasticity, 
n:11 (Eµ) = N (Eµ) (Zpn>N A11 (i.n/i.,,)N (N � 1) !

I: (1 - l:r/A,,)m- 1 m (m + 1) . . . (m + N - 2) W (Eµ, Y, Yo), (S) 
m = I  1 + (m + N - 1) Rn Eµ/Hn
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W (Eµ, Y, Y 0) represents . the · survival probability that a muon producedat an atmospheric depth Y should be observed at a certain depth YO g · cm - 2, 

N is the number of generation of parents, N (Eµ) is the differential primary spectrumof energy Eµ, 
I - r:<,, + 0 A, =-- ( I  - rD (y + I )  '

cm: +  m;,) r, =- -. -----,· 2mr 

H, = m1 c2 H/(c 1:1) 

(9)

( 10) 

( 1 1)

( 12) 
is the critical energy for meson decay with scale height of the atmosphere H, m,and 1: 1 are the mass and life time of i meson at rest, i = n or K. In a similar mannerone can estimate the muon flux at different generation N from pp -+ K± X inclusivereactions follows : MN (E ) - a<N- ny DN (E ) pk µ - pk µ ( 13)

where a is the total ·elasticity, 
n:4 (E.) = b.,, N (E.) <Z,K>N A. (J.,JA,) (N 2. I) !

f ( 1  - l,JAP)m- 1 m (m +_ I )  . . .  (m + N - 2) W (E y y ) ( l 4) 
m= t  I + (m + N - 1) Rk Eµ/Hk 

µ, ' 0 ' 

bkµ is the branching ratio for K -+. µ2 .decay.
The muon flux generated by secondary pions at first generation of parentsfrom np -+ p±X inclusive reactions calculated . by . the following expression :

( 1 5)

Differential muon spectrum at an atmo.spheric depth YO from the decays of pionsand kaons can be estimated by . the following expression : 
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3. Results and discussion

The all particle primary spectrum 6> is estimated from the recent direct measu­
rement of proton and helium intensity data of Japanese American Cooperative 
Emulsion Experiment 7> and nuclei intensity data compilation of Abulova et al. B>
at balloon altitudes. It is assumed that the primary cosmic ray nuclei split up near 
the top of the atmosphere into its constituents like nucleons. The superposition 
method has been used for the estimation of total nucleon flux from the spectra 
of dift'erent nuclei and the dift'erential nucleon spectrum follows the form: 

N (E) dB =  2.36 104 E- 2 • 7 dE {m2 s sr GeV/nucleon) - 1 ( 17) 

in the spectral range 103 - 106 GeV. We used this spectrum as hadron source. 

TABLE 1. 

Secondary particle I A,. I n,, I ml 

,i+ 0.72 2.86 I 0.66 
,i- OISS 3.52 0.74 
K+ 0.15  3.20 0.64 
K- 0.09 4.89 0.90 

Fitting parameters of the Lore�tz invariant cross section estimated from the Fermilab data 2>. 

The fractional hadronic energy moments for pp -+ ,i± X and pp -+ K± X 
inclusive reactions have been estimated from the approximate scaling distri­
bution on the inclusive charged hadron production Fermilab data in 100 - 400 
GeV p - p collision of Johnson et al. 2> which shows

1 3 3 Ah (l - x)nh 
- E (d u/d P) � (l + 2 /  2) 4 u,n PT mh 

(18) 

where the values of the parameters Ah, n h and m: have been presented in Table 1
for different meson production. The scaling function fpn (x) follows : 

and hadronic energy moments Z,,11 follows the form 

_ I ,,- 1 _ nA h m! I' (y) I' (ii h + 1)Zpn - x fpn (x) dx - 3 I' (y) I' (y + nh + 1)
° 
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TABLE 2. 

Z9n
+ I Z9n- I ZpK

+ I ZpK-!
0.039565 I 0.0264 I 0.0070 I . 0.00344 

I 

Fractional hadronic energy moments calculated from the Fermilab data of Johnson et al. 2> .

Table 2 shows the calculated fractional hadronic energy moments estimated from the Fermilab accelerator data after Johnson et al. 2> using the relation (20). The fractional hadronic energy moments for meson-proton collisions have been calcu­lated after Elbert et al. 3> and Beaupre et al. 2 4>. These energy moments have been used to estimate the muons produced by pions arising from the interactions of secondary pions only and have been presen�ed in Table 3. 
TABLE 3. 

,, 
1 .70 0. 18 0.052 0.0413  0. 1 68 

The fractional energy moments for np -+ p± X inclusive reactions after Elbert et al. 3, and Beaupre 
et al.24'. 

