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“The nonlinear resonant interactions among two circularly-polarised waves and
a Langmuir wave in a cold plasma subjected to a magnetic field directed parallel
‘to the direction of propagation of the three waves are considered. The method of
multiple time-scales is used. It is found that if two circularly-polarised waves
with opposite polarisations and large amplitudes interact, then a Langmuir wave
can be excited, and further that it is possible for a large amplitude Langmuir wave
to decay into two circularly-polarised waves with the same polarisation. Next,
the nonlinear resonant interactions among three extraordinary waves in a warm
plasma subjected to a magnetic field directed perpendicular to the direction of

propagation of the three waves is considered. The method of coupled-modes
is used.

1. Introduction

When two waves with frequencies w,, w,, and wavevectors &,, 2,, respectively,
are present, the nonlinear terms in the plasma equations may contain the product
of the wave amplitudes, viz,

ei(-;x —_k;) cx— (wg —w2)¢
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which is a beat-frequency wave. If the frequency w, — w, = w; and the wave--
vector k; — l_e.z = I;; of the beat happen to be a normal mode of the plasma, i. e.,.

& (w3, Ea) =0

€ (w, k) being the lowest-order dielectric constant of the plasma, then this mode:
will be generated by the interaction of the first two waves. An exchange of energy
and momentum takes place between these three waves and the process is called
resonant wave-interaction (Davidson!’ Ch. 6).

The nonlinear interaction between an electron plasma wave and two transverse
electromagnetic waves in a cold electron-plasma was studied by Montgomery?.
This problem is motivated by the experimental possibility of exciting plasma oscil-
lations by properly tuned laser beams (Stern and Tzoar®). Sjolund and Stenflo*
extended the treatment to the case of a warm plasma. Experiments of Stamper
et al.® showed that intense spontaneously-generated magnetic fields are present
in laser-infested plasmas. Sjolund and Stenflo® extended the treatment of three-
wave interaction to the case of a magnetised plasma with the three waves which
are now two circularly-polarised waves and a Langmuir wave propagating parallel
to the direction of the applied magnetic field, and used the method of coupled
modes. Das” considered the three-wave interaction in a magnetised plasma with
the magnetic field applied perpendicular to the direction of the three waves (which
are now three extraordinary waves) and used the Krylov-Bogoliubov-Mitropolski
method. Nonlinear resonant interaction between three ordinary electromagnetic
waves propagating perpendicular to the applied magnetic field was treated by
Stenflo® %, Krishan et al.!® and Munoz and Degach!!). Nonlinear resonant
interaction between three longitudinal waves in a magnetised plasma was treated
by Das and Banerjee!? and Selim!3%.

The present paper develops a method-of-multiple-scale treatment (Nayfeh!4))
to study the nonlinear resonant interaction between two circularly polarised waves
and a Langmuir wave all propagating parallel to the direction of the applied magne-
tic field. This approach reveals several physical aspects of this problem which are
completely peculiar to the case of the waves propagating parallel to the direction
of the applied magnetic field and are not apparent in the treatment of Sjolund and
Stenflo®. The present paper next considers the resonant three-wave interaction
between extraordinary electromagnetic waves all propagating perpendicular to the
direction of the applied magnetic field. A more elegant technique is developed
which is a modified version of the method of coupled modes to treat this problem.

2. Interactions between two circularly-polarised waves and a Langmuir
wave in a cold plasma

Consider a cold electron-fluid plasma subjected to a constant magnetic field

By = Bo?x and embedded in a uniformly smeared-out background of immobile
ions. The wave-motion in such a plasma is governed by the following equations:

2tV D=0 (1)
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-~  10B

VXE= T @)
~ 10E 4me —

VXB=Zg Y @

where the usual notations have been used. Let us now consider wave motions in

the x-direction. Eqgs. (1)—(4) can be written in a form that exhibts the linearised
parts and the nonlinear parts separately

d v, d
a—’: + no%= - x(” Vx) &)
do, 00x
W+%&=_[ "B T e B o ” @
dvy , € igB:—e[v ’-i- ('v — v, B;) @)
a ' m y-'-mc: =0 *0x : s
v, v,
L ] (XA v,m] ®
9B,
- =0 ®
B 0E.
s 10
% caaE’=0 (11)
af: =cd4nenv, (12)
aE" +c a_B_ 4nenov,=s4uen'v,, (13)
%E.;’_.—c%—4zenovz=s4xenv, (14)
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where the subscript ¢ denotes the unperturbed values, the unsubscripted quanti--
ties refer to the perturbations characterised by the small parameter &. Note that.
the left-hand sides in Egs. (5)—(14) represent the linear problem, and the right-

hand sides represent the nonlinear terms. Let us express the quantities v, Eand B’
in the following form:

