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Original scientific paper 

By deriving the simpler expression./ (x, S) = (- l)s-P- 112 for the hermitianizingmatrix than the one given by Madavarao et al. it was shown that all Bhabha wave­-equations for half integer spin � 3/2 based on the group SO (4,1) have indefinite -charge. 
1. Introduction 

In an earlier paper by the author1 > it was shown that the matrices Lk, k = 
= 0, 1, 2, 3 appearing in the Bhabha wave-equation2- 3> can be expressed as linearcombinations of the basis elements of the Lie algebra B2 • These matrices were gi­ven explicitly in the case of the spin 3/2 wave equation based on the 16 and 20 di­mensional representations of the group SO (4,1). By means of L0 the hermitia­nizing matrix A was constructed using the formula 7> 

A =  ! L0 {4(L0)2 
- 7}. (1)

*Present address : Department of Theoretical Physics, University of Thessaloniki, Thessa­
loniki, Greece. 
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It was also shown that the matrix L0 of the 20 dimensional field has the eigenvalues3/2 (four fold), -3/2 (four fold), 1/2 (six fold), -1/2 (six fold) and likewise the ma­trix L0 of the 16 dimensional field has the eigenvalues 3/2 (two fold), -3/2 (twofold), .1/2 (six fold) and -1/2 (six fold). Using these results in this paper we shall study the charge associated with these equations looking upon them as Gel'fand--Yaglom wave-equations8- 1 0 and then by using a simplified expression of theliermitianizing matrix we shall be able to study the charge of the Bhabha fields inthe general case for any half integer spin.With every Bhabha wave-equation the quantity e can be associated known as the charge density and given by the formula 
(! = lJlt A L0 'l' (2)

where lJI = ('l' i, 1P 2, • • •  Y'n) is a vector with same number of components as the dimension of the representation on which the wave-equation is based and 'Pt is itshermitian conjugate. The total charge then is Q = f e du where du is the infinitesi­mal volume element. 

2. Charge of the Bhabha fields based on the 16 a'IUl, 20 dimensional
representations of the group SO( 4,1) 

In this section we consider the charge of the Bhabha wave-equation for which the wave function 'JI transforms according to the 16 dimensional representation of the group SO ( 4, 1 ). This representation in the notation of Gel'fand and Yaglom brakes into the irreducibles 7:1 l"J (1/2, 3/2), i:1 l"J (-1/2, 3/2), 1:2 l"J (1/2, 5/2)> i' 2 l"J ( -1/2, 5/2) interlocking according to the scheme 

(1/2, 3/2) l"J 1: 1 -·------ i: 1 l"J ( - 1/2, 3/2) 
(3) 

(1/2, 5/2) l"J 1: 2 ----- i: 2 ,_, (-1/2, 5/2) 
and accepts the following canonical basis 

11 = 1/2, m1 = 1/2, -1/2, l2 = 3/2, m2 = 3/2, 1/2, -1/2, -3/2. ( 4)
With respect to this basis L0 has the blocks 
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(5) 

0 J 
Since the matrix L0 of every Bhabha wave equation is diagonalizable this implies that the minimal equation for L0 includes each eigenvalue only once with multi­plicity one. For the 16' dimensional Bhabha wave-equation L0 has the eigenvalues. 
± 1/2 and ± 3/2 with the multiplicities given in Section 1 and the minimal equation is of the form 

m (L0) = {(L0)2 - (1/2)2} {(L0)2 - (3/2)2} = 0. (6} 
This translated into the minimal equation of the two blocks of L0 gives rise to the following possible cases 
(i) m (LA/2) = (L�/2)2 

- (1/2)2 = 0, . m (L:/2) = (L�/2)2 - (3/2)2 = O,
(i i) m (LJ12) = {(LJ/2)2 - (3/2)2} {(LJ/2)2 - (1/2)2} = 0, m (L:12) = (Lgt2)2 -

- (3/2)2 = 0, 
(iii) m (LJ/2) = (LAl2)2 - (3/2)2 = O, m (L:12)2 = (L�/2)2 - (1/2)2 = O,
(iv) m (L!l2) = {(LAl2)2 - (3/2)2} {(LA/2)2 - (1/2)2} = O, m (L:'2) = (L�/2)2 -

- (1/2)2 = 0.
Cases (i), (ii) and (iii) have to be discarded because they require that the eigenvalues of L0 appear with incorrect multiplicities. Case (iv) is the right one. (We recall that an eigenvalue l corresponding to the block L& is a 21 + 1 fold eigenvalue.) Thus theeigenvalue ± 3/2 and ± 1/2 appear simultaneously as eigenvalues of the block LJ/2 and ± 1/2 as the only kind of eigenvalues of the block Lll2• Since L0 is a diagona­lizable matrix then there is a frame not the same as { � 1 m} in which it acquires a diagonal form and hence 

LAil = diag {3/2, -3/2, 1/2, -1/2}, Lll2 = diag { l/2, -1/2}. (7} 
Using (1) we find that the hermitianizing matrix corresponding to (7) has the dia­gonal blocks 

A 112 = diag {l,  -1, - 1, 1}, A3,2 = diag {-1, 1}.
FIZIKA 16 "(1984) l, '11-7'1 
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From (2) we find the following individual charge densities el12 = el,2 = 3/2,e\12 = eb = -1/2 for the state l = 1/2 and e!,2 = e)12 = -1/2 for the state
I = 3/2, respectively. These densities give an indefinite charge for the 16 dimensio­nal Bhabha field. This is so because the charge densities do not have all the same sign. Let us now consider the Bhabha wave-equation for which the wave function l/' transforms according to the 20 dimensional representation of the group SO (4,1). This representation brakes into the irreducibles 

