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DESIGN OPTIMISATION OF THE TOOTH SURFACE OF A
VARIABLE HYPERBOLIC CIRCULAR ARC TOOTH TRACE
CYLINDRICAL GEAR BASED ON LOADED TRANSMISSION ERROR

Summary

To reduce the vibration and noise of the variable hyperbolic circular arc tooth trace (VH-
CATT) cylindrical gear transmission system, a method for modifying the tooth surface with an
inclined milling cutter head and a parabolic cutter blade is proposed and the design optimisation
of the tooth surface of the VH-CATT cylindrical gear is discussed. Firstly, a modified tooth
surface equation was derived, and the tooth surface was reconstructed. Next, a tooth contact
analysis model of the VH-CATT cylindrical gear was developed, and the tooth surface gap and
flexibility matrix were calculated. An analysis model of the load tooth contact of the VH-CATT
cylindrical gear was developed further. Then, a controllable design of the tooth surface mark
was proposed, and an optimisation model of the tooth surface was developed and solved by the
genetic algorithm. Finally, the tooth surface mark and transmission error experiments were
carried out. In this study, the load distribution, the loaded transmission error, the expected cutter
inclination angle and optimal modification blade parameters are analysed, and the loaded
contact characteristics of the transmission were obtained. Furthermore, the conclusion of the
study is verified by experiments. The results of the study will provide a theoretical tool for the
high-quality VH-CATT cylindrical gear transmission.

Key words: variable hyperbolic circular arc tooth trace cylindrical gear, tooth surface
modification design, loaded tooth contact analysis; loaded transmission
error, tooth surface optimisation, controllable design of tooth surface mark

1. Introduction

Dynamic meshing performance is one of the most important research topics in the field
of gear transmission. Many scholars have carried out research on dynamic characteristics of
gears [1-3]. The tooth surface modification technology is used to improve the tooth surface load
distribution and regulate the gear dynamic characteristics by changing the geometric
characteristics of the tooth surface. This technology is also an important technical means to
reduce vibration and noise [4-6]. For example, Jia et al. [ 7] proposed a tooth modification design
method for the vibration reduction in involute helical gears considering the measured load
spectrum and the amplitude of the loaded transmission error resulting in a decrease in the
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meshing impact of the modified gear. Jiang et al. [8] proposed a design and analysis method for
the tooth surface dynamic anti-wear modification to improve the contact performance. The
variable hyperbolic circular arc tooth trace (VH-CATT) cylindrical gear is a new cylindrical
gear transmission [9]. The main characteristics of the VH-CATT cylindrical gear are that the
tooth direction line of the VH-CATT cylindrical gear is an arc line, the tooth profile of the
middle cross section is involute, and the other sections are hyperbolic [10-11]. The research
shows that the advantages of VH-CATT cylindrical gears are the absence of axial thrust forces,
better lubrication conditions, higher bending strengths, and a self-aligning ability [12]. So, the
application of the VH-CATT cylindrical gear has great potential and the VH-CATT cylindrical
gear is expected to replace conventional involute cylindrical gear transmissions in high-speed
and heavy-duty applications [13]. So far, the VH-CATT cylindrical gear has achieved great
improvements regarding tooth surface forming methods, contact performance, and
manufacturing, i.e. regarding the meshing performance and forming methods in particular.

The results of the research on the tooth surface forming methods of VH-CATT cylindrical
gears are as follows. Tseng et al. [14] developed a mathematical model of the tooth surface of
cylindrical gears with curvilinear teeth based on a rotary cutter head with double-sided blades
and discussed the undercutting condition of this gear. A hobbing method for a cylindrical gear
with curvilinear teeth was proposed by Tseng et al. [15-16] and Dai et al. [17], and a
mathematical model of the tooth surface was developed based on the hobbing method. A
machine tool configuration for the VH-CATT cylindrical gear was proposed by Wu et al. [18-
19], and a tooth surface equation with machine tool errors was established. Ma et al. [20]
proposed a method for processing the VH-CATT cylindrical gear using a double-sided blade
cutter head with inclination, and derived equations of the motion control of each axis for a CNC
machine tool. Zheng et al. [21] studied the manufacture and design of noncircular gears with
curvilinear teeth and developed a mathematical model of the tooth surface. In addition, Ma et
al [10-11], Wei et al [22-23] and Zhao et al [24-25] also established a tooth surface
mathematical model of the VH-CATT cylindrical gear based on the double-edged milling
method of the large cutter head. To improve the contact characteristics of the VH-CATT
cylindrical gear, Ma et al [26-27] proposed an improved double-edged milling method with an
inclination angle and established a mathematical model of the tooth surface.