ézgx{r'LéL

(0.1 +Q_1.) (15):

]!
N

.LE

0L=0,+i0, ;-;_-_ = l':.:l:i;';.

Note that this representation explicitly brings forth the presence of circularly—
polarised waves in a magnetised plasma.

Using (15), Egs. (5)—(14) can be combined to give:

2
aatz +sz =g- 47”[3 (n'ax)—no{vxw" m(m —'o_B.,.)}]
(16)y
2E 2E. ‘ ¢
aatf —c? aaxf +w,E.: T4anpeilv, =c¢c-4ae [%(n Vi) —
0v... ie
- ('vx - + e Bi)] 17y
where,
2
W = danoe” o _eBo
m mc

It is obvious from Eqs. (16) and (17) that three circularly-polarised waves propa-
gating parallel to the applied magnetic field cannot interact. This result was also
deduced by Krishan and Fukai!$ who used the quantum-field theory formalism
for plasma wave interactions. Therefore, one considers the interaction of two
circularly-polarised waves with a Langmuir wave.

Let us consider a right-circularly-polarised electromagnetic wave and a left-
circularly-polarised electromagnetic wave with frequencies w,, w, and wave num-

bers k,, k,, respectively, propagating in the x direction. One has

— B2 — 1
w —Fc wwl—.Q =0
B2 g P2
w: —kc o} PRy =0. (18)
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In the following, we exclude the possibility of the cyclotron resonance @, . = Q.
Due to nonlinear interaction between these two waves an electrostatic plasma

wave with frequency w; and wave number k; propagating in the x-direction
will be excited such that

Wy — Wy =@ =W, £ — ks =k;. 19

In order to treat this three-wave interaction, let us use the method of multiple
time-scales (Nayfeh!#’). Thus, seek solutions to Eqgs. (16) and (17) of the form

O(x;8) = O(x,57) + e OV (x,5,7) + O(e?) (20)

where 7 = ¢ is the slow-time scale characterising the rate at whnch energy is ex-
changed between the three waves. .

Using (20), Eqgs. (5)—(14) give
E® = (ayeiv + a} e~iw) fx -+

4 (a, &% + g e~iv) zé_,, + (a; es - af e—ivy) i_

- ick ; coLa 1 ck
B — — ~ (g eiv + g e iv1)i, o —2 (az glv: - a7 e~in), .
1
2O s elvs — — ity
v lmw(seia ate ):—I—
ea; en eatein |
- 1
+[1m(w1 T Tim(w; — Q) +
s [ e a, eivs eal e-ivs s
im(w;+9) 1m(w; "|".Q)
o ey k;
o = (a5 eive — a7 e=iw) (21
im el
where,

?Ps=ksx_wsts as=as(7)3 s=12,3

and the stars denote the complex conjugates.
Using (21), Egs. (16) and (17) give for the O (¢) problem:

a 2E§l )

at2 .

. das . da¥ .
L w? BV = £2i wy |— eivs — Z2-e-ivs ) —
% 3\a: Jt
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5 iew: [[ k]_ _ kz } v,
2m w, (w; + ) w; (w; — )

. % k; .
* @il =V — — * —if) =¥y
Xa,aze’v {(}jl((g)z—f-—g) wl(wl_g)]alﬂze ¥ V]—'—
+ nonresonant terms (22)

8 ED 8% EP

S T 0, ED T 4ung ei Qo=
. oa . da* .
= ¢2iw,, ( 8'2:?:1 el — —6%5 e~ivs1) ¥ nonresonant terms. (23

