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Baryonic form factors for nucleons and 1/2* resonances have been investigated.
General formulas for calculating the current form factors provide a common point
of view for the comparison of various published results. There is also a comparison
with the MIT bag model. Several inequivalent procedures for the calculation
of magnetic moments are compared and discussed. It was important to find whether
one set of model parameters can fix simultaneously charge, radius, magnetic
moment and the axial-vector coupling constant. It is shown that this request
favours the correlated and relativistically corrected harmonic oscillator model.

1. Introduction

All simple quark models! -, however successful in describing various static
properties of hadrons fail in some respect in the description of the momentum
dependent and/or relativistic hadronic features. With respect to quark dynamics
models can be roughly divided into two groups.

1Supported by SIZ BIH and SIZ SRH under NSF contract agreements YOR 81/020
and YOR 82/051.
2Supported by SIZ SRH under NSF contract agreement YOR 82/051.
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In the first group quarks move inside a central nuclear shell model like poten-
tial5>:7-? or inside a bag!*2’ without experiencing any mutual correlation. If the
central potential is of the harmonic oscillator type, we will talk about the harmonic
oscillator shell model (HOS). In its simplest form such a model neither accounts
for the momentum of the hadron as a whole (i. e. recoil) nor does it correctly des-
cribe the nearly relativistic internal quark motion inside the hadron at rest. The
MIT bag model®+2 offers a better relativistic description of the confined quarks
but its essentially static character does not include any description of the recoil.

In the second group we include models with two forces acting among quarks.
Especially interesting is the correlated harmonic oscillator (CHO) model*~* in
which the center of mass motion of a hadron (i. e. recoil) can be treated exactly
in the nonrelativistic limit. The full relativistic treatment would require tremendous
sophistication of the model!? which has not been so far fully carried out. However,
it is possible to include relativistic corrections to all orders p/m for the internal
quark motions'® as will be illustrated in the next section. One has then complete
analogy with the MIT bag model results, with an important addition of a recoil
effect.

In the discussion of the quark models we should terminologically distinguish
between the relativistic corrections and the recoil corrections. The first term de-
notes the dynamics of the individual quarks inside the confinement (i. e. potential
or bag). The second term means corrections caused by the motion of the hadrons
as a whole. Such corrections could (and should) also in principle be relativistic.
However, all models under discussion are nonrelativistic at the hadronic (i. e.
baryonic) leve]10:16),

It is well known that only a properly relativistic internal quark motion can
explain the experimental axial-vector nucleon coupling constant g,11+12), It turns
out that such diagonal matrix elements of the axial-vector current are softly model
dependent. A different situation emerges when one considers off-diagonal matrix
elements involving a baryon and a resonant state.*) In that case there is a noticeable
difference between the CHO model and the models!+2:8-’ in which quark perform
their motions with respect to the fixed center of the coordinates.

The same distinction one could in principle expect when calculating magnetic
moments.**

In this paper we have adopted a uniform approach by which all quantities in
question are connected to the appropriate form factors. These form factors are
always found by calculating the matrix element of the particular current (i. e.
vector, axial-vector or scalar density) between the baryon states. As is shown in
the following section, this approach is quite natural for the CHO model. For the
HOS and MIT bag models one has to construct suitable wave packets and to
resort to the boosting of the baryon states!?-13:14) By that way one can easily
reproduce older results!-2-12) which were obtained by introducing suitable opera-
tors constructed on the basis of the classical analogy***’. Moreover such a consistent
approach can disentangle the problem caused by the fact that two different ope-

* Such matrix elements play a role in the study of nonleptonic decays!”.

** We will not consider here pionic (mesonic) corrections which appear in some varia-
tions of quark models!®,

*** See for example formula (3.5) below.
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rators were used!-5:% (formula (3.5) and (4.4) below) when calculating magnetic
moments.

It would be extremely useful, in view of the preonic or subconstituent mo-
dels, to be able to decide whether a quark model can at the same time fit all expe-
rimental quantities (such as g4, u (p), {r2),, etc.). Our quark models describe
quarks as point-like particles so the failure in the above task might indicate the
existence of the anomalous quark magnetic moment. In view of the relative crudity
of all quark models such quessions are too ambitious. At least one model, the
CHO model, is just about able to accommodate all quantities within 10%, accuracy
with a suitable choice of the parameters.*> However, we do hope that the following
studies can clear many aspects of the quark model dynamics. This can indicate
which model (or models) are suitable for the description of a particular physical
situation.