Regarding the meshing performance of the VH-CATT cylindrical gear, Wei et al. [9]
established a tooth contact analysis (TCA) method of the VH-CATT cylindrical gear to analyse
the influence of the different installation errors and different design parameters on the geometric
contact characteristics and sensitivity of the gear pair. Guo et al. [28] established an analytical
solution to investigate the influence of different parameters on the contact ellipse of the VH-
CATT cylindrical gear. Ma et al. [29] conducted an analysis of the real tooth surface contact of
a cylindrical gear pair with curvilinear teeth. Ma et al. [26-27] proposed a design method for
modifying the tooth surface to improve the bearing capacity of the VH-CATT cylindrical gear
and developed a TCA model to study the influence of the modification parameters on the
elliptical contact area and the loaded transmission error. Chen et al. [30] analysed the geometric
meshing contact performance of a pinion-modified cylindrical gear pair and studied the
influence of the machining parameters on the meshing performance. Luo et al. [31] established
a mathematical model for the tooth contact analysis, the loaded tooth contact analysis to
calculate most time-varying parameters, and developed a thermo-elastohydrodynamic
lubrication model of the VH-CATT cylindrical gear transmission. Wei et al. [22-23] proposed
a computing formula for the maximum contact stress of the VH-CATT cylindrical gear
according to Hertz formula. Also, by taking the flash contact temperature and the surface
roughness in mixed elastohydrodynamic lubrication into account, they integrated a wear
prediction model. Another important technical means of the research on contact characteristics
is the finite element technology. Fuentes-Aznar et al. [12, 32], Sun et al. [33], and Zhang et al.
[34] developed a 3D model of the VH-CATT cylindrical gear to study the contact stress and
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bending stress of the VH-CATT cylindrical gear by using the finite element calculation and
compared them with the contact characteristics of the straight gear and helical gear. Ma et al.
[35-36] proposed the meshing contact impact hypothesis of the VH-CATT cylindrical gear and
developed a gear mesh contact impact model to study the VH-CATT cylindrical gear’s meshing
contact impact properties by the finite element calculation.

VH-CATT cylindrical gears have been researched extensively. However, the above
studies on the meshing characteristics of the VH-CATT cylindrical gear mainly focused on the
geometric tooth contact analysis. The meshing performance of the VH-CATT cylindrical gear
under no load or light load is well understood. However, a finite element technology is used to
analyse the load meshing characteristics of the VH-CATT cylindrical gear transmission,
although the method involves a large amount of calculation and a single performance index.
Also, in reality, especially in heavy load applications, tooth deformation and tooth surface load
distribution will have a significant impact on the meshing characteristics of the gear
transmissions. In addition, the existing research has failed to yield an active control design and
an optimal performance optimisation design of the VH-CATT cylindrical gear. Therefore, there
are still some restricting factors in the industrial application of VH-CATT cylindrical gears. For
example, the influence of design parameters on the transmission quality of the gear system is
not very clear, and so the tooth surface of the VH-CATT cylindrical gear to have an effective
reduction in vibration and noise cannot be designed.

In the present study, a method of tooth surface modification is proposed, and the modified
tooth surface equation is derived. A mathematical analysis model of the load tooth contact of
the VH-CATT cylindrical gear is developed. In this model, the FEM and the linear interpolation
method are adopted to determine the comprehensive flexibility matrices of potential contact
areas. A controllable design of the tooth surface mark is proposed and a mathematical tooth
surface optimisation model is developed. The contact performance of the VH-CATT cylindrical
gear is verified by the tooth surface mark and transmission error experiments. Section 2 presents
a mathematical model of the modification of the VH-CATT cylindrical gear based on inclined
cutter milling and parabolic cutter blade. Section 3 presents a tooth contact analysis model for
calculating the tooth surface gap, and the flexibility matrix and linear interpolation are
calculated with FEM. Finally, a load tooth contact analysis model is developed, and the load
distribution and the load transmission error of the VH-CATT cylindrical gear are obtained.
Section 4 proposes a controllable design of the tooth surface mark to calculate the best
inclination angle, and a tooth surface optimisation model is developed to calculate the best blade
modification parameters. In Section 5, the tooth surface mark and transmission error
experiments are carried out to verify the effect of the controllable design of the tooth surface
mark and the tooth surface optimisation design for the vibration and noise reduction. The
research content provides a technical basis for improving the bearing capacity of the VH-CATT
cylindrical gear and optimising the design.

2. Mathematical model of the modification of the VH-CATT cylindrical gear
2.1 Transmission problem of VH-CATT cylindrical gears

Due to the manufacturing and assembly errors in the VH-CATT cylindrical gear
transmission, the normal pitch ps1 and pr2 are not equal, which makes the driven gear accelerate
or decelerate instantaneously during meshing transmission, resulting in the meshing impact and
vibration of the gear. Fig. 1 shows a meshing impact diagram. In Fig. 1 (a), ps is less than ps,
the latter pair of gear teeth contacts at point 4 in advance, and the angular velocity of the driven
gear increases instantaneously, so that the first pair of gear teeth is out of meshing in advance and
the VH-CATT cylindrical gear system generates the impact of mesh-in. In Fig. 1 (b), ps1 is greater
than pr2, when the first pair of gear teeth is out of meshing at point E, the latter pair of gear teeth
has not yet entered the meshing, and the VH-CATT cylindrical gear system generates the impact
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of mesh-out. According to the theory of gear transmission, the main solution to the meshing
impact of the VH-CATT cylindrical gear system is a design of the tooth surface modification.

On the other hand, the middle section tooth profile of the VH-CATT cylindrical gear is
an involute, and the tooth profile of the other sections is a hyperbola. The tooth thickness
gradually decreases from the middle section to the end face, and the tooth profile curve of the
concave and convex tooth surfaces shows the trend of 'intersection' in space. Fig. 2 shows the
tooth profile curves of the gear’s different sections. Especially when the tooth line radius is
smaller, the intersection trend of the tooth profile is more obvious, and the tooth thickness of
the gear end face is smaller. At this time, the long axis of the tooth surface contact ellipse
reduces and the bearing capacity reduces further. Therefore, the design of the tooth surface
modification presented in this paper mainly focuses on the improvement of gear bearing
capacity and the reduction in meshing impact.

riven gear

Driving gear | Driving gear
(a) Impact of mesh-in (b) Impact of mesh-out

Fig. 1 Meshing impact diagram
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Fig. 2 Tooth profile curves of the gear’s different sections

2.2 Method of the tooth surface modification and a mathematical model

To improve the bearing capacity of the VH-CATT cylindrical gear, the conventional
milling method is abandoned, and the inclined milling method is proposed. To ensure that the
pitch line of the cutter blade is tangent to the pitch circle of the gear blank, when the inclined tool
is installed as standard, the cutter head is installed at an inclination angle, and the inclination angle
is equal to y. The moving direction of the inclined cutter head is horizontal, as shown in Fig. 3.

