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When two monochromatic electromagnetic (em) waves mix in a uniform magne­tized plasma, a longitudinal wave is excited in the plasma. We derive an expression for the energy absorbed by the ions in the case the frequency difference of those two em waves is tuned to the ion cyclotron frequency. For time much longer than the period gyration of an ion, it is shown that mixing geometries producing small values of the wave number of the excited electrostatic wave are more effective in heating up the plasma. 
1. Introduction

In a previous publication 1 >, the motion of a charged particle of charge e and mass M was considered in the ·field of two monochromatic electromagnetic waves of frequencies ro1 and w2 and wave vectors k1 and k2, respectively. It was found·that the particle will effectively experience a longitudinal field Es along the di­rection k1 - � of the form Es = E0 sin (k0 · ;  - ro0 t), where E0 = (eE1 0E20/ /2M ro1 ro2) k0, ro0 = ro1 - ro2 and E1 0, E2 0  denote the electric field intensitiesof the two waves. Next, the energy transferred from the wave to the electrons -0f the plasma was calculated for the case of two waves of the same frequency and intensity propagating in opposite direction in a uniform unmagnetized plasma. 
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The purpose of this paper is to analytically examine the mixing of two mono­chromatic electromagnetic waves in a spatially homogeneous magnetically con­fined plasma for the case in which their frequency difference w0 = w 1 - w2 istuned to the ion gyrofrequency We = eB0/Mc. 
In addition to the previously mentioned longitudinal field Es, each plasma

-ion experiences a self-consistent electrostatic field E, the form of which is briefly given in Section 2. Then we consider the case of a low density plasma in which the self-consistent electrostatic field can become negligible in comparison with the external field i. Next, the Vlasov equation is solved by the method of characte­ristics and an expression for the ion distribution function is found. Section 3 is devoted to the calculation of the energy transferred from the longitudinal field Es to the ions of the plasma. We finalize with a brief discussionof the results. 
2. Wave mixing in a magnetized plasma

In this treatment, we consider a uniform fully ionized plasma of electrons and protons, immersed in a stationary magnetic field of intensity BO directedalong the z-axis of a cartesian "System coordinates. At some instant of time, two monochromatic electromagnetic waves with frequencies w 1 and w 2 much larger then the electron plasma frequency, wave vectors k 1 and k2 and electric field inten­sities E'1 0 and .E2 0  polarized along an axis perpendicular to the plane of their di-. f . - hi d - hi din 1 h rect1on o propagation vectors n 1 = -:;- an n 2 = -::;-, correspon g y, are s ot 
lk1 I lk2 I in the plasma in such a way that the vector ko = hi - k� is at right angles withthe magnetic field .B 0• Prior to this instant, the electron and ion velocities are assu­med to be distributed according to the Maxwellian law 
3 Fe = n0 n - 2 a;3 exp ( - v2/a!)
3 F, = n0 n- 2 a;3 exp (- v2/a}),

where n0 is the particle density, a; = 2k Te/m, a; = 2k T,/M and the electronand ion masses and temperatures are given by m, M and Te, T,, respectively. For simplicity we are restricted by the temperature relation Te > T,, which is usually encountered in practice. 
In the field of these two waves, an ion will experience a longitudinal field 

Es along the direction k0 = k1 - k2 (taken parallel to the x-axis) of the form
Es = E-:, sin (k0 x - w0 t), ( 1)
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where 
and (2) 

(3) 
In addition to this field, each individual plasma ion will experience a self-consi­stent electrostatic field E (;, t) which satisfies the system of Vlasov-Poisson inte­grodifferential equations. Linearizing (E0/V 4n n0 k T, < I )  and solving these equa­tions for the case in which the frequency w0 = w 1 - w2 resonates with the ion cyclotron frequency We = e Bo/M c
(where c is the speed of light), we find that 