2. Correlated harmonic oscillator quark model

As the full relativistic treatment of the two-body potential is a complex and thorny
problem?!0:16), we are content to calculate relativistic corrections, to any order
p[m, for the nonrelativistic CHO model3~9®. These corrections are large enough
to talk about a reformulated CHO (RCHO) model.*¥

One has to calculate matrix elements of two quark operators of the type
8 (b B) = 9 (R) T ! (B2), 2.1)

1, j = flavor, color, spin. The quark field ¢ of flavor f and color ¢ can be decomposed
as follows

N m\12 N - R .
vy (A= (E)I Zr‘. (5., (R) b5, (B) + o5, (R) dft, (R)). (22)
The spinors are defined by
1
R E 1/2 . _
. = (1) ( ak_) 2 23)
* @+ My

ck

7, E+m Ve — e e F ¢
2%, (k) = (T)r E+m)y |75 2i=i027
1

* Not quite the same as parameters determined by baryon spectroscopy?3:4:19:29),
**In Ref. S a version of that model was labeled RHO.
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The operator (2.1) is sandwiched between baryon states. The proton state, for
example, is

- b - l ~
IP(k, Do> ) = Np 6 2__ Gr (Po’ PA)"X

Per. pg
(i=1,2,3)
gabe - — - -
X V?s S (3)) 8} (22) — 8§ (B4) b3 (B2)) BGh (#2)1] OO (2.49)
where

— I = 1 . | .
f 11 =Tk+—2Pe +—'6-?A:
P2 = fz e -+ Ve b -
- 1 - N
D= 3 k— V% Pa

The norm N; characterizes the RCHO model and it will be defined later.
The function G, is a solution of the CHO model (in momentum space) for the
octet baryons (nucleons)

-1
G (pop) = (e~ exp | 163+ 0 |. (240)
For the first 1/2* resonance N (1405) one has:
| 1 1
G pop) = = [3 = G2 6% + 23] G w2 (2.4d)

The spin-flavor-color structure is the same as for the protonf(2.4a).

Higher 1/2* excited states as N (1705), 4 (1875), ..., have different spin-
-flavor-color-spatial structure, but the calculational procedure is based on the
same general formalism outlined in this paper and not necessarily more compli-
cated. More about the properties of those states is described in Ref. 21.

In the above formula we have neglected the difference among quark masses.
This leads to considerable simplification with possible error being less than
109 18%, A general matrix element is

Mii(By (R), B, (B)) = [ d° k[d® k2 d° p, d° 2 d° 5 d* 5 X
(By (B, Pos ) [9* (B1) T 9’ (B2)| B2 (', Bps B)>- (2.5)
*With flavor dependent masses formulas (2.4) would contain several different correlation

function G (po, p2)19.
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The quark creation and annihilation operators appearing in (2.2) and in baryon
states (2.4a) can be contracted in various ways. As long as quark masses are equal
everything is so symmetric that only one of the possible contributions ought to
be calculated. Nevertheless, it might be useful for future use to outline a general
procedure. For a typical combination**)

(MED = (P62t Ry B, ()| N (2.6)

possible contractions are illustrated in Fig. 1. There are 3! permutations of impulses
in any baryon state, but only 18 different diagrams. Further constraints are imposed
by spin and flavor (i. e. SU (6)) structure of the baryonic wave functions. Thus
contractions give us,

(M = o By By (28 + 8+ 8) — 8y, By, 81 (26b)

where _
8 = 8 (ky — B5) 8 (R, — ) 8 (P1 — §)) 6 (B2 — P));

8! = 8 (By — B3) 6 (B, — ) 8 (By — 7)) 8 (B2 — B

_ (2.6¢c)
8! = 8 (ky — 1) 8 (R — 3}) 6 (3, — 37 8 (Bs — P2
81 = 8 (By — B,) 8 (b, — B2 8 (3, — 1) 8 (35 — D)

kz—k1=K'_k..

Here 8!, 8!, d; and &} correspond to diagrams 13, 18, 2 and 5 in Fig. 1, respecti-
vely. The symmetry with respect to quark permutasions reduces this to

My =Ny, Ny, T (M2152)° [d2 9o d° 2 G, (9 2) G, (P 22) X

13 (m,my v2 -,
X?‘E}l (_E E')t U (P0) Turtn (Pr) X

—1/. 1 =\ /= -
<ol 18) (- 8]

Elz.a =2’.§.a+m:’ q=1ud,

(2.72)

5:=§¢+I?'—I?-

** Here we extracted out the dependence of quark creation operators of the corresponding
matrix element, and for simplicity omitted integrals over 2, and k.
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The factor (M)° is obtained from M! (2.6) if all é; = 1. It can be calculated for
any glven flavor from the corresponding M* by omltung all dependence on the
impulses P,

[/ /s
T
:tuzlliz
;#;#=§é
SCESES

(15) (1)) (18)

Fig. 1. This figure shows various ways in which current quarks (impulses 2; and 2;) can be
contracted with the valence quarks (impulses 2,, ..., p3 are indicated by symbols 1, ..., 3°).

The formula (2.7a) is of a very general nature, as it contains recoil (nonrela-
tivistic) corrections and the relativistic corrections due to the internal quark mo-
tion for any bilinear operator in quark field. Any particular operator is defined by
the appropriate choice of the matrix I,. Thus for example I'# = y# leads to the
vector current matrix element whose form factor structure is defined by the for-
mula (2.10) below. The choice of the Breit frame of reference is the most natural
one for the RCHO model which is nonrelativistic at the baryonic level 13:14,

If all quark masses are equal one can define p, and $, by exchanging p; <93
in the set (2.4b) so that

Gs (P p2) = Gp (ﬁos Pa).

