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It is suggested that the standard model of electroweak interactions could be recast
as a theory on a space of twistors. The following aspects of such a formulation aer
discussed in a preliminary way: isospin, hypercharge, and the generation of elec-
tromagnetic mass.

1. Introduction

Various modifications of space-time have been exploited in attempts to des-
cribe elementary particle interactions. One such approach is based on the space
of twistors, and is presented e. g. in Ref. 1. Here we suggest an approach which
likewise uses twistors, but which differs in essential ways from that of loc. cit.
The considerations that follow are fragmentary, but we feel that they are sufficiently
suggestive to justify the present note.

These considerations are motivated by the following circumstance. In the
standard model ef electroweak interactions?'®’ (cf. also Ref. 4), there is a funda-
mental difference between negative (left) and positive (right) helicity. In parti-
cular, among the leptonic states, only those with negative helicity have nonzero
isospin. Now, the twistor framework is one where the negative-helicity states and
the positive-helicity states are treated in a different way, once the basic conven-
tions are made. (This framework, moreover, is the only one with this property,
as far as we are aware.)
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We recall the following facts from twistor analysis?’. A twistor Z = (Z%)
consists of a pair of spinors (w, ) on the Minkowski space M, or on its complexi-
fication M,

= (-ZO:-“J Za) = (woiwl’ Tge o) M

If we translate by x € M, and identify x with a second-rank spinor x4#’, then the
corresponding transformation of a twistor is

= (", xg) > (W* + ix*¢ 7e, we). )

Now, a (holomorphic) solution ¢ = ¢ (x; 4{,..., 4,) to the system of wave
1
equations for a free massless particle of helicity s = 5 n > 0 is determined by

a function f which is holomorphic in a region of the (complex) twistor space T, and
which is homogeneous of degree — n — 2, as follows (we write n,- and = (4’)
interchangeably):

p = 2ai)~" {d (@)= (4))... 2 (4,) f(x* zc, ng), (3)
d(#n) = 2% d ny + nt’ d,y. 35
The integral is over a suitable closed contour.
For ¢ (x; Ay, ..., A,) for helicity — %n < 0 we have two options. First, we
may take (3) with f homogeneous of degree » — 2, and replace the z by the 9/d w*
] = 1,..., n. Second, we may utilize the space of dual twistors W, and then there

isa dlrect analogue to (3). Dual twistors are defined by,
W= (WO:-H: WB) = (ZZ.*, za*) ZO*: Zl*)- (4)

Clearly, it is also possible to use dual twistors and appropriate differential operators
for positive helicity. We will refer to the different possibilities in the sequel.

It appears that twistors can elucidate the following aspects of electroweak
interactions:

(i) Isospin. We will discuss this presently.

(ii) Hypercharge. The transformation Z — e'® Z has evident and different effects
on functions of different homogeneities, or on functions of Z and of W. Moreover,
this transformation leaves the free dynamics invariant. If this transformation
leaves also an interaction term iavariant, then hypercharge conservation follows.

(iii) Electromagnetic mass. In the standard model of electroweak interactions, prior
to symmetry breaking, the electromagnetic interaction of the electron field is
described by,

(O + eo Ay =0=(8 + eo A) v (5)
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As shown in'Ref. 4, the field 9, and yr do not acquire a mass due to this interaction.
In particular, this interaction does not bring about the transitions 1 «» yr. We
discuss below briefly how such transitions may arise if-the electromagnetic inter-
actions is expressed in twistorial terms.

(iv) Integrality of charge. For completeness we mention that the twistorial for-
mulation of electromagnetic interaction implies that the electric charge must be
an integer, in some units®-%). However, here the problem of units is not yet unders-
tood.

2. Isospin

We base our arguments on the following- observation. Let us parametrize
the isospin phase space by a complex variable {, as in geometric quantization
(e. g. Ref. 7). Now, if the variables (W, ..., W3, {) jointly define a complex struc-
ture, then (29, ..., Z3, {) define a complex structure which could be called unna-
tural with respect to the first. On the other hand, (Z9, ..., Z3), without ¢, define
simply the conjugate structure on a subspace. (See e. g. Ref. 8 for complex structures,
holomorphic bundles, etc.)

The foregoing observation can be exploited in various ways. For instance:
Consider the twistor space T and its dual T*, with the spin components represented
by the 7z (A)) and by the n(A4,) (rather than by derivatives). Let SU, be the isospin
group, which defines connections on bundles over T and over T*. Then, by po-
stulating that a bundle be holomorphic, we limit ourselves either to a bundle over

T or to one over T*. In particular, if leptons with s = -—-—;—- have spin-isospin
described by (W, ..., W;, ), where Z,," is now the bundle variable, then the lep-

. 1 . . . . .
tons with s = v must be isoscalars. This is the desired conclusion.

This simple scheme calls for some comments. We assumed tacitly that the
same complex variable ¢ should describe the isospin of both helicities. Moreover,
it is clear that for antileptons, complex-conjugate structures should be used.
Assumptions such as these are natural-looking, but they may also appear ad hoc.
However, some such assumptions are needed, e. g. to distinguish from the iso-
spin of gauge fields where the situation is rather different.

3. Electromagnetic mass

In describing the interaction with (free) background electromagnetic fields,
the difference between those with s = 1 and those with s = — 1 is striking®~12,
In particular, the presence of fields of both kinds simultaneously presents special
complications, and it appears that then the interaction can no longer be described
in conformal-covariant terms! ). One possibility (cf. loc. cit.) is to break conformal
covariance with the help of the infinity twistor, and to retain Poincaré covariance.

Sush a procedure has not been (apparently) described in print, but the details
would not be crucial for the present discussion. It suffices if we assume that the
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electromagnetic potential has a part @ which is characterized by the finite Min-
kowski points, and a part £ which depends on the points at infinity. Then the
equation for ¢, in (5) reduces to

@i Vﬂ' + € Pp) 7y = ~— € (24, 7). ©

(For such forms of equations cf. Ref. 10 Sec. 9.) The r. h. s. is a spinor with index
B’, and it is natural to identify it with a component of 5. Then we have a coupling
YL < Yr.

We do not suggest here any criteria for determining the two parts @ and 2
Note, however, that by taking f in (3a) independent of x4¢’ (i. e. having singu.
larities at infinity) we obtain a constant. Let us classify it as £24,, and the r. h. s

then looks like a mass term. The generation of the contribution mypy to the La-
grangian is now a reasonable hypothesis.
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PROSTORI TVISTORA KAO MOGUCI NOSIOCI ELEKTROSLABIH
MEDUDJELOVAN]JA
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Originalni znanstveni rad
PredlaZe se da se standardni model elektroslabih medudjelovanja dade predstaviti

kao teorija u prostoru tvistora. Slijedeéi aspekt takve formulacije se razmatraju na
preliminaran nadin: izospin, hipernaboj i generiranje elektromagnetske mase.

FIZIKA 15 (1983) 4, 419—423 423



	Vol.15_no.4_pp419-423