(4) 

with 
E (;, t) = - E0 sin (k0 x - We t) -!- E0 sin (k0 x - Wp t) +

+ E0 [(wp - wc)/wp] cos k0 x sin wp t (5) 

wj = co� [ l + (2w;i/w!) (2w;/k� at) 11 (k� aU2w!) exp (- k; aif2w!)]. (6) 

Here w,,1 is the ion plasma frequency, 11 is the modified Bessel's function of the first order and wp is the frequency of a Bernstein mode2>. When the plasma density is low ( w;n � OJ�), it is possible, by adjusting the directions of k1 and k2, to bring wp very close to the ion cyclotron frequency. Thisway, the amplitude of E (;, t) becomes very small, as a matter of fact, negligiblecompared with E0 • Integrating the Vlasov equation along the orbits of the particles, we obtain 
f, (x, ;, t) = constant,

where /, is the ion distribution function. These orbits are given by the equations 
(7) 

d - -dt x (t) = v (t) (v � c), (8) 
d --- � -- � dt v (t) = (e Eo/M) sin (ko x (t) - w0 t) ex + We v (t) X e:, · (9) 

The vectors ;: and ;: are the unit vectors along the x and z axes, correspondingly. For a sufficiently strong confining magnetic field .80, the electric field E0can be considered as a small perturbation to the magnetic field. The orbits of the 
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particles in the unperturbed field BO are best expressed in cylindrical coordinates in the velocity space; i. e. 'Dx = v .L cos <p, 'Dy = v .L sin <p, 'Vz = vu- In terms ofthese variables, we have that 
( 10) 

Because of ( 1 0), equation (9) yields 

- Wo t] � + We ; (t) X ;;. ( 1 1 ) 

Assuming a constant amplitude electric field £0, the solution of equation ( 1 1 )  for the case w0 -+ We may be written in the form: 
Vx (t) = 'V .l cos (we t - <p) - a Jo (ko 'D .tfwc) sin (we t - <Po) + 

Vy (t) = - 'D .L sin (we t - <p) - a JO (k0 'D .1/we) cos (we t - <1>0) + 

Here Jn denotes the Bessel's function of order n and
a = e E0 t/2M. 

(12) 

(1 3) 

( 1 4) 

( 15) 

(16) 

Besides the externally applied electric field E0, each plasma ion, on account of its collisions with electrons (ion-ion collisions being neglected), is acted upon by a collisional drag force equivalent to a critical electric field 
Ee = ( 4.11: � e3 n0 In A)/k T,, ( 1 7) 

where In A is the Coulomb logarithm and the coefficient � is constant and equal to 0.2 1 for a Maxwellian plasma3> . If the external electric field is smaller than Ee, there exists internal friction which causes the plasma temperature to rise with time. If, on the other hand, the external field is much larger than Ee (as the present treatment requires), collisions become non-important and free motion of the plas-
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ma ions i n  the electric field E O takes place. In  a way., the electric field frees the plasma of collisions. This is . because th� particles (ions) acquire speed between collisions, the collision cross section decreases and, for sufficiently rapid accele­ration, the ions simply gain energy and run away. The absence of internal friction leaves the temperature T, unchanged and having assumed that at the initial momentt. = 0 the plasma is Maxwellian, the ion distribution function (Eq. (7)) may bewritten as follows : f, (x.0, v, t) = no :n;- 3
/

2 a;' exp {[- (v ± a (J0 + 12))2 ±

± 2a v (JO + 12) (1 =F (v 1./v) sin «>1 + 4a2 JO !2 cos2 «>1]/�} (18) with 10 (k0 v 1./roc), 12 (k0 v 1./roc) = 1 o, 12, respectively.The estimation of the energy which is absorbed by the ions of the plasma is attempted in the next section. 
3. Energy transferred to the ions 

The energy transferred to the plasma ions, averaged over a wavelength of the electrostatic field, may be expressed as follows: 
2n n/ko · oo co U (t) = (m k0/4n) f dq> f dx0 f dv1 1  f v 1.f, (x0, v, t) v2 (t) dv .L (19) 

0 -n/ko -oo 0 

where v2 (t) = v; (t) + v; (t) + v; (t).As f, is given by (18), equation (19) is rewritten in the form 
2n n/ko co co 

u (t) = (no m ko/4n512  an f d(J) I dxo I d'l.!1 1  I f)J. exp {([- (v±a (!0+ !2))2 ±
0 -n/ko -co 0. 