Analogous relations are valid for either exchanges of the quark impulses. There-
fore one can write in the zero momentum transfer limit (K = K')

Miy = No, Ny, 3 (MEsE)° [ d° p, d p1 G, (90 22) Gn, (P 22) X

1/2
m m — —b -—n
x (Zem) " an o) 1o (5o 2.1b)
33
a, B flavours.®
* This formalism can be easily applied for strange baryons leading to g« and u (P) values
comparable with the published ones%:14 and in reasonable agreement with iment. Bxcited

baryons (resonances) can also be described, just specifying B, = R and Mp,, for the proper
resonant state R.
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This is the most general expression for the equal quark masses. The formula
(2.7b) stays valid even where one exchanges p5; by P, or §,. The choice of p; leads
to the simplest integrations. One can use (2.7a) in order to extract form factors
(for example Gy (Q2), K' = — K = — (Qf2; see (2.10) below) and then one can
switch to (2.7b) in order to calculate their zero momentum transfer value (for
example Gy (0) =e~! u (P), formula (2.15)).

As the CHO model is nonrelativistic, the usual procedure would be to use a
nonrelativistic approximation for the combination % I'»# which would lead to
too large a value for g,. Besides this does wipe out the magnetic moment form
factor in the matrix element of the electromagnetic current-see expression (2.10)
below. In the strictly nonrelativistic approach the magnetic moment is calculated
by an ad hoc introduction of the Pauli matrix @. In order to remedy these deficiencies,
at least to some extent, one has to retain all components of the spinors #. This
fixes the normalization factor N from (2.4), as all baryon states have to be norma-
lized consistently with the relativistic corrections. This means that the vector
coupling constant should be one, i. e.

[ a2k &k (PR = 05K yowa R)| N(R' = 0)) =
= [ 1.d* 1 G} (Do 2) = Np = gv = 1. (28)

This result is due to a particular normalization of the quark fields (2.4).

Nucleon axial-vector form factor
The formula (2.7) gives for the nucleon awmial-vector coupling constant:

5 1
g = T (UJl -5 V’), (2.9a)
Ey4m
e 5
yz} = jda o d* 02 G} (D0 22) Ey—m (2.9b)
Y I ]
2E,

E=%ﬁ+w-

The quantities U2 and V2 are introduced for further comparison with the
MIT bag model. In the nonrelativistic limit: E; -m=> U? -1 and V2 - 0.
The expression (2.9) is in complete agreement with Ref. 6. Note that it is trivial
to see that g, = U2 4+ V2 = 1. The numerical calculations are performed for 7
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sets of parameters listed in Table 1. The values of U? V2 gs5,g4 and ther. h. s.
of the Goldberger-Trieman relation gayy f= = l/2 my g4 are shown in Table72.

TABLE 1

Set of m
pa;lam. |GeV a/GeV Ref.
o.

033 032 17
033 025 |
022 025
022 027 }(a)
022 032
022 038
038 057 }(b)

QA AEWN -

(a) Th:lse parameters fit excellently charge radius, magnetic moments and the g,/gy ratio for
nucleons.

(b) These two possibilities of parameter choice give us the value of the r. h. s. of the Goldberger-
-Trieman relation, for the N (1405) resonance, which lies inside the experimentally allowed
range of values (see Table 5 and Fig. 6).

Sets of parameters used for the calculations performed in the RCHO model.

TABLE 2

r. s. h.
Ut v g g of GeT
- relation

087 0.2 075 138 184
091 0.09 0.82 147 1.95
085 0.5 070 133 177
0.84 0.16 0.8 131 1.73
0.813 0.187 0.62 125 1.66

)0.78 021 0.57 1.18 157
(a) 1.25 1.66 GeV

EQO\MAMN’-‘

(a) No experimental evidence.

The U2, V2 gg, g4 and Goldberger-Trieman relation gzyyfn = Vim, g4 for the p-n, calculated
for the RCHO model.

Very illustrative is Fig. 2, which shows the g, dependence on the u-quark
mass m and on the harmonic oscillator strength parameter a. It is clear that for
both masses (m = 0.22 and 0.33 GeV) and for both a's(a = 0.32, 0.48 GeV),
which are not that different one from the other, one can easily fit g,.
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K] afGeV 1

Fig. 2. The axial-vector coupling for the p-n transition as a function of the harmonic oscillator

strength parameter a. The solid line cotresponds to the g, calculated for m = 0.22 GeV, the

dashed line for m = 0.33 GeV. Note that in every other picture the solid line corresponds to the
m = 0.22 case and the dashed line to the m = 0.33 case.