The spectra of pions and kaons in the atmosphere using relations (2) and (3) follow the forms: 
and n (En) dEn = 0. 1557 E; 2 • 7 dEn dEn (cm2 s sr GeV)- 1 (2 1) 

K (Ek) dEk = 0.02464 E; 2 • 1 dEk (cm2 s sr GeV)- 1
• (22) 

The values of In and Ik are 0. 1557 and 0.02464, respectively. We have used the meson atmospheric diffusion equations after Bugaev et al. 5 > viz., the relations ( 7), ( 1 3) and ( 1 5) along with the following parametric values : 
l,, = interaction mean free path of nucleons in air = 85 g · cm - 2

; A,, = absorption .mean free path of nucleons in air = 1 10 g · cm- 2 ; An = interaction mean free path of pi ons in air = I 20 g · cm - 2 ; Ak = interaction mean free path of kaons in air = I 50 g · cm - 2 ; Hn = critical energy for pion decay = 12 1  GeV; Hk = critical energy for kaon decay = 897 GeV; An = kinetic constant depending on n - µ decay = 0.6963 ; Ak = kinetic constant depending on K - µ2 decay = 0.4928 ; 
288 FIZIKA 15 (1983) 3, 283-297 
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r n = energy degradation factor for n - µ decay = 0. 78 ; 
rk = energy degradation factor for K - µ2 decay = 6.52 ; 
Rn = 1.2 157; Rk = 1.3409 ; ann = 0.42 1 ;bnn = 0.384; an; =  0.519; bnn = 0.271 ;  
b Kµ = branching ratio for K -+ µ2 decay = 0.63; -· W (Eµ, Y, Y0) is the survival probability of muons · which allow .for muon decayenergy loss and follows the form after Maurayama et al. 2 5�. The probabilityW (Eµ, Y, Y 0) of the surviving muon of energy Eµ to travel frQm Y to YO is obta­ined from the equation : C;i Wµ (x') _ Wµ (x') mµ c dx' - - E (x') p '(x') 7:µ 

(23) 
where Wµ (x') is the survival probability of muon from Y to x', mµ is the rest mass and -c µ· is the ·proper life time of muons. The solution of the above equation leads to the following: 

[ y 

E ] Bµ/(Eµ + PYo) W (Eµ, Y, Yo) = Yo Eµ + p (Yo -Y) Eµ 
(24) 

where Bµ = mµ c2 H'/(c -r:11), H' = RT2/Mg, T2 is the temperature of the loweratmosphere where muons being produced . � 256 K. The change of energy ofcosmic ray muon along its penetration path in $e �tmosphere can, therefore, be calculated from the following semi-empirical formula - after Maeda 2 6> 
dB P = - d y = a,on + bEµ (25) 

where a,0n is the energy loss by collision in the atmosphere · � �.5 · 10- 3 GeV/
g · cm - 2 and b is the energy loss by radiation, electron pair production and nuclearinteraction in the atmosphere � 2. 78 · 10- 6 Jg · cm - 2• We found B" � 1 .25 GeV and 1 .25 GeV W (E ) "' [-·· 0:0968 Eµ . ] -1 .00287 Eµ + 2.5825 GeV

µ, y, Yo "' 1 .002594 Eµ + 2.3325 GeV (26) 
where E" is the sea level muon energy expressed in GeV units. Fig. 1 shows the derived survival probability ·for muons produced at mean atmospheric depth Y = = I 00 g · cm - 2 reaching sea level atmospheric depth YO = I 033 g · cm - 2 • The relative muon flux from different parents generation N via different channelsvi?. pp -+ n= X inclusive reaction yields muon flux at generation N by the. termM:n _ (Eµ, y0) ; for pp -+ K± X channel yields M:K (Eµ, y0) and np -+.n± X chann_el gives the fl� M!11 (E11, y0). In these calculation� we ha�e _ _  calculated the . totalelasticity by the expression 

� 0.4414. 
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Fig. 1. Survival probability of muons W (E,., Y, Y0) produced at median atmospheric depth 
Y = 100 g-cm- 2 reaching sea level depth Yo = 1033 g · cm- 2• 
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Fig. 2. Derived relative sea level muon intensity M!c (Ep) at different generation N of pions : 
Relative muon intensity pp -+ n± X inclusive reaction M;