To reduce the gear system impact of the meshing-in and meshing-out, a parabolic
modification curve is adopted for the tooth profile forming cutter blade, shown in Fig. 3. In Oup-
XdpydpZdp, Odp 1s the parabola vertex position of the parabolic modification curve, uo is the
distance between the parabola vertex position and the pitch line of the unmodified straight
blade. The expression of the parabolic modification curve can be written as:
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Xy, =U
. (1)
Z,,=au

where a is the parabolic coefficient, the outer blade is positive and the inner blade is negative.
n is the parabolic order, n=1, 2, 3 and so on.

The parabolic cutter blade profile in the coordinate system Oarxadpaizar can be written as
the coordinate geometric transformation:

x,=F(u+u )sinaqiﬂ—auz” cosa

— 2n +
zy=(u+uy)cosa T au™ sina

where the upper part of the symbol is the outer blade and the lower part of the symbol is the
inner blade.

To develop a model of a modified tooth surface of the VH-CATT cylindrical gear, the
coordinate transformation system of the modified tooth surface is developed based on the inclined
cutter milling and parabolic forming cutter blade, shown in Fig. 3. In Fig. 3, v is the moving
velocity of the inclined cutter head in the horizontal direction, B is the gear width, R is the pitch
circle radius, w is the angular velocity of the cutter head, w: is the gear blank’s angular velocity,
m is the gear module of the VH-CATT cylindrical gear, 6a1s the spreading angle of the cutter
head, and ¢, is the involute angle of the tooth profile. O-xyz is the intermediate auxiliary
coordinate system, Od-xdydzd is the static coordinate system of the inclined cutter, Oa-xdoydozdo 1S
the dynamic coordinate system of the inclined cutter, O1-x1y1z1 1s the dynamic coordinate system
of the gear blank, and Orxpzris the static coordinate system of the gear blank.

According to the gear meshing theory [37], the tooth surface equation is the expression
of the inclined cutter blade trajectory in the dynamic coordinate system O1-x1yiz1 based on the
meshing contact condition. Firstly, the expression of the inclined cutter in the dynamic
coordinate system O4-xqvizd can be written as Eq. (3) based on Eq. (2), and the coordinate
transformation relationship is shown in Fig. 3.

X, ={[:F(u+uo)sina¢%n—au2" cosa—RT}coswa[(uﬁtuo)cosajFauzn sina]sin;/}cosﬁ

v, =—{[:F(u+u0)sina :F%—auz" COSO!—RT:|COS}/+|:(U +u0)cosa:Fau2” sina]sin 7}sin9 3)

z, =—[:|:(u+u0)sina:F7iTm—au2” cosa+RT}sin;/+[(u+u0)cosa:Fau2" sine |cos

At the same time, according to the inclined cutter equation and the meshing principle, the
normal vector of the inclined cutter blade rotation surface at the meshing point can be written
as Eq. (4).

n=-Bcos0] cos(y Fa)+2nau™ " sin(y Fa) i, + Bsin 6| cos(y Fa)+2nau’ " sin(y F ) |j,

‘ . 4
+B[sin(y Fa)-2nau’" cos(y F ) |k,

where B :—[;(Wruo)sinaqt%—auz" cosa—RT}cosy—[(u+uo)cosa:Fau2” sin a]siny :
Secondly, to obtain the mathematical model of the modified tooth surface, the relative

velocity of the contact point between the tool and the tooth surface is required. According to
references [26] and [37], the relative speed at the meshing point is given in Eq. (5).
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Fig. 3 Forming of tooth surface of the modified gear and the blade of the modified tooth profile

v=[—(u+uo)cos(;/3pa)+(RT ;%+Rl¢l)siny—au2” sin(y Fa) o, +{[(u+uo)-
)
sin(;/q:a)—(RT i%} cosy—au’" cos(;/q:a)} cosO+(R,+Rp, cosy)| wk,

Thirdly, according to reference [37], the product of the relative speed and normal vector
is zero, namely:

nv=0 (6)
Eq. (7) is simplified by Eq. (6) and u is the solution of Eq. (7).
Au"+Ru>"'+Pu+Q, =0 (7)
where
A, =2na’ cos @ ®)
R, = i2na% cos@cosa+2nak; cosfcos(y Far) ©)
—2na(R; + R, cosy)cos(y Fa)—2naR @ siny cosOsin(y F )

P =cosd (10)
0, =u, cos«9+%ncosﬁsinO(—ngo1 siny cos@cos(y Fa) (an

+(R; + R, cosy)sin(y Fa)— R, cosfsin(y Fa)

Because Eq. (7) has only one real root and 4n-2 virtual roots, the real root is taken as u

value based on the structural characteristics and actual physical significance of the VH-CATT
cylindrical gear.
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Finally, to get a mathematical model of the modified tooth surface of the VH-CATT
cylindrical gear, it is necessary to transform Eq. (3) from O4-xay4za to O1-x1y1z1. According to
Fig. 3, the transformation matrix 4,, from Oa-xqyaza to O1-x1y1z1 1s obtained in Eq. (12):

cos(y+¢,) 0 —sin(y+¢,) (R;ycosy+Re )cosp —R,sing, siny—R sing,
sin(y+¢,) 0 cos(y+¢) (R cosy+Re)sing +R; cose siny+R cosg,
S I S 0 0 (12
0 0 0 1

Therefore, the modified tooth surface equation can be expressed as:
n . 2n wm
X' = [(u +u0)sm(7/$ a)—au’ cos(y Fa)—R; :FTcosy}cochos(y+ ?)