The removal of the secular terms in Eq. (22) and (23) requires

3:1..2
ot

~0 (24a)

a; a¥. (24v)

day _ ew, [ R, _ k; ]
J7 dmos | o, (0, + 9 @, (0, — )

Egs. (24) may be interpreted in the following manner: If two circularly-polarised
waves with opposite polarisations and large amplitudes (so that the latter will
change little during the initial stages, Davidson!’ Ch. 6) interact with one another,
then Eq. (24c) implies that a Langmuir wave can be excited by this interaction.
If the quantity in the rectangular brackets on the right-hand side of Eq. (24c)
is made positive by suitably choosing the parameters k,, &, and 2, then this Lang-
muir wave has the possibility of growing in time until it saturates due to collisional
effects in the plasma.

Let us next consider two right-circularly-polarised electromagnetic waves
with frequencies w,; and w,, and wave-numbers %, and k,, respectively, propaga-

ting in the x-direction. Let these two waves engage in a nonlinear interaction with
x Langmuir wave with frequency w; and wave number %; and propagating in the

-
a-direction such that;
by =% iy == (g, kl == k; - kz, Qg = Wy, (25)

In order to treat this three-wave interaction, let us seek solutions to Egs. (16)
and (17) of the form given in (20).

Using (20), Egs. (5)—(14) give
E = (g, e - g¥ e-iw) £, - (a, et aF emivs L g, el -+ oF emiv) 7,
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s i k " i ck i 0 ~
B = _ 3 [E._.l. (a; et» + a’f e—iv) - .____i(az elva - a’: e—lvs)J i,
W) L]
-~ e . A Fid . A
27 = _ Qa0 — g¥ e—iv) g . SN Py — g% a=ivy | £
1mw3(3e P ay e im(w, — 2 (@ & — aFein) | 4,
etg R
n® =""3"3 (g elwy — g* e—iva 26
e af ein) (26)
where,

Yyo=kx—w;t, a=a,(f); s=12,3.

Using (26), Eqs. (16) and (17) give for the O (&) problem:

] da x o
0} EP = g2iw, (—z’ 2 e~ivs | + nonresonantterms  (27)

92EW .
“or ot - T o

o2

92E, 32E‘_"1
arz

— da day —i . _iew] k(03 — w;) ks
""’2“"‘(6’“”‘"ﬁe ) T [[‘ oy (@; =) @y —2

F+ ol ED +dnnyeilo_ | =

k . .
— —3-} X {a3 a¥ eitvs—vd) — a¥ a, e“(%-%)}] + nonresonant terms  (28)

(0} )

O'EW,  , 92EW,

o1z ¢ kT

T WlEDL ddan,eiRo®) =

. da; da¥
=t 2w, -5;8"’ — _ﬁ'e_m +

siew}[[_ k;,(ma—wl)_l_ k _ﬁ]x

N @, wy (w, — ) w, — 2 o
X [a, a¥ eitvs—w) — g¥ g, e—i(v--'h)]} -+ nonresonant terms. (29)

The removal of the secular terms in Eqs. (27)—(30) then requires

3&, 3w§ [kgml mz'—‘kz(ﬂag] *
T 2mw, w} Wz (wy — s 2, (30a)
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da,  ew) kytw wy —k;wa.Q] N

0T 2moy0l [ w, (0, — ) 434, (30b)
3a3

—— . 30
77~ 0 _ (30¢)

Eq. (30) may be interpreted as follows: If a Langmuir wave with a large ampli-
tude interacts with two circularly-polarised waves with the same polarisation and
small amplitudes, then the amplitude of the Langmuir wave will change only negli-
gibly with time (which is what Eq. (30c) implies). If the quantities in the rectan-
gular brackets on the right hand sides of Eqs. (30a) and (30b) are made positive
by suitably choosing the parameters k,, 2, and £, then these equations indicate
the possibility of these circularly-polarised waves growing in time (this would
be like the decay of a large-amplitude Langmuir wave into two circularly-pola-
rised waves with the same polarisation).

These results have been missed by Sjolund and Stenflo® in their treatment
using a different method.