T 1 r-.J (3/2, 5/2), 'r 1 � ( - 3/2, 5/2), T 2 r-.J (1/2, 5/2), T 2 r-.J ( - J/2, 5/2) (9)

interlocking according to the scheme 

T1 � (3/2, 5/2) :=:: T2 r-.J (1/2, 5/2) :=:: T2 (- 1/2, 5/2) :=:: T 1 "' (-3/2, 5/2)
02"1 c;;2.,2 dr:2 

.and accepts the following canonical basis 

11 = 1/2, m1 = 1/2, - 1/2, 12 = 3/2, m2 = 3/2, 1/2, - 1/2, -3/2. 
With respect to this basis L0 has the blocks 

0 v101-r2 0 0 l 
V302'&'1 0 202i-2 0 

0 202T2 0 V'3�2;1 

l 0 0 v101;2 0 J 

(10) 

( 1 1)

(12) 

Its eigenval ues are ± 3/2 and ± 1/2 with the multiplicities given in Section 1. Since L0 is diagonalizable it has the following minimal equation 
� (Lo) = {(L0)2 - (1/2)2

} {(L0)2 - (3/2)2} = 0. (13) 

This expressed in terms of the minimal equations of the two blocks gives rise to 1:he following possible cases 
(a) m (L�/2) = {(L�/2)2 - (1/2)2

} = 0, m (LJ/2) = {(LJ/2)2 - (3/2)2} = O,
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•(b) m (Lg/2) = {(Ll/2)2 - (3/2)2} {(L�/2)2 - (1/2)2} = 0, m (LJ12) = {(Lt/2)2 -- (3/2)2} = 0,•(c) m (L:12) = {(Li/2)2 - (3/2)2} = 0, m (Lf2) = {(LJ/2)2 - ( 1/2)2} = 0, ,Cd) m (L:12) = {(L�/2)2 - (3/2)2} {(Lg/2)2 - (1/2)2} = 0, m (L�/2) = {(L�/2)2 -- (1/2)2} = 0. 
·Of these cases (a), (b) and (c) must be discarded because they reqire that the eigen­·values of L0 appear with incorrect multiplicities. Case (d) is the right one and thus·the eigenvalues ± 3/2 and ± 1/2 appear simultaneously as eigenvalues of the blockL�/2 and ± 1/2 as the only kind of eigenvalues of the block LJl2• L0 in the diagona­Jizing frame has the blocks 

L�/2 = diag {3/2, -3/2, 1/2, - 1/2}, LJ/2 = diag {1/2, - 1/2} (14) 
: and the hermitianizing matrix A the blocks 

A312 = diag { l ,  - 1 ,  - 1 ,  1 }, A l /2 = diag {- 1 ,  1}. [(1 5) 
·For the charge densities we find e!,2 = ei12 = 3/2, ei12 = e1,2 = - 1/2 for the:state l = 3/2 and el,2 = ei12 = - 1/2 for the state l = 1/2. These densities give.again an indefinite charge for the 20 dimensional Bhabha field. Working in the same way as above we have studied the 56, 64 and 40 dimensio­·nal representations of the group SO ( 4, 1 ), which are suitable for the description,of the spin 5/2 Bhabha fields and also the 120, 1 60, 1 40 and 80 dimensional repre­·sentations of SO (4, 1 )  which are suitable for the description of the spin 7/2 fields.and we have found that the charge of all these fields is again indefinite.

3. General case

We consider now in this section the general case for any half integer spin S. Inthe case of the Bhabha fields for any spin S the matrix L0 is diagonalizable and has eigenvalues ±S, ± (S - 1), ± (S - 2) . . .  with multiplicities > 1. The ma­trix L0 then in the diagonalizing frame has the form 
L0 = diag {S, -S, (S - I ), - (S - 1), (S - 2), - (S - 2), . . .  }. ( 16) 

It can be shown that the corresponding hermitianizing matrix A can be written .also in a diagonal form with elements on the main diagonal given by the formula
f (x, S) = (- l)s-P- 112 (17) 

where S is the maximum value of the spin described by the field, x is a variable taking values S, S - 1,  . . .  , -(S - 1), - S and P is another variable related to
FIZIKA 16 (1984) 1, 71-'17 75 
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x by the formula x = P + 1/2. Using (17) we find that A has the following eigen­values : for x = S, 1;  for x = -S, -I ;  for x = S - 1, -1 ;
for x = -S + I ,  I ;  for x = S - 2, 1 ;  for x = -S + 2, -1,

and so on. Consequently 
A = diag { I , -1, -1, I, I ,  -1, . . .  } (1 8) and hence 

AL0 = diag {S, S, -(S - 1), - (S - 1), (S - 2), (s - 2), . . .  }. (19) 
Using (2) we find for the charge density 

e = S (P; P1 + P; P2) - (S - 1) (lJf: tJf3 + lJf! lJf4) + (S - 2) (P; tp5 +
+ ljf: lJf 6) + . . . (20} 

which gives an indefinite charge for every S > 3/2. For S = 1/2 the charge is de­finite. 
4. Conclusions 

In this paper we have seen that all the Bhabha wave-equations for half inte-· ger spin based on the group SO (4,1) have indefinite charge. The only exception. is the Dirac wave-equation. 
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:BHABHINE VALNE JEDNADZBE ZA POLUCIJELI SPIN STUDIRANE 
PRISTUPOM GEL'FAND-YAGLOMA 
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Originalni znanstveni rad 

Autor izvodi za hermitizirajucu matricu izrazf (x, S) = (- l)s-P- 112, koji je jed­nostavniji od izraza Madavaraoa i suradnika. Na taj nacin pokazuje se da sve Bhabha "'Vaine jednadzbe za polucijeli spin :> 3/2, koje se zasnivaju na grupi SO (4,1) nemaju definitivan predznak naboja. 
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