{u+u0 cos(y Fa)+au™ s1n(7:Fa)+Tmsm}/}sm(;/+¢l)
+(R; cosy + R, )cosp, — R, sing, siny — R, sing,

[(u+uo sm (yFa)- auzncos(;/xa)—RTqiiiTmcos;/}cosHsin(wa(pl) (13)

—{ (u+uy)cos(y Fa)+au™ s1n(y:Fa)+Tmsln7}COS(7+¢1)
(

+(R; cosy + R, )sing, + R, cosg,siny + R cos ¢,

zl = [(u+u0)s1n(y:Fa) au® cos(y Fa)—R; :FﬁTmcosy}sinG

where 7 is an integer such as 1, 2, and 3, and it corresponds to the 2nd, 4th and 6th order
parabolic modified tooth surface equations, respectively.

3. Analysis model of the load tooth contact of the VH-CATT cylindrical gear

The load tooth contact analysis (LTCA) is an important technical means for the analysis
of dynamic performance of the gear transmission system, and it is a bridge between the gear
geometry design and gear performance analysis. The key technologies in LTCA numerical
calculation include a 3D model, flexibility matrix, tooth surface gap, and a solution of the LTCA
model. In this paper, the tooth surface point cloud of the VH-CATT cylindrical gear was
obtained based on Eq. (13), it was then used for the reconstruction of the tooth surface, and the
flexibility matrix was obtained based on the 3D model. Also, an analysis model of the tooth
contact was developed to obtain the tooth surface gap and contact points. Finally, an LTCA
model was developed to calculate the load distribution and the load transmission error (LTE).

3.1 Tooth surface gap

Fig. 4 shows the meshing transmission system of the VH-CATT cylindrical gear: X' is the
driving gear tooth surface, X" is the driven gear tooth surface, M is the contact point of the tooth
surface, nc is the common normal vector of the contact point, y; is the meshing angle of the
driving gear, and y; is the meshing angle of the driven gear. Since the tooth surface is a
continuous tangent, the driving gear and the driven gear have the same position vector and a
common normal vector at the meshing point in the same coordinate system. If the coordinate
system Og-XgYeZg is taken as the calculation fixed coordinate system, the same position vector
and common normal vector at the meshing point can be expressed as Eq. (14). Eq. (14) is also
called a tooth contact analysis model.
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rgl (01,(01,1//1)=rg2(92,¢2,1//2)

1 > (14)
ng (015¢1’!//1):ng (029¢251//2)

where r; is the driving gear tooth surface, r gz is the driven gear tooth surface, nfg is the driving

gear tooth surface normal vector, and ng is the driven gear tooth surface normal vector.
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Fig. 4 Meshing transmission system of VH-CATT cylindrical gear

The tooth surface gap mainly includes tooth surface normal gap b and tooth surface initial
gap ¢. Fig. 5 shows the calculation principle of the gear surface normal gap of the VH-CATT
cylindrical gear. In the coordinate system Og-XgYsZg, r) is the position vector of the contact

point, EmGum (¢&,) is the direction vector of the contact ellipse long axis, ») is the common

normal vector, CuDwy and AmBu are the intersection curves on the tooth surface of the driven
gear and driving gear respectively, M’is a discrete point on the contact ellipse long axis, L is a
line parallel to » and it passes through the M’ point, M/ is the intersection point of L on the

driving gear surface, M is the intersection point of L on the driven gear surface, and j is the
number of discrete points. The expression of the straight line equation L is Eq. (15).

M/ M/ M/
xL_xg _yL_yg _ZL_Zg (15)
M - M - M

n, n, n,

Fig. 5 Calculation principle of gear surface normal gap of VH-CATT cylindrical gear
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The coordinates of the intersection points M g/ and M ;i can be obtained by combining the
straight line equation and the tooth surface equation. It is assumed that the expressions of the
i i i J J My Mg Mg My MM i
intersection points M and M are ( X, Yy a2z, ) and ( X, Y, "2, ), and the coordinate
expressions are the functions of the&,, ¢, and 6, , ¢,, respectively. The tooth surface normal
gap is the distance from M é to M !fj . Therefore, the expression of the tooth surface normal gap

can be represented as:

J J 2 J J 2 J J 2
b, :\/(ngp Y () (2 -2 16)

As for the tooth surface initial gap, it depends on the geometric transmission error, and it
is the normal direction displacement of the tooth surface. According to reference [38], Eq. (17)
is the expression of the geometric transmission error:

z
A(”z:(02((011)_(p2((0110)__1(§011_¢110) (17)

Z
where ¢,,, is the initial angular displacement of the driving gear, @,(¢,,,) is the initial angular
displacement of the driven gear, ¢, is the angular displacement of the driving gear at a certain
time, ¢,(¢,,) 1s the angular displacement of the driven gear at a certain time, z, is the tooth

number of the driving gear, and z, is the tooth number of the driven gear.

Therefore, the gear tooth surface gap before loading deformation is w=b+¢ .

