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Original scientific paper Two examples of one-dimensional Schrodinger equation with strongly singular potentials are considered and solutions vanishing at the origin are constructed using the well-known transcendental functions. 
Ilpw,ep 1 

PacCMO'fPHM ,ltll<p<pepe�am,uoe ypaBHeHHe 
!,, 2m [ bn + bn- 1 + b1 + ] / 0 + If � Tn- 1 + . . .  T . B + . . .  + a,, TJJ = .

m, n > 0, p > O, bn, a» -npoH3BO�HLie �eHCTBHTem,m,1e '9HCJia. 
C.1tyttau -,: -+ oo Ilo�crauos1<a 
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3:RIIIHHCIO:Oa: : IlPHMEPhl YPABHEHHH • • .

d 2 f + P df + 2m ( 2 
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+ . . . + :P + . . . + a,, ] f = O.
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IlO'ACT8HOBKa 

npeo6paayer AH<l><!lep�am,Hoe ypaBHeHHe (3) K BH,Jzy 

(3) 

(4) 
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)

2 
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] 

p 
(p 

+ 4) 

} s p+2 ' s p+2 

. ( 2 1 /2 a,, m  P+2· ) 
sm p + 

2 y � · T 2 + 'P , a,, > 0, 

(5) 

J f"w -,; 
- 4 V' -BeKOTOpoe 'ACHCTBHTeJll,HOe qJICJIO; ( 6) 

CJZy'l<ZU -,; � 0 
Ilo�CT8HOB1Ca 

exp (- p ! 2 v
- ; a, ,  ,tt'). a,< 0.

1 / = T • / 1 (E) = -, T � + O, E � + <X>
T 

npeo6paayer AH<il<!lepe�am,Hoe ypaBHeHHe ( l )  1< BH,Jzy 

d
2 

/1 + 2m [b l=n- 4  b t:n - S 8 a,, ] f - 0
dE2 7i2 n 5 

+ 
n- 1 5 

+ · · ·  + E4 + · · ·  + EZJ + 4  1 -

C1Zy11au n > 2 
IlO'ACT8H0BK3 

n-2

s = E2

npeo6paayer AH<ll<!lepeHQHaJJ1>Hoe ypaBHeHHe (8) K BH,Jzy 

(7) 

(8) 

(9) 

�!' + (: = �) , � • '!'1 + '; (n -=- 2) 2 • [.bn + bn-,_ 1 + . . .  + �] / � . 0.
· sn-2 s n-2 

(10) 
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3:RlitHHCKHA: IlPHMEPl>I YPABHEHHSi . , ,
n-4 

f1 = /2 • s- 2(n-2) ( 1 1 )  
npeo6paayeT AHq>cpepee�am,Hoe ypaBHeHHe ( 10) K BHJO' 
�!• + {!': ( - 22+ ,;)' '  [bn + bn;

l + • • •  + �-] + 4(: � ;;2
4
!,2} /2 = 0.sn-2 s n-2 

C.il.y1lau n = 2 

( 1/-'lm b 1 ) exp - f /i2 n ; /;2 , bn < O; 

. (1/ 2m b,, 1 
) sm r � .  ,t;2 + ,p ' b,, > .0,

"' -HeKOTopoe AeHCTBHTeJll,HOe t.JHCJIO. 
f I + 1/1 _ 8m b2 y /j2 T 2 ' b2 < O; 

1 + 1/ 1 _ 8m b2 ·Y li2 8m b2 T 2 ' 1 - � > 0, b2 > O;
V 1r: 8m b2 

c1 T + c2 v T • In T + o ( 1 ), 1 - � = 0, b2 > O;
V- . I l 1/ 8m b2 ) v- ( 1 1/ Sm b2 C1 T • sm \ 2 r � - I . In T + C2 T • cos 2 y � - I .

) 8m b2 l · · 1n T + o ( 1 ), I - � < 0, b2 > 0.

( 12) 
( 1 3) 

( 14) 

3aMemM,. llTO Ha crp. 168 peep. 1 B·noCJieA!ieM cnyqae HMeeTCH oneqaTKa : sMecro T IlOA 3HaKOM TpHrOHOMeTpuqeCKHX cl>� �OJDKHO 61,m, ln T; BCIO,Izy B peep. ,l(OJDKHO 61,m, 0 ( 1 ). CAytlau O < n < 2 Hcnom,3yg peweHHH ypaBHeHHH ( 1 1 )  H3 peep. 1 CTp. 1 64 (rAe DO.I( 3HaKOM BecceneBoit . cl>� AOJI�o 6LITL P), nonyqaeM r - ( 2i l/2m (- bn) - (l-n)) V T 
J2�n 2 - n r Ii . T 2 ' bn < 0; 