Baryon magnetic moments

The electromagnetic current matrix element can be decomposed in the Breit
frame of reference as follows:

M
é) . " Gs (Qz) ( )
—_— = x x. 2.10
2 s Q Gu (3

Here M, E and é refer to the baryon mass, energy and momentum transfer, res-
pectively. In order to find Gy, (0) from our model one has to isolate the term multi-
plied by Q before the limit Q — 0 is taken. Therefore one has to start from the
current density

PO Tv@) = (E+'Z)ég+"') X (2.11)

? ? iogx?p _iox?p
x"{E+ tTEFram Tt T a E’+m}
It is streightforward to see that only the fourth term does contribute to the

magnetic moment term which has to be proportional to & X Q An existing con-
tribution from the third term is cancelled by the equal contribution having an
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opposite sign, which comes from the fourth term. Both these cancelling contri-

butions are due to the low — Q expansion of the normalization factor in front
of (2.11). Careful expansion of the fourh term leads to

GxF __3x8 , GxPNG- D , 2.12)

E+m E4+m E(E+m)

F ofGeV 1

Fig. 3. The proton magnetic moment as a function of a.

When (2.12) is introduced into the expresion (2.7), the spherically symmetric
integration over d3p; awerrages the second term in (2.12). Multiplying (2.7) by e
(electric charge), one immediately finds

p(B) = [ @ d%, Gh o b2 (213)

Expressed in units of nuclear magneton (up = ¢/2 M,, M, is proton mass)
Eq. (2.13a) reads

M
pu(P) = 211%, f d® pe d° p1 Gp (P> £2) —izf,g;L'”) (2.13b)

The magnetic moment for the N (1405) resonance can be calculated from
formulas (2.13a,b) by replacing G, with the corresponding wave function Gg
(2.4d). The values of the proton and N (1405) magnetic moments are listed in
Table 3. The dependence on parameters is very illustrative.
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TABLE 3

Set  proton N (1405)

No.
1 198 1.79
2 220 2.02
3 274 2.46
4 263 2.35
s 236 2.11
6 210 1.88
7 140 1.25

Exp  2.79 (e[2M}) (a)

(a) No experimental evidence.
The proton and N (1405) magnetic moments (in e/2m, units) for the RCHO model.

Charge radius

At the hadronic level the RCHO model is nonrelativistic as can be seen by
calculating the charge radius:

s = [~ 6357 6@

= &2y + DL+ ... (2.16)

B
—_

@ =0

Specifying I* = p° and taking all quark masses equal, one can write according
to formulas (2.7a) and (2.10):

Ge(0?) = [ d2 2, d p2 G} (9 20) € (22> D),
e (s P3) = €0 (P2 0) 04 (p2 D),

0o (o1 0% = exp [— % (ﬁs +%Q)], (2.172)

(Es + m) (E;, +m) + B * P,
2/ E, E, (E;s +m)(E, + m)

§;=§3+§;

01 (ba Qz) =

- - 2 .
p3= —?Q" ?Pz’

(2.17b)

-—

0=K—K=—-2K=2K".
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The expansion in the powers of Q2 gives

%0 (P2 07) = (ﬁm2 4+ 2 ) 02 + .. (2.183)

4E} + Eym? + m3® -
Y= — 2 2 4+ 2.18b

The term (2.18a) is responsible for the nonrelativistic expression for the
charge radii®

%=~ 6 [4° 2. 8* 72 G} (2 90 [a Gramd] a0

ano

B a‘z (2.19)

The term (2.18b) leads to the relativistic correction {r2)}, already noted by Ref. 6.
The spurious term comes from the normalization factor appearing in (2.10):

—6 2 L1 )| -3 (220)
Fm(F ) |, o '

t reflects the already stated fact that the RCHO model is not, really, relativistically

nvariant. The recoil in that model is actually treated completely nonrelativisti-
cally and the relativistic corrections apply to the relative motions of the quarks
only. It makes eminent physical sense to use E = M in (2.10) thus disposing of
the term (2.20).

The charge radius of the first excited baryon state (N (1405) 1/2+) follows
easily as the relativistic correction (2.18b) is always of the same form:

<f2>nn = % a3
AE, + Eym* + m?
251 3 3 2 ) 3

The numerical values can be found in Table 4, where we particularly indi-
cated the importance of the term {r2)!. That term, for proton, is shown as a func-
tion of m and ain Fig. 4.

* One has
20(Q*=0=@a(Q*=0)=1,

= Ga+D - D= G =an,
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However, this js valid only when all quarks are in the s-states. With the p-
-state quark, say in 1/2~ resonance!?’, the relativistic correction {r2)! changes.

< ,_!/frnz

0.28

0.18]

—
B o GeY 4

Fig. 4. The {r2)} term as a function of a. The vertical and horizontal lines indicate two possible
cases for a which produce excellent agreement with experiment ({(r2); = a~2 + {r?H}).

TABLE 4

Set Proton N (1405)
No. {50+ =(e DO+ =G

038 015 053 063 013 0.76
0.62 018 080 103 016 1.19
062 030 092 103 026 1.29
0.53 028 081 088 024 112
038 024 062 063 021 0384
027 021 048 035 018 063
0.12 009 021 020 080 028
0.81 fm? (@

E’qa\mhunm

(a) No experimental evidence.

The charge radii of the proton and the N (1405) resonance for the RCHO model (units: fm?).
Off-diagonal matrix elements

(1) Axial-vector form factor

Off-diagonal matrix elements clearly illustrate the differences between quark
models and the limitations of the semiempirical model. Such matrix elements
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are also needed in the description of the p-wave nonleptonic hyperon decays!?’
and in the study of the parity violating nucleon-pion scattering??).