3.2 Flexibility matrix

The flexibility matrix is a key technology in the LTCA model and it reflects the ability of
the tooth surface to resist the deformation of the external load. Based on the 3D model,
ABAQUS and Python language, a finite element model is developed to calculate the
deformation of the tooth surface discrete points under the unit normal load, and the flexibility
matrix is calculated by the interpolation calculation. In the finite element calculation, the unit
normal load is applied to the tooth surface discrete point i (i =1,2,3,---,n) in turns, and the
normal deformation of all discrete points on the tooth surface is extracted in turns, and then the
flexibility matrix of the tooth surface discrete point is obtained.

However, the LTCA calculation needs a contact point flexibility matrix. But it is difficult
to achieve complete coincidence between the discrete contact points and the tooth surface
discrete points, so the only solution is the interpolation calculation. To simplify the interpolation
calculation of the flexibility matrix, the tooth surface discrete points and contact points are
transferred to the cross section of the rotating gear shaft. Namely, x, y, and z coordinates are

transformed into the » and z coordinates, and r =+/x* + y* . Fig. 6 shows a schematic diagram

of the calculation principle of the contact point flexibility matrix. In Fig. 6, O is the tooth
surface discrete point, ® is the instantaneous contact point, and ® is the tooth surface node of
the interpolation area.

The first step of the interpolation calculation is calculating the equivalent load of the
interpolation area points F;.

The second step of the interpolation calculation is calculating the normal deformation of
the whole tooth surface under an equivalent load at p; point in turns.
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The third step of the interpolation calculation is calculating the normal deformation of
each contact point by interpolation.

The final step of the interpolation calculation is calculating the flexibility coefficient of
the contact point M. by linear superposition.

Design param.eter.s of the VH-CATT > Tooth contact analysis of the VA-CATT cylindrical gear
cylindrical gear
v v
Gear three-dimensional model Tooth surface contact node of the VH-CATT cylindrical gear

‘ Contact point flexibility matrix calculation principle

Meshing node number I I o - \
Tooth ¢ ? L ] palxa, ¥a)y | palas, vs) \
VA / v \
{

Finite surface
clement[—» | Load cyclic loading — g |

method flexibility P A 7_77_’___J - :
. M.(x., . /
o /
pilx ) P, y2)‘/

matrix

Extracting node
deformation

Fig. 6 Calculation principle of contact point flexibility matrix

3.3 Load tooth contact analysis model

According to reference [38], the deformation compatibility equation at any contact point
Jj can be expressed as:

(Z;gk+2fj,k,jﬂ+wj=sz+dj (18)
k=1 k=1

where dis the remaining gap of the tooth surface if d,=0,F, >0 or if d, >0, F, =0, f,
and f, are the flexibility coefficients of the driving gear and the driven gear, respectively. w,
is the tooth surface gap of j point, Fk is the load at k point, and s_ is the normal displacement
of the driven gear under external load.

According to reference [38] and based on the conditions of deformation coordination,
force balance, and non-embedding, the following mathematical model is established to describe
the equilibrium state of the tooth contact under load:

f= minB(PTS)P}

[w), =-[S],[Fl, +s.le]+[d],.m=L1I "
r= Zn:(dilaniI +dinnHFiH)

i=0

St:d,>0(d; =0)||F,=0(F,>0),s, 20,F, >0

where P is the tooth surface load, and P=[F;Fy]. j=1,2,3,---,2n, LII represent the first and

second pairs of teeth, respectively, [S] is the flexibility matrix of the tooth contact point,
S=[S; 0;0 Sy], [F] is the load matrix of the tooth contact point, [w] is the initial clearance
matrix, [d] is the residual clearance matrix, n, and n, are the unit normal vectors of the first

and second pairs of teeth, d, and d, are the matrixes composed of the rotation radius of
discrete points on the contact line, and [e] is the unit diagonal matrix.
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3.4 Numerical example

According to the LTCA model, the tooth surface load and the load transmission error are
calculated. Fig. 7 shows the load distribution and the load transmission error of the VH-CATT
cylindrical gear, the load 7=1000 N-m, and the main parameters are as follows: modulus
m=8 mm, pressure angle a=20°, gear numbers z1=29 and z2=41, tooth line radius Rr=200 mm,
parabolic coefficient a=—0.00005, parabolic vertex position z#o=0 mm, cutter head inclination
angle y=5°. According to Fig. 7, the load of the modified tooth surface is obviously smaller than
that of the unmodified tooth surface, and the load mutation in the alternate area of the single
and double tooth meshing decreases. Also, the load transmission error increases at the moment
of meshing-in and out, but the amplitude of the load transmission error and the amplitude of the
load transmission error in the alternating area of the single and double teeth meshing decrease.
The research shows that the tooth surface modification design is beneficial in reducing the
vibration and noise of the VH-CATT cylindrical gear.
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Fig. 7 Load distribution and load transmission error of VH-CATT cylindrical gear

4. Design optimisation of the tooth surface of the VH-CATT cylindrical gear
4.1 Controllable design of the tooth surface mark

Because the tooth thickness gradually decreases from the middle section to the end face,
the tooth profile curve of the concave and convex tooth surfaces shows the trend of 'intersection'
in space. The long axis of the contact ellipse is small, especially when the tooth line radius is
small. Therefore, a method of forming the tooth surface with an inclined cutter head is proposed
to increase the contact area and improve the bearing capacity of the VH-CATT cylindrical gear.
However, in gear transmission, the long axis size of the tooth surface contact ellipse and the
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sensitivity of the system installation errors pose a contradictory problem. When the long axis
of the tooth surface contact ellipse is small, the gear system is less sensitive to installation errors,
but the bearing capacity of the gear pair is also low. When the long axis of the tooth surface
contact ellipse is large, the bearing capacity of the gear pair system is large, but the sensitivity
to installation errors is also large. The tooth profile modification design method based on the
inclined cutter head can effectively increase the length of the instantaneous contact ellipse and
improve the bearing capacity, but the long axis of the instantaneous contact ellipse cannot be
increased to the tooth width. Therefore, to accurately control the tooth surface mark, a method
of designing a tooth surface with a controllable tooth surface mark was proposed to design a
tooth surface mark according to the actual needs.