± 2a v (Jo + 12) (1 =F (v.Lfv) sin {l;1) + 4a2 10 !2 cos2 <l>i]/aU v2 (t) dfJ.L• (20)The evaluation of this integral., as it stands, is very complicated. Fortunately, a particularly simple situation exists when a/a, � 1. Under this condition, the elec­tric field of resonant frequency ro O = roe catches ions whose velocities lie on aplane perpendicular to the magnetic field, i. e. v "" fJ .L "-! ± a (JO + 12) andsin a> 1 "" ± I. The appearance in the plasma of this group of fast ions whose velo­cities far exceed the ion thermal speed> allows us to simplify the problem by ne-glecting the term containing cos2 �1 • The expansion of exp [ - 2a v .1 (10 + 12) sin 4>1/aD in a series of modifiedBessel functions and the integration of (20) over· x0, (J) and v1 1  yields 
00 U (t) = (n0 k Tia,) f [(2A + (v .1/a,)) I o (a1) -. 2B 11 (a1)] exp (- (v1 +

0 
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· A . (v.1/a,) [(vi + .a2 (J0 + 12)2)/tr,] ;

B ·= (vjJa,) a� .  

(22) 

(23) 

(24) ' 

• ' • , "!' : "\ �. . • • • .... .,.. • • • • 

Since a substantial contributio1i tG the 'mtegi'al ·of (21) comes. from particles 
';Vh_o�e velo.cities )ie c�os� tq · ±·.a ,(J O · + "12); the use· of· �he asymptotic form of 
lo (a1) and 11 (t11)4> leads t_o. �e follow�g expressiqit : . . 

. · u(t) . . 'c��-k T,/a,) [I . [(2 (A - B) + (v�/a,) + 2B a1)/(2n.a1) 1' 2] • .

I ' · . .  ., 

N(«Uo+h.)) 

• �p (.- (v .1. .- a (J0 + 12)) 2/a:) dv .i,+
'· - ·  .. .. . . . ' . . . 

+ r��nf2 f . [(2 (A _+ B) + (v .1/a,) + 2B a�)/(2n a1)
1

/ 2] • 

N(-a.(Jo+J2)) 

exp (- (v .1 � a (Jo
_
. +  -!2))2/aD dv .1 ] , (25) 

where a1, a0 � 3/sa1 and 1v Cu) denotes ·some suitable neighborhood or 'u to be
specified below. 

If l is a root of eithet of the . equations 

(26) 

we *1ay �t� v .1 . . . (wJk0) .l + ·LJv .1, (Llv1. -< (wc/k0} l). By expanding JO (k0 v .1/wc)
a�d 12 (k0 v .1/wc) in Taylor series around l and retaining only first order 
terms with ·respect to w = (k0/wc) Lfo .1, we have 

. , I  

 . 

. ;  v .1.: ± a (Jo (ko v .1/wc) + 12 (ko iJ .1/roc)) ,_ (wc/ko) /JT w (27) 
where 

(28) 

lo (l) + 12 (l) > O; _10 (l) + 12 (l) < 0 (29,30) 

�QI'.' �P+ and P-, respectively. 
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By using the expanded form of J0 (k0 v.J.Jwe) and 12 (k0 vJ./we) to obtain 
new expressions for a. ,  A, B from (22), (23), (24) and then substituting them 
into (25) and taking (27) into account, we obtain 

_ U (t) _ 4n n0 k T, [ ( ,) J ( ,)) (
1 1  + y; ) /P -1-

1'} - U (O) - E� 
H lo (A + 2 "- 8 erfy0 - Vi e<Yt)2 + • 

+ H (- Jo (J.) - J, (J.)) Csl erfy; - v .. :� ) IP-] . (3 1) 