The matrix element of the axial-vector current between octet baryons and the

1/2+ resonance state N (1405)® for example, determines the axial-vector coupling
constant as follows

5 1 .
UuU* ELZE-Q'I
|= [42000251 Gr 0020 Gaootid] )0 22
yy* :
2E,

This form is especially suitable for the comparison with the MIT bag model and
HOS model results. In the strict nonrelativistic limit (E; - m) both UU* and
VV* vanish. In the second case this is an identity, while in the first case this is
caused by the orthogonality of the model wave functions Gp and Gg. In the litera-
ture one finds one set of the model parameters (a, etc.) for the ground state and
the other set for the first excited state (a’, etc.). If a # ' there is no orthogonality,
50 g% # 0 even in the nonrelativistic limit. Obviously this leads to an inconsistency
and these results should not be taken tco seriously even when the full relativistic
formula (2.22) is used. On the other hand, one can claim that one is dealing with
a semiempirical model and that the model parameters or «’ have been determined by

K] a/GeV 1
Fig. 5. The UU* matrix element calculated in the RCHO model.
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fitting experimental data. However, when non-diagonal overlap is concerned,
one feels that the most resonable approach might be to use some average a for
both 1/2+ and (1/2+)* states. Some interesting results we present in Table 5 and
illustrate in Figs. 5 and 6. Note thatin the physical range of a-values (0.1 < & < 1)
the g% has the same maximum for both values of m (see Fig. 6).

oM}
-

L .

d a/GeV 1

Fig. 6. The axial-vector coupling for the p—»* transition as a function of a and m.

TABLE 5§

h. s

Set UU*= Lol
- g% 1 of G.-T.

No. Vv 4 relation

1 0.042  0.084 0.093 0.154
2 0.035  0.070 0.078 0.129
3 0.045 0.080 0.100 0.166
4 0.047  0.093 0.104 0.172
5 0.0485 0.097 0.108 0.179

g } 0.049 0.098 0.109 0.181
+0.22
Exp. (a) 042 © 0.26 GeV

(a) No experimental evidence.

The UU*,g$, v% and the r. h. s. of the G.-T. relation (2.23) for the N (1405) resonance calculated
in the RCHO model.
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It is interesting to check the validity of the Goldberger-Trieman relation
for those states. For that reason in Table 5 the value of the r. h. s. of Eq. (2.23)

1
g)"{aafn = ﬁ (mg + ms) g% (2.23)

is shown. We have used the usual value f; = 128 MeV, while gR,,,. was extracted
from the particle data by assummg the simple couplmg 8ra» P ys yn. This pro-
cedure does not give the sign of (2 23). However it is remarkable that its magni-
tude agrees with the theoretical g% within a factor of 2.

In our calculational sheme the nondiagonal contributions (gs,g}‘) involving
the decouplet 1/2* resonances (4 (1875), 4 (1925)) [3] vanish as there is no overlap
with the octet nucleons, i. e. {10 Ij‘,,l >=0.

(#) Scalar and vector demsities

For the sake of completeness we list some results for the matrix elements

of scalar
v (k) v (%), (2.24)

¥ (ko) vop (ko). (2.25)

The first are needed in the study of the parity-violating nucleon-pion scattering2*’
while the calculation of the second provides a useful consistency check. In the
notations defined by (2.9) and (2.22) one has for the scalar and for the vector form
factor, respectively

and vector densities

gs=U?—VP3 (2.26a)

= UU* — V™, (2.26b)
ey=U*4+V2=1, (2.26¢)
ok = UU* + VP* = 0. (2.26d)

The last result follows only if the model wave functions are propertly orthonor-
malized, as was discussed above. The results can be found in Table 5.

3. Comparison with MIT bag model

The model wave functions for the ground state and the first radially excited
state are of the form:

u(pr) )

1 2 (o P\2
F700(n) P=FV/O - mB? 3.1

Purr (r) = (
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where the respective frequencies are w_,,; = 2.0428 and w_,,, = 5.3960 as fol-
lows from Refs. 1,2. When w_, , is used, we introduce the notation »* and v*
instead of u# and v for the components of the wave functions. Further useful no-
tations are:

R R
Urr = [ @ (5 (UUwarr = [d2 ru () w* (),
0 )

R R
Viar= [@ro* (s (VVhar = [d*ro(n)o* (). (3.2)
0 0

The axial-vector and vector coupling constants are given by formulas (2.9) and
(2.16), respectively. The characteristic values for the MIT bag model!'?’ are

szur = 0.74, (U U *)er == (VV*)Mn' (3 3)
Vir =026, (UU*)r = 0.104. '