In reference [26], the formula for calculating the instantaneous contact ellipse of the VH-
CATT cylindrical gear pair is derived when the tooth surface deformation is equal to 0.00632
mm. According to the influence of the modification parameters on the contact area, the cutter
head inclination angle y is the parameter that has the greatest influence on the instantaneous
contact ellipse. Therefore, the optimisation of the controllable design of the tooth surface mark
aimed only at the cutter head inclination angle, and the long axis of the instantaneous contact
ellipse aimed only at that of the pitch circle. In the design of the tooth surface mark, the long
axis of the instantaneous contact ellipse is set as expected value Lz, and Eq. (20) is constructed
to obtain an expected cutter head inclination angle.

f(r)=4,(r)-L; (20)

where 4, ( 7/) is the long axis of the instantaneous contact ellipse at the pitch circle and it is a
function of y.

Fig. 8 shows the influence of the modulus and tooth line radius on the cutter head
inclination angle, and the expected values Le are equal to 1/,B8 and /B, respectively. From
Fig. 8, it can be seen that the cutter head inclination angle decreases with a decrease in the
expected value of the contact ellipse long axis, and the cutter head inclination angle decreases
with a decrease in the modulus and an increase in the tooth line radius. In some cases, the
controllable design of the tooth surface mark is even not required.
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In this paper, let the long axis of the instantaneous contact ellipse be about one sixth of
the tooth width, the modulus =8 mm, the tooth number ratio z1/z2=29/41, the tooth line radius
R1=200 mm, and the other parameters are the standard values. The cutter head inclination angle
is calculated and rounded, and the cutter head inclination angle y=6°.

Fig. 9 shows the geometric contact trace of the unmodified gear, while Fig. 10 shows the
geometric contact trace of the modified gear. It can be seen that the contact trace of the
unmodified gear is smaller than that of the modified gear, and the contact trace of the modified
gear is about one third of the tooth width. The data shows that the expectation of the
modification target is achieved. Also, an LTCA model is used to calculate the load-bearing
contact area. The contact area is selected according to the standard that the contact force is
greater than 0, the blue area being the contact area in the figure. Fig. 11 shows the contact area
of the unmodified gear. Fig. 12 shows the contact area of the modified gear. From the figure, it
can be seen that the contact area increases after modification, but the contact area obtained by
the LTCA is larger than that obtained by the geometric contact analysis because of the increase
in tooth surface deformation.

4.2 Tooth surface optimisation model

LTE reflects the deviation between the actual meshing position and the theoretical
meshing position of the gear under load. The research shows that LTE is the direct excitation
of the gear pair vibration during the working process, and it is an important factor in generating
vibration and noise. Therefore, the optimisation design of the tooth surface modification aiming
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at the vibration and noise reduction can be transformed into the optimisation design of the tooth
surface modification for the LTE. Usually, in the gear transmission system, when the LTE is
constant, the gear does not vibrate, so the goal of the tooth surface modification design is to
control the amplitude of the load transmission error (ALTE) within the minimum range in the
working process. According to the controllable design of the contact mark, the cutter head
inclination angle can increase the contact mark on the tooth surface and effectively reduce the
LTE of the VH-CATT cylindrical gear pair. To reduce the LTE further, a method for optimising
the design of the tooth surface modification based on the minimum amplitude of LTE is
proposed, which takes the parabolic coefficient and the parabolic vertex position as the
optimisation parameters. In addition, because the gear pair usually works under multiple
working conditions, the multi-objective optimisation design method is used to express the
objective function as the minimum change of the LTE amplitude under a series of loads. The
specific objective optimisation function is as follows:

F(x):minzn:wiw

P ALTE,,
ALTE, (x)=max(LTE,)—min(LTE))
ALTE, ) =max(LTE,))—min(LTE,))
ST. x,<x<x,

i=1,2,n

21

where i is the load number, LTE,; is the LTE of the unmodified gear pair under a certain load,
ALTE,, is the LTE amplitude of the unmodified gear pair under a certain load, LTE, is the
LTE of the modified gear pair under a certain load, ALTE, is the LTE amplitude of the modified
gear pair under a certain load, x is the matrix for the modification parameters a and wo, x,, is

the lower bound of the modification parameters, x,, is the upper bound of the modification

parameters, F'(x) is the fitness function, w, is the load weight coefficient, and Zn: w=l.
i=1
Genetic algorithm (GA) simulates phenomena of duplication, crossover, and mutation in
natural selection and heredity, and the optimal result can be obtained by calculation. Therefore,
the GA is used to solve Eq. (21) to output the best modification parameters. Fig. 13 shows the
optimisation process of the LTE based on the genetic algorithm, and the above optimisation
calculation is completed by using the MATLAB language.
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Fig. 13 Optimisation process of LTE based on genetic algorithm

4.3 Numerical example

Taking the following gear parameters: modulus m=8 mm, pressure angle a=20°, gear
numbers z1=29 and z>=41, tooth line radius RT=200 mm, and cutter head inclination angle y=6°,
a multi-objective optimisation design model was developed by using the MATLAB language
and it was solved by the GA. The best value of the parabolic coefficient a is equal to
4.72 x 107, and the best value of the parabola vertex position uo is equal to -1.18 mm.