1� 1 
T-+0 

( 2 1 / 2m b 2-,i ) VT J2�n 2 - n r T2 . T - T , bn > o.
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3:Jil:WJIIH;CKJillil: : IlPJIIMEPbl YPABHEHJIIH , , ,

cI>opMyJlhI ( 1 5) He y,n;o6HI,I B rrpHJIO>KeHWIX; 6y,n;er IIOKa�1aHo, tffO B 3TOM cnyqae
6y,n;er 

f = C1 T + C2 + 0 (l ). 
CJZy11au T -+ T 1 :-./, 0, oo 

11�,D;CTaHOBKa 
l 

/ = ( t' - i 1) / 1 ( E), � = , T -+ i 1, f -+ + oo,
T - T1 

rrpHMeHeHHaH I< ,n;ucpcpepeH'QHa.JI&HOMY ypasHeHHIO ( l); ,n;aeT ' I 

'tlaCTHbll\l cnyttaeM npimepa l HBIDiercH aa,n;aqa r -+ 0 (CM. peep. 2) 

II0,n;craH0B1<a 

d 2 f 2 + 2_ d/2 
+ [ _ j (j + I ) a] 

f = Odr2 r dr . .  · E · r3 2 • 

/2 = r- 1 · /3

npeo6paayer ,n;ucpcpepeH'QHaJI&Hoe ypaBHeHHe ( 19) K BffAY 

d 213 � [ _ i u + 1 )a ] 
1 = 0 

dr2 -. . .  . E . r3 3 , 

C. llOl\lOU(l,IO ( 1 3) IIOJiyt1aeM 
,----

' (/2),-0 � r- 1 / 4 . exp (- 2 V a 
. ��-t I )

)

nocne qero 3HeprHH e peep. 2 Jierao onpe,n;emiercH.

(1 6) 

( 1 7) 

(18) 

(19) 

(20) 

(2 1) 

(22) 

Ilpimepbl 1 ,  2, 3 H 6 H3 peep . I (r -+ 0) HBJIHIOTCH 1J8CTHbIMH CJIY'laHMH rrpuee­
,n;eHHbDC . BbIWe peaym,TaTOe;  B CJiyqae T -+0 rrpu ap

= · · ·  = e =b1 =0 peaym,TaT 
.n;pymM crroco6oM 6bm rroJIY1IeH e peep. 3 ;  BCHMilTOTHKa us peep. 4 HBJIHerCH qac­
THbIM CJiytIBeM cpopMyJlbI ( 6) npH T -+O; qaCTH&IM CJiy'laeM npHMepa 1 ('r-+ 00)
HBJIHeTCH aCHMIITOTHKB pememm: o,n;uopo,n;Horo ,o;uepepepeH'QHaJI&HOro ypaeHeHHH 
(6.8) H3 peel>. 5, TOJII,KO e cpopMyJiax (6.9) u (6. 10) H3 peel>. 5 a ,n;oJI>KHO PaBlfflTJ,CH 

2 . , 'tlaCTHbIM c.nyqaeAl .npimepa . I HBIDiercH ,aa,n;aqa H3 peel>. 6 : .  uaiim crpeMH-

�eecH K HyJIIO pemeHHe ,o;ucpcpepe�HaJII»Horo ypa:sueHHH rrpu u -+ oo 

d2 j< 0> + (r + 2 _ · I , + 1 2  m . K - 1 . u + u1 ) dj< 0> _
du2 u u + u1 M K � du 

6 u � u, [1 - 2 (T + 2) ' · ;; · (K - I) ] !<•> = 0. (23) 
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3:AWHHCKH:A: IlPHMEPhl YPABHEHHH . . . 

IIop;craHOBKa 

y·u + u1 ( 
3m ( K - l ) ) p0> = --- · exp - - · (u + U1)2 • !1ur+ 2 M K • u2 

. 2 

npeo6pa3yer ,ZJ;Hq><pepeH�am,Hoe ypaBHeHHe (23) K BH.D;y 

!" + I- 36 m2 
• ( K ..- 1 )

2 
• ( + ) 2 _ r (r + 2) �

• M2 • 4 K u . u • 4 2 
"2 · U 

- 3__ 6 (1 - (r + 2) .
M
m . (K - 1) )  . . ( u +u u� ). + .4 (u + u1) 2 - K · u! 

r + 2 ) + u(u+u1) 2 f� = O.

IIop;craaoB1<a s = (u + u1)2, u -+ + oo, s -+  + oo

npeo6pa3yer ,ZJ;Hq>cpepeHI.U{am,Hoe ypaBHeHHe (25) K BH.D;Y 

d 2 f 1 + 2_ . df 1 + f _ __!!_m� ( K - l 
) 

2 
_ . r (r + 2) _

. ds2 2s ds l . M2 • u: K 1 6 s <Vs- u1) 2 

3 3 [l - (r + 2) ;; (K .- 1)] 2 r + 2 - - -
V 1r.. 