3. Interactions among three extraordinary waves in a warm plasma

Consider a warm electron-plasma subjected to a constant magnetic field B, =

= B, :’z and embedded in a uniformly smeared-out background of ions. The
wave motion in such a plasma is governed by the following equations

on -
Y (nv)=0 @3n
3;;(' )*——ii-}—l-’xﬁ _a?
FTi Vv = m( - ) 7V” (32)
- 1 3B
= 10E e -

where a is the thermal velocity.

-

Let us now consider wave motions in the x-direction. Egs. (31)—(34) can be
written in a form that exhibits the linearised parts and the nonlinear parts sepa-
rately

on O0v, _ 0
E-*—nog——sa(nv,) (35)
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aai:+ef"+gvy+:ll—:g—:=—s(vx%+,%vy3=—%"g—2) (36)
‘"';’: "f’ —Quv,=—¢ (v,%—'—%vx&) @7
%_enow,=e(ew,,) (38)
%+c%—enov,=s(env,) (39

S8 g (40)

where the subscript , denotes the unperturbed values, and the unsubscripted
quantities refer to the perturbations characterised by the small parameter ¢, and
0= e Bo

mc
such that E. = B, = v, = 0. Note that the left-hand sides in Egs. (35)—(40)
represent the linear problem and the right-hand side represent the nonlinear terms.

. We have assumed the polarisation of the extraordinary modes to be

Let us consider linearised extraordinary modes of the form ei*s* and introduce

: 2 i 2
ar=w,+ﬁ(‘o—+ I)Ey+ L2 (‘g-—+ I)B=+
;

eng \Dy e g

azikT.Q
Ty M 1 Y
7 Dy "Dy * " wmD,* (41

where wr and kg satisfy the linear dispersion relasion,

(w? + k2¢c? — w2 (w? + k%2a? — w?) + Q2 (k*c? —w?) =0 (42)
or

w? =-é- [%% (a? + ¢?) + 22 + 23] + ;— [{%% (a? + c?) + 2w} + 22}2 —

— 4 (0} + k7 a?) (w) + k7 c?) — 4kF c2 22]Y12 (43)
and

dnen
Dr = o} + ki a® — o}, wf,=—-—;;—i.
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Using Egs. (35)—(42), one obtains

oa .
—aTT =1wWyar (44)

so that a; is a normal mode of the linearised problem associated ‘with Egs. (35)—
(40). Note that in the absence of the applied magnetic field (i. e., 2 = 0), (41)
represents transverse electromagnetic waves (hence the justification for the use of
a subscript T in (41)).

Similarly, let us consider another class of linearised extraordinary modes of
the form e~%z* and introduce

Wy n ien ing D
a=ntpant ana ko gag et
oy, 21 d 2
+ kLGz.Q ('Q TDL)Ey+eazQ(Q +DL)B: (45)

where w, and k_ satisfy the linear dispersion relation (42),

o} % (% (@® + ¢%) + 20} 4 Q2] — -%— [{# (a® + ¢*) + 20} 4 2%} —

f

— (0} + B, a?) (0} + Ky c?) — 4 K c? 0702 (46)

and
D, = o} 4 &} a® — w}.

Using Egs. (35)—(40), (42) and (45), one obtains
- =lw,a 47

so that a, is another normal mode of the linearised problem associated with Egs.
(35)—(40). Note that in the absence of the applied magnetic field (i.e. , 2, D, = 0),
(45) represents Langmuir waves (hence the justification for the use of a subscript
L in (45)).

Note that in the original method applied for the case without the applied
magnetic field (Sjolund and Stenflo®) a; is a linear combination of v,, E, and
B., and a, is a linear combination of n, v, and E,. In contrast, for the present
case with the applied magnetic field, this method has to be modified in that a,
and ar are both linear combination of all the variables in question — v,, E,, B.,
n, v, and E,.
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The two sets of extraordinary modes given by (41) and (45) are uncoupled
in the linearised problem. The coupling between the two sets of extrao-dinary
modes given by (41) and (45) becomes ‘effective in the nonlinear problem. When
the nonlinear terms are included, one obtains, from Egs. (35)—(40)

%-—uurar—( wxa;;’)—l-m B—I—lmr(g:%-l)no,—
¢ ) (48)
%—lwnan—— (nv,) — w"no(xa;’+iv,B,—‘—l%n%)+