It is interesting to compare them with the values for the RCHO model which
are, for the various combinations of the model parameters, listed in Table 2. For
both models the respective contributions have the same physical meaning. The
V's correspond to the so-called small components of the quark wave function,
i. e. those that do vanish in the exact nonrelativistic limit. In the RCHO model
the U?[V? ratio tends to be somewhat larger than in the MIT bag model, thus
leading to g, (RCHO) > g, (MIT). The RCHO UU* s¥ tend to be smaller
than the corresponding MIT model quantities. For illustration see Table 5 and
Figs. 5 and 6. As discussed above, in the exact nonrelativistic limit, the CHO
model (RCHO — CHO) implies UU* = 0 (VV* = 0) on the basis of the ortho-
gonality of the nonrelativistic quark model states. The nondiagonal axial-vector
coupling constant is generally larger with the MIT bag model than the RCHO
model predictions, g% (MIT) = 0.231, while g, (MIT) = 1.09 is smaller than
the corresponding RCHO value. Finally there are also MIT bag model scalar
densities gs (MIT) = 0.38 and g¥ (MIT) = 0.204. Analogously to g, (MIT) and
g% (MIT), here also g5 (MIT) is smaller, while g¥ (MIT) is larger than the corres-
ponding RCHO quantities.

It is not completely obvious how much this difference is due to the recoil
corrections and how much it depends on the detailed dynamics of the model. It
seems that the detailed dynamics, i. e. confining HO potential instead of confining
bag _(pr square-well* ) is more important for the quantities which do survive in
the O — 0 limit, as is the case with g, and gs. This is supported to some extent by
the HOS models, studied in the next section, which also lack any recoil effect.

*One has gy = U2 4+ V2 =1 and g = UU* + VV* = 0 as it should be with a proper
normalization, independent of a particular quark model.
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The magnetic momient which is associated with the recoil effect can be envi-
saged form the formula (2.10). A direct calculation in the models without recoil
_gives

-

015 ©)l —— =0)=0, G4

NIIOI

so the magnetic moment has to be calculated by an ad hoc introduction of a suitable
classically inspired operator, such as

7T X F(@). (3.5

A somewhat more general approach is possible by boosting quark model states.
The details are discussed in Ref. 13. One finds

Lo -2-zn fR @y nt (2) zn(-Ywe. o
0

Here B (p) is some boost operator while the summation runs over various quark
flavors weighted by the factor 7, according to their aboundances in a particular
baryon. The standard value for the magnetic moment, corresponding to the ope-
rator (3.5), is obtained by neglecting boost B:

015 (©)]0) =lm 3 de r T pt () G () =
Q—-0 ¢

- z(4M)llmfd3ru(r)v(r)h Q) _
=it TX8 () )
where
us(P) = —%Mfd’rru(r)v(r).
0

The formulae (3.7) has entirely different structure from (2.13) found in the RCHO
model. This is not surprising. In the RCHO model the recoil (i. e. motion of the
center of the baryon mass) can be easily and naturally identified and separated
in the model’s dynamical scheme. This effect had to be put in by hand!3:14 in
. the MIT bag model assuming that spherical bags, which represent baryons, move
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with a velocity Q/ZE The form of the expressions (3.7) is true for any static model
andiwxll be used in the discussion of the /OS models in the next section.*
e Itis mterestmg to compare numerical values. With the parameters of Refs.
1, 2 one finds ug(P) = 1.90, a value which is to small. The quoted value follows
for the bag radius”’ R = 5 GeV“ 1, A change to R = 7.34 GeV~! leads to us (P) =
= 2.79 (e/2M,).

The expression for the proton charge radius can be derived from (3. 7) by
expanding the exponential and then averaging over the angles between Q and 7,i. e.

fd’rei-é-:—>—4?7zéz fdsrﬂ. (3.8)
This results in the usual formula
{r2yp = {r2 U%)p + (r? V),
(3.9)
= 4z f r* dr (u2 (r) + o2 (7).

Bag

The formula (3.9) is not significantly changed if one takes into account the boost
B. As shown in Appendix, one can estifnate such a conwibution by adding the term

3
T
to (3.9). Due to its small magnitude of 0.03 fm?2 this term is as unimportant as

the similar term (2.20). This is very fortunate as both these terms constitute spu-
rious relativistic correction to the essentially nonrelativistic baryon kinematics.

For better understanding of the problems with MIT bag model calculations,
we listed in Table 6: u (P) (3.7), (r2 U2), + (r2 V2), = {r2), and g5 calcu-
lated for the there sets of parameters!-29,

(3.10)

TABLE 6
Set of parameters G 1’2‘54,) (r2 U, + {2 V2, = (2, (fm?) g5~ (a)
Ref. 1,2 2.55 0.35 0.17 0.52 1.09
Ref. 26, 2.55 0.42 0.21 0.63 1.09
Ref. 265 3.44 0.75 0.37 1.12 1.09
Exp. 2.79 0.81 1.25

(a) The equality of g ( for these three ses of parameters is the consequence of the fact that integrals
U2 and V3, for light quark masses equal to zero, do not depend on the radius R and are equal
to 0.74 and 0.26, respectively.

Magnetic moment, charge radii and g4 for nucleons for the three sets of MIT bag parameters.