n 
(E,.) represents the muons produced 

by pions at first generation; M.:
n 

(Eµ) represents muons produced by pions at second generation; 
Min 

(Bµ) represents the muons produced by pions at third generation; MtK (Bµ) and M.:K:<B1-1) 
represent muons produced by kaons at second and third generations, respectively, from pp -+ k± 
X inclusive reactions; Muon,; produced by the pions produced by secondary pions at first genera­
tion in the inclusive reaction ap -+ n± X represented by the symbol M�:r (Bµ) in the figure. 
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We have taken the value of l,, = 85 ± 12 g · cm- 2 from the experiment of Boeh­
mer and Bridge2 7 > and the value of the A., = 1 10 ± 10  g • cm - 2 from the altitude
variation of nuclear active · particle data!surveyed by Hayakawa 2 2>. Using the 
accelerator data Garaft'o et al. 2 7> found the values of the fractional hadronic 
energy moments Z,,,, and Z,,n which are 0. 1 5  and 0.073, respectively. The kine­
matical relation for l,, and A,, follows : 

l,, = A,, ( 1  - Z,,n) 

= 0. 777 A,, (28)
and the present chosen the values of l,, and A., are in accord with the relation (28). 
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Fig. 3. Differential sea level muon spectrum below 1 TeV energy: Full line is the derived result. 
Magnetic specttograph data: O - Holmes et al. 9>, D - Allkofer et al. 1 0>, • - Nandi and Sinha 1 0, 

'v - Ayre et al. 12>, 'v - Green et al. 1 3>. 
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Fig. 4. Differential sea level muon spectrum in the range 0.5-30 TeV: Fujl line is the derived 
result. Experimental data: Directly measured from i) Magnetic spectrograph, 'iJ - Allkofer 
et al. 1 0>, O - Ayre et al. 1 2>, · fl. - Thompson et al. 1 4> ;  Indirect measurements froin the shower 

observation, o ·- Amineva et al. 1 5�, • - Varkovitskaya et :al. 1 6\

The relative muon· flux at different par�n� generation N produced via different channels viz., pp -+ �± X inclusive reaction . yields. the muo11; flux at -generation
N viz. by Mffn (Eµ, :Yo), the reaction pp ? K± X contributes the .muon flux M;K (Eµ, Y 0) and the reaction n p -+ n± X channel at nrst generation produces M!n (E11, Y0) flux; and the results have been displayed in Ffg. 2. It is evident from Fig. 2 that muon flux at sea level increases with energy for: all cases at first gene­ration viz. for channels pp -+ n± X, K ± X and 11,p -+ n± X channels viz. Mtn (E µ, Y 0) MtK (Eµ, Y 0) and M!11 _(E11, Y0) along with the MtK (E11,.Y 0). for· pp -+  K±X channel. On the other hand muon flux created at second and third generation via pp -+ 11,± X channel viz. for M;n (E11, Y 0) and . Mtn (E1,, y0) decreases with energy. The sealevel muon spectrum estimated from the different source functions (for pion and kaons intensity) below 1 TeV -energy has been plotted in Fig. 3 along with. the magnetic spectrograph data of different authors9 -.1 3> .  The calculated spectrum
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is in good agreement with the experimental data. Above I TeV muon energy the derived differential sea level _muon spectrum has been presented in Fig. 4 along with the measured data of Thompson et aI. 1 4>, Amineva et al. 1 5> and Varkovits­skaya et al. 1 6>. It is evident from the figure that the agreement of the experimental data with the calculated results in the spectral range 1 - 30 TeV is satisfactory.

105 

MUON ENERGY, Ep lGaV) 

KRISHNASWAMY· ET �
?) 

SHELDON ET At_.ii
f

l 
CHIN ET AL.191

20 1 AKASHI ET AL:, 
PRESENT WORK 

104 

Fig. S. Integral sea level muon spectrum up to 30 TeV energy : Chain curve -·-·-·-·-· is 
the_ derived present result. Experimental data: the shaded area - - - Krishnaswamy et al. 1 7>,
---- Sheldon et al 1 8> from deep underground measµrements ; ···-··----·····-· Chin et al. 1 9>,

- , · - · · - Akashi et al. 2 0> from the shower observations.

The calculated differential spectrum in Fig. 4 follows the form : 
� M, (Bµ) dBµ = 9.5 Bj; 3 • 6 dBµ (cm 2 s sr GeV)- 1

• (29) 
The estimated integral sea level muon spectrum follows : 

t M, (> Bµ) = 3.65 B; 2• 6 5  (cm2 s sr) - 2 
i 

(30) 

and this integral muon spectrum has been plotted in Fig. 5 along with the resultsfrom direct deep underground measurements of Krishnaswamy et al. 1 7> and Sheldon et al. 1 s> and indirect muon intensity measurements from shower obser-
FIZIKA 15 (1983) 3, 283-297 293 
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Authors 

Bhattacharyya and Pal 1' 
Krishnaswamy et al. 1 7> 

Sheldon et al. 1 8> 

Chin et al. 1 9> 

Mitzutani et al. 20> 

Amineva et al. 3 0> 

Baschiera et al. 3 1> 

Kiraly and Wolfendale 3 2> 

Ng and Wolfenda1e3 3> 

Fomin et al. 3 4> 

Present work 

TABLE 4. 