+ 
· _ ) 1. = o.l6s2 2K · u! · s (y s - u1) 1 6 (JI s - u1) s2 

lIOACT3HOBKa 

(24) 

(25) 

(26) 

(27) 

(28) 

npeo6pa3yer .D;HqJqJepeu�am,Hoe ypaBHeHHe (27) K BHAY H3 KOToporo JierKo 
nonyqaeM, llTO 

(29) 

qaCTHbIM c.nyqaeM npHMepa I HB.JUieTCH 3ap;aqa H3 peq1. 6 :  HaHTH crp�eecH 
K HYJIIO pemeHHe .D;HqJ<pepe�H8Jll,HOro ypaBHeHHH U -+ 00 

d ' r+ 2 dlj(O)) · 6 - (  U • __ \ = · ul'.'+ 1 . j<O)du u + u 1 du / K · u! 
f( O) - .!_2 / r + 1 ·+ u1 u2 i /'�) , ( 1 v6 ) ,...., u \  V 6 • exp - - K u .

U2 
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3:PlWJilHCKH:Pl: IlPHMEPbl YPABHEHHH . . .  

OcraercH cpaBHim, (3 1) C aCHMnTOTHKOH H3 peep. 6 .  
YpaBHeHHe (36) H3 peep. 6 

d2 p0> + (r + 2 _ _  I _) 
dP0> _ ( i  + _!_) q2 . po> =  0 (32) dx2 X X + 1 dx X ' 

HMeeT peweHHe 
r + q + l  

/(0) ·
;....., x- -2- . e-xq  x-oo . (33) 

OcraerCH cpaBHim, 4>opMyny (33) C COOTBeTCTBYIO�eu .aCHMilTOTHKOH �3 pe4>. 6. 

't.IaCTHl,IM cnyqaeM npHMepa l (r-+<X>) HBIDleTCH 33Aaqa (CM. p�ep. 7) :  HaHTH 
CTpeAUIIDeecH K aymo npH x -+ c.o peweHH� ypaaHeHlUI 

d2 - dx; + (ax2 + bx4 + cx6 - E) 'I' = O (34) 

a > 0, b, c > o· -AeHCTBHTeJIJ,Hl>Ie qHcna.

lloACTaHOBKa s = x4 npeo6pa3yeT AHc)?<l>epeHQHaJil,HOe ypaaHeHHe (34) K BffAY 

d 2 'I' 3 d'P 
[ 

c b a E 
] ds2 + 4s ds + 1 6  1 6  Vs 1 6  s + I6s V s 'I' = O.

lloACTaHOBKa 'I' = s - 8 1P1 OKOHqaTeJil>HO AaeT 

a- 1 2  ( v- ) 
'I' ,-....,i x-8- exp -

4 
c x4 .

(35) 

OcraerCH cpaaHHnt nonyqeHH&Iii pe3yru,TaT c cooTBeTCTByIO� pe3yJILTaTOM peep. 
7.  

PacCMOTpHM ,zn14>4>epe�aru,uoe ypaBHeHHe (CM. pe4>. 8) 

(36) 

IlOACTaHOBKa (7), npHMeHeHHaH K (36), ,t(aer 

J:+ (- A2 - : - E�) !, = o.
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3'.RWHHCKH:R: fiPHMEPhl YPABHEHWI , . .  

CAy'lau l + 4C > 0 E 1 = 2 • A · E.

- � ..!.. - ..!..V t +4c ( l ( B ) v-·- 2A) + c2 e T • -r 2 2 • 'l'" 2 V l + 4C + A + 1 , I + 4C + 1 ;  T .
CAY"au I + 4C < 0, A � 0

--� · ..!.. _ ..!..y' -t-4c ( 1 ( v--- B ) /1 = c1 e T • T 2 1 • t/> 2 i -. l -4C+ A + 1 , i V :-4C-1 +
2A) - � ..!.. - ..!..v -1-4c

( I ( V B ) + I ; T + c2 e T · T 2 2 · 'l'" 2 i - 1 -4C+ A + I ,
. 2A) iV-4C- 1 +  1 ;  -. 1' 

<I>, 'l'" -KoHc}>Jll031lTHbie 1:HllepreoMerplAeCKHe c}>ym<qm1 (CM. peep. �). 
CAy11au A = O, B > 0, 4C + 1 > 0 

1. =v+ 1v .. + •  (2; V !) + c, 1_ v .. + •  (2; Y !)) ;
J, = fr ( c, I; v-.. - •  (2; Y ! )  + c, 1_, v _ .. _ 1 (2; JI!)) , B > o,4c + 1 < o;
!, = JI'?: ( c, JV4<+ I (2 V /) +c, J_ V ,.+ t  (2V /) ), B < 0, 4C + I > O;