* A very similar discussion for a HOS model was presented some time ago in Ref. 22.
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Note here that Table 6. explicitely show us, for the calculations of {r?), in
bag model, the importance of the smaller component of the wave function. Also
the ratio {r? U2),[{r? V2), = 2.05 is independent on radius R for the massless
quarks in a bag.

4. Harmonic oscillator shell models

Several HOS models have been studied in the past (for example Refs. 5—9)
in various physical contexts. In all those models the harmonic oscilator potential
is fixed around the origin of the coordinate system. Such a situation corresponds
closely to the square-well potential ,,shell model’”’ in nuclear physic and also paral-
lels the MIT bag model. Relativistic corrections can be introduced in the same way
one employed in the case of the RCHO model®. A somewhat more ambitious
approach is to start with the Dirac equation with an external harmonic oscillator
potential®, Although an exact solution can be found for the ground state®, it is
more practical to work with approximate wave functions®-2> whose general struc-
ture is then the same for all the various HOS models and completely analogous
to the MIT bag model structure. As an example one finds from Ref. 8:

o Py (1)
—_ 1u =
Yr.m (1) = (E o %) - N’( ii_’?f?er(") )Zm»
24
2\ 3/4 1
0= (37,
(4.12)

N 3E+m)
! 4Ef+ 2m_,- _ Vo’

2 1/3
£!=(——kx!) 3 x!=E,+m,.

3/

For future use we also quote two possible sets (there are more of these) of para-
meter values®

Set A Set B
m, = 0.290 Mp m, = 0.176 Mp
Vo = — 030 Mp Vo = - 0.238 Mp (4.1b)

E, =0830M, E, =0.502M;.
The wave functions of Ref. 5 are of the form

v ®= (7 0)

Cro?
B

=) "en (50}

(4.2a)
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N= 2"

The characteristic values of the parameters are represented by the following sets

@ ® (©
m(GeV) 031 022 029
B(GeV) 024 032 029 (4.2b)

The g5 magnetic moment and charge radii calculated in the model of Ref. 5
by using formulas (2.9a), (3.2), (3.7) and (3.10), respectively are:

_ 5 2m? — B2
=51+ 4ot (420

pz2\ —1
o= (14 28)7 (4.24)
a 3 5 3 4.2
(1‘>p—75 +'§'72'—+—3—B‘§' (4.2¢)

The numerics are listed in Table 7. The parameter dependence is very illus-
trative and shows us explicitly that simultaneous fixing of all the above quantities
is impossible.

The model of Ref. 9 is based on the Dirac equation but its radial coordinate
dependence is described by a nonrelativistic harmonic oscillator with an energy
dependent spring constant. Its wave functions are

% (r) = exp (— "26;2)’
(4.33)
TO =A@,
fP=%(E+m)
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TABLE 7

& us® P s
8/A 122 145 / 0.36
8/B 1.18 2.30 / 0.87
5/A 1.25 247 2.63 1.14
5/B 0.68 2.38 2.11 0.74
5/C 1.09 2.35 245 0.81
9/A 0.93 / 2.33 1.10
9/B 1.28 ) 2.65 2.20
9/C 0.93 | 3.1 2.20
E:p. 1.25 279 (¢/2M,) 081 (fm2)

The nucleon (proton) values in the HOS models.

For the massless quarks in the ground state E = ». Several sets of parameters
were discussed in Ref. 9:

(A) ® ©
m(GeV) 0 0.127 0
%(GeV) 0313 0248  0.235 (4.3b)
f 1 075 1

For the last set of parameters (i. e. C), the volume energy of a bag was also intro-
duced.

General terms of the theoretical expressions for the weak axial coupling g,
and the proton magnetic moment x, are given by (2.9), (3.2) and (3.7) or (3.8).
Here the MIT bag model wave functions # and v have to be replaced by the appro-
priate # and v defined by (4.1), (4.2) and (4.3), respectively. The expression for the
proton charge radius is given by (3.10). In Ref. 9 the proton magnetic moment
was estimated in a somewhat different way by using

b P =3 | [ @15 a0 i =
éfdsr ('172+%"3'2) =

- )

44)

The replacement of f3 by 3/4 f2/m? in Eq. (4.4) gives us immediately the
o-magnetic moment of the proton for the HOS model defined by Eq. (4.2d). Some
interesting numerics are summarized in Table 7. The m,  dependence of (r2),,
# (P) and g7 " for the HOS model is illustrated in Fig. 7.
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& PRY 84 PO .0 4 BloeV .9

Fig. 7. The axial-vector coupling for the p—n transition, magnetic moment pus(P) and the
charge radius of the proton calculated in the HOS model (the formulas (4.2c,d) and (4.4)). The
curves 1, 2, and 3 correspond to the m = 0.22, 0.31 and 0.40 GeV, respectively.

5. Discussion

It seems that the overall success of the harmonic oscillator quark models is
quite good. They can reasonably well reproduce form factors which do not depend
crucially on the recoil, such as g,4. In that respect they do not seem worse than the
MIT bag model, and they might be actually slightly better. The situation with
the non-diagonal form factors, such as g% is yet not quite clear. But even here
harmonic oscillator models offer a practical advantage through the existence of
the thorough and complete analyses3:21 of the baryonic resonance. Their results
can be easily improved by the configuration mixing 24,

It is difficult to say whether the relativistic internal quark motion is more
adequately modeled by the HO potential or by the MIT bag. While the first
approach produces better g% the second approach is certainly formally and physi-
cally more appealing.