Based on the optimal modification parameters, an LTCA model is developed to calculate
the tooth surface load and the LTE. Fig. 14 shows the LTE of the unmodified VH-CATT
cylindrical gear. Fig. 15 shows the LTE of the controllable design of the mark of the VH-CATT
cylindrical gear. Fig. 16 shows the LTE of the comprehensive modification of the VH-CATT
cylindrical gear. Fig. 17 shows the LTE of the three conditions, and A=1000 N-m. Fig. 18
shows the influence of the load on the LTE amplitude. It can be seen from Fig. 14 to Fig. 18
that the controllable design of the tooth surface mark can reduce the size and amplitude of the
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LTE of the VH-CATT cylindrical gear. After the comprehensive modification of the parabolic
blade, the size and amplitude of the LTE of the VH-CATT cylindrical gear reduce further. The
LTE and the amplitude of the unmodified VH-CATT cylindrical gear and the VH-CATT
cylindrical gear resulting from the controllable design increase with an increase in load. In the
case of the VH-CATT cylindrical gear with parabolic blade comprehensive modification, the
LTE of the VH-CATT cylindrical gear increases with an increase in load, but the LTE
amplitude increases obviously with an increase in load only when the load is greater than
1000 N-m. At the same time, it can be seen that the LTE amplitude of the comprehensively
modified VH-CATT cylindrical gear under light load is larger than that of the unmodified gear
pair and the gear pair designed applying the controllable design of the tooth surface. The reason
is that after the comprehensive modification the tooth surface gap increases, the geometric
transmission error increases, and the system deformation increases.

Fig. 19 shows the load distribution of the unmodified VH-CATT cylindrical gear. Fig. 20
shows the load distribution of the tooth surface mark ofthe VH-CATT cylindrical gear designed
by the controllable design. Fig. 21 shows the load distribution of the comprehensively modified
VH-CATT cylindrical gear. From Fig. 19 to Fig. 21, that show a comparison with the
unmodified gear, it can be seen that the tooth surface load of the contact mark achieved by the
controllable design reduces and the contact area of the tooth surface increases. The tooth surface
load of the comprehensively modified VH-CATT cylindrical gear reduces further, and the
contact area of the tooth surface increases further.

|—%—2800Nm:19.31
[——— 3000Nm:20.23

: -40 T T T T
-0.1 0.0 0.1 0.2 -0.1 0.0 0.1 0.2

Meshing angle of the driving gear y,/rad Meshing angle of the driving gear y,/rad
Fig. 14 LTE of unmodified VH-CATT Fig. 15 LTE of mark of VH-CATT
cylindrical gear cylindrical gear achieved by controllable design

LTE Ap/”

-30

-0.1 0.0 0.1 0.2
Meshing angle of the driving geary/,/rad

Fig. 16 LTE of comprehensively modified VH-CATT cylindrical gear
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5. Experiments

To verify the effect of the controllable design of the tooth surface mark and the tooth
surface optimisation design of the vibration and noise reduction, the VH-CATT cylindrical gear
reducer is processed and the tooth surface mark and transmission error experiment are carried
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out. The main parameters of the VH-CATT cylindrical gear reducer are shown in Table 1.
Fig. 22 shows the VH-CATT cylindrical gear reducer.

To test the meshing condition of the tooth surface and the contact area change of the tooth
surface before and after the modification, the red powder was applied to the tooth surface of the
reducer’s driven gear, and the test system of the reducer was started to make the reducer rotate
forward and reverse for a certain time, while the contact area of the tooth surface was observed.
Fig. 23 shows the tooth surface mark of the modified VH-CATT cylindrical gear, while Fig. 24
shows the tooth surface mark of the unmodified VH-CATT cylindrical gear. It can be seen that
the contact area of the VH-CATT cylindrical gear pair is extended to a line contact within a
certain tooth width range in the actual test and work, and the gear contact area is in the middle
area of the tooth width. The tooth surface contact area of the unmodified VH-CATT cylindrical
gear pair is smaller than that of the modified VH-CATT cylindrical gear pair, and the contact
area of the concave and convex tooth surfaces is the same. The experimental results are
consistent with the theoretical analysis of the influence of the modification parameters on the
contact area. It can be concluded that the tooth surface forming method proposed in this paper
can increase the tooth surface contact area of the VH-CATT cylindrical gear pair and improve
the bearing capacity of the VH-CATT cylindrical gear pair.

Table 1 Main parameters of VH-CATT cylindrical gear reducer

Parameter Numerical value Parameter Numerical value
Modulus m/mm 8 Tooth line radius Rt/mm 200
Gear numbers z; and z» 21,29 Parabolic coefficient a +5x 107
Gear width B/mm 80 Parabola vertex position uo/mm 0
Pressure angle a/° 20 Cutter head inclination angle y/° 6

Fig. 23 Tooth surface mark of modified VH-CATT cylindrical gear
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Fig. 24 Tooth surface mark of unmodified VH-CATT cylindrical gear

Fig. 25 shows a platform for testing the VH-CATT cylindrical gear reducer performance.
It was used to measure the transmission error of the VH-CATT cylindrical gear reducer. In the
experiment, the difference between the theoretical output angular displacement and the actual
output angular displacement is defined as the system transmission error as follows:

6’,1,
TEa=—-0, (22)

where i is the transmission ratio, 6, is the actual rotation angle of the driving gear, and 6, is
the actual rotation angle of the driven gear.

ing motor Load motor

Fig. 25 VH-CATT cylindrical gear reducer performance test platform

The experimental platform measures the actual rotation angle of the input and output shaft
when the rotation is positive and reverse. The transmission error of the gear transmission system
is calculated by Eq. (22). The experimental test is stopped when the output shaft rotates 720°.
Fig. 26 shows the transmission error of the modified gear pair, while Fig. 27 shows the
transmission error of the unmodified gear pair. The input speed # is 30 r/min and 20 r/min, and
the load torque 7'is 20 N-m and 10 N-m, respectively. From the figures, it can be seen that the
transmission error of the unmodified gear pair system fluctuates more than that of the modified
gear pair system, and the transmission error distribution of the modified gear pair system is
basically near the 0 line. The experimental results are consistent with the theoretical analysis of
the trend of change of the transmission error, and there are only some differences in the values,
which are related to the gear system load. The experiment shows that the modified gear pair
has certain advantages, and the tooth surface modification is beneficial in reducing vibration
and noise of the VH-CATT cylindrical gear.
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6. Conclusion

This paper discusses a design optimisation of the tooth surface of the VH-CATT
cylindrical gear based on load transmission error. Firstly, a method for modifying the tooth
surface with an inclined milling cutter head and a parabolic cutter blade was proposed based on
the improvement in gear bearing capacity and reduction in meshing impact, and the modified
tooth surface equation was derived. Next, an analysis model of the tooth contact of the VH-
CATT cylindrical gear was developed to calculate the tooth surface gap, and a method for
calculating the flexibility matrix was given based on the finite element and interpolation
computation. An analysis model of the load tooth contact of the VH-CATT cylindrical gear was
developed to calculate the load distribution and LTE. Then, a controllable design of the tooth
surface mark was proposed to calculate the best inclination angle, and a tooth surface
optimisation model was developed to calculate the best blade modification parameters. Finally,
the tooth surface mark and transmission error experiments were carried out to verify the effect
of the controllable design of the tooth surface mark and the tooth surface optimisation design
of the vibration and noise reduction. The main conclusions can be expressed as follows:

(1) The surface load of the modified gear decreases and the load mutation in the alternate
area of single and double tooth meshing also decreases. Further, the LTE increases at
the moment of meshing-in and out, but the LTE amplitude and the LTE amplitude
mutation in the alternating area of the single and double teeth meshing decrease.

(2) The contact area increases when the controllable design of the tooth surface mark is
applied. The cutter head inclination angle decreases with a decrease in the expected
value Lg, and it also decreases with a decrease in the modulus and an increase in the
tooth line radius.

(3) The controllable design of the tooth surface mark can reduce the LTE size and
amplitude. The LTE size and amplitude of the VH-CATT cylindrical gear are reduced
after the comprehensive modification of the parabolic blade. The LTE and the amplitude
of the VH-CATT cylindrical gear increase with an increase in load. The LTE amplitude
of the comprehensively modified VH-CATT cylindrical gear under light load is larger
than that of the gear pair that was not modified and the gear pair whose tooth surface
was designed applying the controllable design.

(4) The experiment shows that the modified gear pair has certain advantages and the tooth
surface modification is beneficial in reducing the vibration and noise of the VH-CATT
cylindrical gear transmission system.
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Symbols and abbreviations

Py Normal pitch wi Meshing angle of the driving gear
Rt Tooth line radius 7 Meshing angle of the driven gear
y Cutter blade deflects angle rgl Driving gear tooth surface
R, Gyration r.adlus of the outer cutter blade on P2 Driven gear tooth surface
the node line ¢
R Gyration radius of the inner cutter blade on n Normal vector of the driving gear tooth
" the node line g surface
2 Normal vector of the driven gear tooth
o Gear pressure angle n,
surface
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Oup Para!aola vertex position of the paraholic r) Position vector of the contact point
modification curve €
Distance between the parabola vertex
uo position and the pitch line of the n;” Common normal vector
unmodified straight blade
EvG . .
u Parabolic coefficient MG um D1.rect10n vector of the contact ellipse long
(&) |axis
" Parabolic order or input speed oo Igrégial angular displacement of the driving
Moving velocity of the inclined cutter head Angular displacement of the driving gear at
A4 . . . . ?11 . .
in the horizontal direction a certain time
B Gear width z1 Tooth numbers of the driving gear
Ry Pitch circle radius z Tooth numbers of the driven gear
. Gear tooth surface gap before loading
w Angular velocity of the cutter head w deformation(w=b-+ )
o Gear blank’s angular velocity F Equwalent load of the interpolation area
points
m geeaarr module of the VH-CATT cylindrical P Tooth surface load
64 Spreading angle of the cutter head [S] Flexibility matrix of the tooth contact point
» Involute angle of the tooth profile [F] Load matrix of the tooth contact point
! Driving gear tooth surface [w] Initial clearance matrix
> |Driven gear tooth surface [d] Residual clearance matrix
M Contact point of the tooth surface or load | 44(y) Long axis of the instantaneous contact
ellipse at pitch circle
T Load torque 0, Actual rotation angle of the driving gear
i Transmission ratio O, Actual rotation angle of the driven gear
n, Common normal vector of the contact point ZE%T Variable hyperbolic circular arc tooth trace
TCA | Tooth contact analysis LTCA |Load tooth contact analysis
LTE |Load transmission error TE Transmission error
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