I 
Energy 

I range Procedure 
(TeV) 
1 - 10 Theoretical 2.70 

0.2 - 40 Deep underground 2.60 ± 0.05 
measurements 

< 1  Deep underground 2.40 
> 1 measurements 2.65 

0.5 - 8 . ShJwc-r 2.50 ± 0.20 
· vuservations

1 - 10 Shower 2.70 ± 0.1 0  
5 - 10 observations 2.80 ± 0.25 
4 - 7  Shower 2.65 ± 0.10  
7 - 30 observation 2.85 ± 0.20

o.s - s Deep underground 2.67 ± 0.05
measurements 

1 - 8 Deep underground 2.60 
measurements 

1 - 10 World survey 2.67 
1 - 20 Shower 2.75 

observations 
0.6 - 30 Theoretical 2.60 

Integral muon spec� indices found by different authors. 

vations after Chin et al. 1 9> and Akashi et al.2 0>. It is evident from the figure that our derived result (single chain curve in Fig. 5) is well in agreement with the depth intensity measurem�ts of Krishnaswamy et al. 1 7> and Sheldon et al. 1 8> and shower measurements of Chin et al. 1 9>. Table 4 shows the integral muon spectral index found by different authors at super high energies (above 1 TeV) along with the present result. Our derived integral spectral index is well in accord with the findings of Krishnaswamy et al. 1 7> and Kiraly and Wolfendale 3 1>. It may be noticed thai when the muon intensity at different generations have been considered the calcu­lated sea level muon spectrum is flattened to some extent viz. the spectral index y = 2. 7 (in Ref. 1) is diminished to y = 2.6. However the agreement of the cal­culated muon spectra with the measured data indicates that the effect of intra­nuclear cascading on the spectrum of energetic secondaries from nucleon-air nucleus interactions is small. Hence it confirms the application of p - p collisionaccelerator data in cosmic ray propagation studies . is reasonable. The present investigation indicates that even up to 30 TeV muon energy the intranuclear cas­cading may be negligible and Feynman scaling application in this analysis is jus­tified. We have used the primary cosmic ray spectrum 6> derived from the direct mass composition measurements of proton and other nuclei intensity data 7 • 8> as the source of hadrons for the analysis of the present muon propagation in earth's atmosphere. The only assumption has been made that a heavy nucleus of mass A behaves as A independent nucleons in its interactions in the atmosphere. The spec-
294 FIZIKA 15 (1983) 3, 283-297 
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tral shape of our derived primary spectrum is also valid up to 300 TeV energy (without any break or change in spectral index). It is shown that the primary nucleon of TeV energies can explain muon spectrum up to 30 TeV energy adequa­tely and this fact supports the hypothesis of limiting fragmentation. 
4. Conclusion

The recently determined primary spectrum 6> from the direct measured proton and nuclei intensity data 7 • S> can be used in the framework of Feynman scaling with accelerator data explain the sea level muon spectrum adequately up to 30 TeV energy. The fair agreement of the calculated muon spectrum with magnetic spec­trograph data, deep underground muon telescope and emulsion chamber data confirm the validity of the primary spectrum and F eynman scaling hypothesis up to 300 TeV median primary energy reasonably. 
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MUONSKI SPEKTAR OKOMIT NA MORSKU RAZINU PRI VRLO VI­SOKIM ENERGIJAMA IZRACUNAT IZ NEDAVNOG PRIMARNOG SPEKTRA KOZMICKIH ZRAKA 
DEBA P. BHATfACHARYYA i PRATIBHA PAL 

Department of Theoretical Physics, Indian Association for the Cultivation of Science, Jadavpur, Calcutta 700032, India 
UDK 539.12 

Originalni znanstveni rad 

Izracunat je muonski spektar okomit na morsku razinu iz primarnog spektra koz­mickih zraka. Pretpostavivsi valjanost akceleratorskih podataka u fragmentacijskom podrucju za x > 0, 1 u okviru Feynmanova scalinga i rabeci jednadzbu atmo­sferske difuzije ocijenjeno je da muonski tijek za prvu generaciju roditelja iz izvora inkluzivnih reakcija pp � n± X, pp � K ± X, np � n± X i drugu generaciju izinkluzivne reakcije pp � K± X raste s energijom muona. 
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