There is no doubt that the RCHO model offers distinct advantages when
dealing with recoil, or better momentum transfer, dependent quantities such as
magnetic moment and charge radii. The HOS and MIT bag models have tointro-
duce either ad hoc operators (see (3.5) and (3.9)) or to resort to somewhat artificial
boosting. Unfortunately, the situation is not quite clear with the most interesting
quantity, the magnetic moment. Special physical interest lies here in the fact that
through this quantity eventually the internal structure of the quarks might show up.

Here the careful study of Table 8 is very instructional. In the framework of
the RCHO model g,, 1 (P) and (r2)'/2 can all be fitted with the same parameters
with the accuracy of 159 or better. The parameters are somewhat different from
the ones used in the baryon spectroscopy®:#:2?’ and in the analysis of the nonlep-
tonic decays®:!®. But the differences are not too large. It certainly seems that
nonleptonic decays could be fitted® with the parameters used in Table 8.
Thus it seems that electroweak processes can be understood in the RCHO
model by using point-like quark (i.e. elementary quark).

*There are uncertsinties with QCD corrections (enhancement) and with the dynsmics
which allow are 30% variation of a!®),
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TABLE 8

a® pe2M;) U2 (fm)  (gugv)™™"

0.25 2.74® 0.96 1.33
0.27 2.63 0.90 1.31
0.32 2.36 0.79 1.25
Exp. 2.79 0.90 1.25

(a) mS=myg ="m = 0.22 GeV
(b) Note that for a = 0.24 GeV we have found x (e)2M,) = 2.8
The charge radii, magnetic moment and g,/gy for nucleons calculated in the RCHO model.

Additional uncertainty exists about the harmonic oscillator constant which
has been very nicely discussed in connection with the pionic form factor needed
in the proton decay calculation25). One value (larger) of a emerges from the fit
to the baryon spectrum, and it is used in the description of the baryon resonances
and of photon and pion couplings. Smaller « is needed to reproduce the experimen-
tal charge radius of the proton. However, there is some indication shown in
Table 4 that the relativistic correction (2.18b) might be extremely helpful®’
in this quandry.

Although HOS models are less flexibile when dealing with such problems,
their predictions, as shown in Table 7, are not hopelessly wrong. Besides, being
formally simple and more manageable, they are eminently more practical in some
very important investigations?’.

Overall one is forced to conclude that quark models have come to stay and
that there is no understanding of the baryonic physics without taking into account
the quark structure. Thus produced theoretical predictions always have the cor-
rect order of magnitude and show the correct trend (i. e. relative magnitudes)
when moving through the baryonic spectrum. Very educational in this respect
are the Goldberger-Trieman relations for the nondiagonalized g% displayed in
Table 5.

Our general conclusion is that the RCHO model at this stage of the quark
model development has the advantage over other quark models when investiga-
ting momentum transfer dependent form factors.
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Appendix

Integration over the angles in formula (3.6a) and in the formula which is
obtained from (3.6a) by the replacement @ - 1 can be explicitly performed if one
integrates over the sphere. A comparison with (2.10) gives

G (0% = 4n j r2 dr (u? (r) + v2 (1)) jo (OP), Q)
Gu @) = 4 [ rrar (- uro ) 51 00, @
o=)0

Here j, (Qr) are spherical Bessel functions. It is easy to see that G, (0) leads to
the expression (3.8). However, due to the boost the integration in (3.6a) is not
over the sphere but over the rotational elipsoid which suffers Lorentz contraction
in the direction of the motion. This effect can be approximately estimated by mul-
tiplying (1) and (2) by the contraction factor

Fay=)1- 2, B = 0% 4 M2, 3)

This factor does not make any difference to the value (3.10). The charge radius is

e =—6220  _66,E 0
0% -0 00? |ziz0

The first term in (4) gives the expression (3.9). The second term (Gg(0) = 1)
leads to (3.10). This correction is very small as we are dealing with low momentum
transfer, i. e. with the nonrelativistic situation.
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Originalni znanstveni rad

IstraZzivani su barionski form faktori za nukleone i 1/2* rezonance. Opéenito for-
mule za ra¢un strujnih form faktora omoguéuju usporedbu i zajedni¢ki pogled na
razlitite ranije objavljene rezultate. Takoder je na¢injena usporedba sa MIT mode-
lom vrece. Prikazano je i usporedeno nekoliko medusobno neekvivalentnih pravila
za proratun magnetskih momenata. Osobito je bilo vazno pokazati da postoji jedan
model i jedan set parametara koji moZe simultano fiksirati radius naboja, magnetski
moment i konstantu aksialnog vezanja za nukleone. Tabela 8 pokazuje da taj zahtjev
najbolje zaodvoljava korelirani i relativistitki popravljeni model harmonitkog
oscilatora (RCHO).
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