Here H is the Heaviside function, rJ = U (t)/ U (0) is the energy absorption coeffi­
cient, U (0) = !;, Yt= (we/k0 a,) CP±) Wo and w0 is the upper limit of w. The
value of w0, which determines the domains of integration in (25), is somewhat
arbitrarily chosen and, to a good approximation, it can be taken equal to unity. 
This value of w0 would not be proper only where second order terms with respect to w could be effective in the expansion of the sum J0 + J2 • This happens only when 
the derivative of this sum vanishes, i. e. when u J: (u) = J1 (u), where u = k0 v J.lwe, 
but these values are different from l and their neighborhood have been exclu­
ded as non substantially contributing to the value of the integral (25). 

Eq. (3 1) proves easily that 11 increases with yt. Therefore, for given plasma
parameters and a certain mixing geometry the energy absorption increases with 
the magnetic field intensity. In turn, for a specified value of B0 and considering � � � 
that k0 � 2k sin (fJ/2) (k = lk1 1 � Jk2 I, 1> is the angle formed by the vectors k1 

and k2), mixing geometries producing long wavelengths (i. e. small values of k
and fJ) give large values of y� and consequently of 11· Limiting ourselves to cases 
in which the externally applied electric field E0 is much larger than the critical 
electric field Ee given by Eq. ( 17) we ignore internal friction. Therefore the plasma 
temperature during the absorption process remains constant. In the absence of 
collisions in the plasma part of ions absorbing energy from the electric field, are 
accelerated to relatively high velocities. As a consequence the ion distribution fun­
ction becomes non-isotropic and there appears a group of runing away ions forming
a tail in a direction perpendicular to the magnetic field BO with velocities close
to that which satisfies Eq. (25). 

When a plasma of I eV temperature is considered immersed in a magnetic 
field of about 5 T, the ions of mass M = 1 .67 x 10- 2 4  g and charge e = 1 . 6  x
x 10- 1 9  C rotate at We = 5 x 108 s- 1 • If the two mixing waves of power P each
are focused down to a diameter d, then E, 0 = E2 0 = ! ( :) 11 2

• Choosing "'"

w2,_,9 x 102 9  s - 1 and directing the wave vectors k1 and £ in such a way as to form
an angle of around 52° for P :" 142 MW and d � 25 µ, a k0 = 8.9 x 103 cm- 1 

is produced and the amplitude of the longitudinal wave E O excited in the plasma 
is approximately equal to 360 �. At this value of E0 for t = 10- 6 s (t being the 

cm 
smaller of the duration times of the two waves), Eq. (1 6) gives a = 1 .8 x 108cm. 

s 
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Under these circumstances, Eq. (26) with the minus sign may be written in the form 
(k•,2-r = - 6.425 X 103 ]1 ( k::i)

which has a solution ko v J.. � 30.6. In addition we have JO (30.6) = - 0.0285,
We J2 (30.6) = 0.019 and p _ = 5. The quantity y; is then easily found to equalapproximately 0.2. Finally, for 'l'Jo � 1 .4 x 10 1 1  cm- 3 the value 'f/ is found to be 0.0788, i. e. 7.88%, Since the characteristic dimension of the mixing volume parallel ,to the vector k0 can be roughly written as 2d sin � � 20 µ which is equivalentto 2J.0 (i.0 � 10 ft), the effective value of rJ is approximately 1 5.7% over a distance of two wavelengths. This, allowing always for a small error, practically satisfies our initial assumption that the amplitude E0 of the longitudinal wave remains constant in time and space during the absorption process. 
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Ispitano je rezonantno zagrijavanje magnetizirane i bezkolizione plazme na ciklo­tronskoj frekvenciji pomocu dva elektromagnetska vala. Izracunat je i diskutiran odgovarajuci koeficijent apsorpcije. 
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