!, = fr (c, 11 11-=-.. - ·  (2 V /) + c, J _, v::.;;::, ( 2 y /) ). B <O, 4C+J <0.
YpaBHeHHe (36) HBJIHeTCH qaCTHI,IM c.rryt1ae1t1 npHMepa 1 npH 'Z" � 0.
t.facrm,m c.rryqaeM npHMepa 1 HB.IDieTCH s�aqa T � 0 (CM. peep. 10) :HaiiTH peweHHe AHc}>c}>epeH�aJil>HOro ypaBHeHIUI 

f" + [_!_ - � + 1 - µ 2] f = 0. 4 'Z" 41'2 
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3l:tmHHCKHt:t: IlPHMEPLI YPABHEHHJI . . .

I1o,l:(CT8H0BKa (7), npHMeHeHHaH K ypaeHeHHIO (37), npHBO,l:(HT ero K BH.ztY, H3 Koroporo cne.ztYer, tITo 
1 -µ · l +µ 

f = C1 T 2 + C2 T 2 + 0 (1) .

OcraeTcH nono>KliT& c 1 + 0, c2 = 1 .
Ilpu1,1ep 2 

.11:B.ztHM HOBhIH cnoco6 peweHHH aa.zta11H (CM. peep. 1 1), npHlleM, B HameM paCCMOTpeHHH n > 0 -np0H3B0n&Hoe ,l:(eHCTBHTen&HOe llHCJIO. 
,1J;aHO ( I - a0)2 :._ 4b0 < 0

Tpe6yerc.H HaHTH aCHMIITOTHlleCKOe npe.ztcraeneHHe pemeHHA ypaBHeHHH 
IIpH T � 0 j IIpHMep 2 HBJUle'I'CH 118CTHhIM cnyqaeM IIpHMepa 1 .  IIo.ztCTaHOBKa 

f = f 1 • � - 1'  · exp (- _a_\-�-?"1-)

npeo6paayer JtH<p<pepeH�am,Hoe ypaBHeHHe (39) K B�
T2 d2 

/1 + [(bo + ao _ a�) + T'1 (bi _ � 1 (n - 1 )  _ a0 a1 ) _ 
d-r2 2 4 2 2 

a1 ] - 4 T2n f1 = 0 . .
I1o.ztCTaHOBK8 (7) npeo6pa3yeT .ztH<p<pepeHqHaJII,HOe ypaeHeHHe ( 41) K BH,Tzy

�2 d2 
/2 + [b + ao _ a�

+
_.!_ (b _ a 1 (n - 1) _ a0 a1 ) _ d�2 0 2 4 En , 1 2 · 2

Ilo.ztCTaHOBKa E = et, T '7 + 0, � � + oo,' t � + oo

(38) 
(39) 

(40) 

(41) 

(42) 

(43) 
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3:AmHHCKH:B: IlPHMEPhl YPABHEHKSI . . .

npeo6pa3ye-r �Hcl>cl>epe�am,aoe ypaBHeHHe ( 42) K BH� ' ·

d2 /2 _ d/2 + [b + a0 _ 
a! +  -ni (b _ a 1 (n - 1 ) _ ao

2
a1 ) _

dt2 dt O 2 4 · e · 1 · 2 

a2 ] - t e- 2nt !2 = 0. . (44) 

IIo�craHOBKa 

npeo6pa3ye-r �4>4>epeHIU1am,Hoe ypaBHeHHe ( 44) K BH,Zzy 

d2 /3 + [ 4b0 - ( 1 - a0) 2 + -nr ( b  _ a1 (n - 1) _ ao
; 

a 1 ) _
dt2 4 e 1 2 

Ffa �4>4>epeHIUfflJll,Horo ypaBHeHlffl ( 46) cne�er 

l -ao 
( a1 T") ( ( ) f_;- T 2 • exp - 2tt · c 1 sin V 4b0 - ( I - a0) 2 ln T +

+ c2 cos CV 4bo - ( I  -· ao) 2 In -r) + o ( I )).

PacCMOTpHM, npHMep H3 peel>. 1 1  : 

-r2 f" - -rf' + (-r + 2) / = 0, 
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3:RDIHHCKH:R: IlPMMEPLI YPABHEHHJI . . .
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Vecernjaja Ikola 46, 320 OOO Dnjepropetrovsk, SSSR 
UDK S30.14S

Originalni znanstveni rad 

Razmatrani su pnmJer1 jednodimenzionalne . Schrodingerove jednadzbe sa jakosingularnim potencijalom. Pomocu dobro poznatih transcendentnih funkcijakonstruirana su rjesenja koja iscezavaju u ishodistu. 
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