(22 4+ D) no,.
(49)
Let us consider the extraordinary waves of the form e—ilkrex—ars) and e—(krix—o1yt)

propagating in the x-dn'ectxon, with (wr,, kr.,) and (wn, kr,) related to each other
according to (43). Due to nonlinear resonant interaction between these two extra-
ordinary waves, let a third extraordinary wave of the form e—i(ktx—oLf) propagating

-
in the x-direction, be excited such that

iw, _ing &( a'v, € ) WL
tgaz M%) —3r g o ”"B E 04

Wy, — Wy, = Wy, kro —_ kr‘ = kL (50)
and (wg, k) are related to each other according to (16).
Now, one obtains for the linearised problem associated with Egs. (35)—(40),

Vyr = aar

iwreng )aa
2 ] T
kic - Wy

o
h.l
Il
—

ienokrc

B’T=(k§c2 )aar

ny = (k; ;;;9) aay
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02
w‘gr:(wT )aﬂr

Dy
B = (=45) aor
ar = ay () eitors=—krx) 4 a;‘, (¢) e—iteri—krx) (51)
and
Ve = ﬁ ag
By = (kL ng) Bar
ieng
E,p = ( wy, ) 18 L
iD
o (“‘Lé) fax
D, |
= (% prites) b
_ DL € Hp kLC
BzL‘_(waLmkz ﬁal.
ay = ay (1) eflori=kud L g* () e=i(oet~ken) (52
where,
. Qz -1
(@3 +Ee)) (2 + 1) :
_ By 2
=11 + (U-z‘- zcz D;-(DT+2 7')
pies [ (i +ol+kadn _ neD, l” L@ Da(mi+kzc=)} o
- kiowpa? kLo, a*2 7" wi — ki c?

and ar (¢) and a; (¢) are slowly-varying functions of time.

Using (51) and (52), Eqs. (48) and (49) give, upon keeping only the resonant
terms on their right-hand sides

wr, Dy . w?
g i

2
L DT! T — o1,

dar,
at

—iw1°a1-°=a1 ﬂ [ile +ik[_
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tik D%

. £2 )(k; Ry D,_)
U< S, kot bl Wi 8
ﬁcu_l_"f)_; k2 — i + 1wr"(a‘f)r{. 4 g + wy Dy, +

a2 K, Q°

i w]:l- inoQZ { w-rl 2 DL
+ Dy Dy, (k“+7; ’“)“L_Dr., bro B+ b o

w’ D a’n
o = — Ry R . } +
+ kr, Q2 wy (B, c* — w7,) To"T1 k"wL Dy,
Q2 ( ke, o1, )] %
s 53
+ l(uﬂ DTQ (DT1 L ®L DT; ar, qL ( a)
—a&—iw ar, =ao flikr, +ik wr, D Lyrik _w__ofz’_ﬁ+
3t Tl Tl 0 To L L D70 To kZ Cz —w}c
ip o DL @ (ﬁ’. 1) (fg _ irgP_L)
ik oy Dry k¢ — wf +ion, Dr, T w, @y Dr, +
ia? B, 02 o, 1oy, 32 { m,-u At D,
DTo DT; (kro_’_ Wy 5 ) DT: krl + kL-sz (kzcz__wi)
o DL a’n }
By kr k
krugzwl. (kTo C o wru) + Tn T" L Dra +
., 27 (kr., wr ]]
+ & 2 ar, 4 53b
+ W pDTl DT@ . LDTBI' T L ( )
ai——lw a; =@g @ {———ﬂi——-*(w’+k’ a®) (ky, v, + by 0p) —
ot Lag OIkLzDro To 1 7R 0
iw.[, Ho ﬂ)i . w:. 5
T Tk a? {kr" k2 2 — o7, kry kL c? — wr, b
b 02*
—+ D—:-;E;—;(_ (UT; tory 4 kro le Ny az)] —
ing Dy Dy w3,
oo 0 B b e oy k —k . ] Y
E.a® Dy, Dn( Ts Oro T Rro Oy = B re By o7 g
DTn wlz'l )
~kro o, Dy, k%"o R — w'}o +
leﬂo 2 kTi kro %
+ (Q +DL) -_D aTo a'.l"i (53C)
Tl Ta
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where,
Dro =D (w]"as kro)s Dr; =D (ﬂ'n: kr.)
dg =E (w]"o: kr,, , @ =4 (wna kn)—

In terms of a physical quantity like n; and n, (as given in (51) and (52)), Egs.
(53) can be written in the following form

ony, _ ong,

Pl S i ino Ry, = —pnur ng (54a)
ony, On i

met =~k —ior ar, = gnryn} (54b)
n on .
T,E':-Ea—;‘—lco,,n,_=rn,-un§1 (54c)

where p, ¢ and r are constants which are determined from the right-hand side in
Egs. (53).

One then obtains for the slow variations in time

2
*nr,
oT?

= Y P q ”To [ﬂle R P ¥ "’To |nT|,| ? (553)

32
St = — panr, lml? + gr g, fnr,|? (55b)

g7 = —prauen)t +arayfarl® (550)

If one assumes that
el >zl I
then nz, can be taken to be constant. If further
N, Ny ~ €oF (56)
then Egs. (55) give for the growth rate

g = Vq_r I"To!'
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Note that in the absence of the magnetic field (i. e., 2, D, = 0), Egs. (53)
reduce to

dar, — ik} a2 w}or, .~
ot To %70 4o} wi ng ' C
da ikl a?owlwr
L - 2 Ll ar
— 1@y, ar T 3 To A1
31' X 1 men o o
da ingwp wf
L — QL %p *
_at——lwl' a, = Wayo an (57)
L ] L

where,
‘w} =l + K cz,'_ w} = w? + k} a2

Egs. (57) are the same as those deduced by Sjolund and Stenflo®.

Now, in order to compare the present results with those deduced by Das®
using the Krylov-Bogoliubov-Mitropolski method, first note that the latter’s ampli-
tude variables a,, a,, a; are related to the present amplitude variables ar,, a.,
ar, changed to ar,, ar, ar, as follows:

2 2
ryy =i S =Rl [y OF 0 4, 0D +
' 53 No Wry,3 DTx.a

2
+(1+ ;i )(wn;‘f‘kng )] 1,3 = Y1,381,3
[ 1.3

wa.a le.3

.k 1
a, = 1?1'[1 + P (0] + o} + D}Q*) 4
D22 w} c?
+ w!.i o ki P (QZ + DL) [kilt;z + E’i‘)] = Yy as. (58)

If one writes Eq. (53c) as

d
T;it_ —ieyLa, = par, af, (59)
then, using (54), this becomes
da, . Y1 Vs
vy —imga, = ;23 K a, a:‘. (60)

This does not seem to agree with the one given by Das®.
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4. Discussion

In this paper, first we considered the nonlinear resonant interactions between
two circularly-polarised waves and a Langmuir wave in a cold plasma subjected
to a magnetic field. The method of multiple scales was used. We found that if
two circularly-polarised waves with opposite polarisations and large amplitudes
interact with one another, then a Langmuir wave can be excited. We also showed
that it is possible for a large-amplitude Langmuir wave to decay into two circularly-
polarised waves with the same polarisation in a magnetised plasma. Next, we tre-
ated the nonlinear resonant interactions between three extraordinary waves in a
warm plasma subjected to a magnetic field. The method of coupled modes was
modified suitably to be able to treat this problem. Using these results, one may
study different wave-coupling mechanisms. For instance, when one of the extra-
ordinary waves (the pump wave) has such a large amplitude as not to be affected
by the presence of the other waves in the plasma, one can excite a signal extraordi-
nary wave and an idler extraordinary wave.
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Originalni znanstveni rad

Razmatrana je nelinearna interakcija triju valova u magnetiziranoj plazmi. Meto-
dom viSestrukih vremenskih skala ispitana je nelinearna interakcija Langmuirovog,
longitudinalnog vala s dva paralelna, suprotno polarizirana elektromagnetska vala
koji se prostiru uzduz vanjskog magnetskog polja. Razmatrana je takoder nelinearna
interakcija triju neredovna vala u toploj plazmi koji se prostiru normalno na smjer

magnetskog polja.

FIZIKA 16 (1984) 2, 167—183 183





