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Original scientific paper

The first approximation of the Schwinger-Dyson equation for spin-0 particle
propagator in the Duffin-Kemmer formalism is derived for arbitrary space-time
dimension. The Duffin-Kemmer propagator is presented in the simple and very
effective form. It is shown that even in the simplest 2-dimensional scalar electro-
dynamics there is no finite solution.

1. Introduction

It is well known that the (pseudo) scalar particle is usually described by the
Klein-Gordon (KG) field. This convention is also frequently used in scalar elec-
trodynamics —the theory describing interaction between charged spin-0 particles
and photons. On the other hand, in the late thirties, an alternative approach was
introduced to described spin-0 fields which is known in literature as the Duffin -
-Kemmer? (DK) formalism. In the DK formalism spin-0 particle is described by
a 5-component field which is solution to the DK first-order differential equation of
motion. An introductory review of scalar electrodynamics in terms of the DK :
wave functions is given in the book of Akhiezer and Berestetskii®’.

The question concerning the equivalence and advantage of one formalism to
the other is not yet definitely solved. It is not difficult to conclude that the DK
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‘and the KG formulations of the free fields are completely equivalent. But, when we
use these fields to describe scalar particle in an interaction, some differences may
appear. About 10 years ago there was controversy on the equivalence in the use
of the 5-component DK and l-component KG wave functions in the presence of
symmetry breaking, i. e. the interacting fields describing two spin-0 particles with
different masses, like K,; decay®. Starting with the fundamental dynamical prin-
ciple, like local gauge invariance, the formalism which gives better agreement
with experimental data is more appropriate and should have advantage in its use.
When formalisms give the same theoretical results they are equivalent. Gauging
the free Lagrangian of the charged scalar field one gets scalar electrodynamics with
different interaction Lagrangians in the DK and the KG approaches but they are
equivalent at all approximations of the ordinary S-matrix expansion and hence
at the level of complete S-matrix.

It is also well known that the usual perturbation expansion of the S-matrix
leads to the ultraviolet (UV') divergences. To reach finite (without UV divergences
before applying the renormalisation procedure) spinor electrodynamics Johnson,
Baker and Willey * have introduced modified perturbation expansion of the Schwin-
ger-Dyson (SD) equations in such a way that each order of the new perturbation
expansion contains an infinite sum of the standard Feynman diagrams. In such
approach the UV divergences may be mutually annihilated giving finite result.
They have shown that to reach complete finitness of spinor QED the appropriate
value of the gauge parameter should be chosen, the bare electron mass should be
zero and the fine-structure constant should be positive solution of the definite
equation. The Johnson-Baker-Willey (fBW) approach gives a way of how to inves-
tigate dynamical mass generation in spinor QED and this problem is now rather
well analysed®. Although the ¥BW programme for a finitness is very successful
in spinor QED, it seems that there are serious problems to be directly applicable
to the other quantum field models.

Finitness of scalar electrodynamics in the Klein-Gordon (KG) formalism along
the lines of the ¥BW procedure was analysed bu Fry” who concluded that inter-
nally consistent finite scalar QED probably does not exist. The first non-trivial
approximation of the SD equation for the GK propagator in scalar QED is inve-
stigated recently® and obtained results are respectable deserving further investi-
gation. The aim of the present work is investigation of the first nontrivial approxi-
mation of the SD equation for the DK propagator. It is motivated by an idea on
the inequivalence of the approximated SD equations (for spin-0 particle in scalar
QED) in the DK and the KG formalisms. Namely, comparing these formalisms
it is natural to expect that inequivalent set of Feynman diagrams in the first- and
the higher-order approximations are contained. Hence, it is possible to obtain one
result in the DK procedure which is absent in the KG procedure and vice versa.
The present work completes a previously published one®’ with special attention
to the general structure of the DK propagator as well as to the 2-dimensional case.

This paper is organized as follows. In § 2 we present some basic properties
of the DK formalism for arbitrary space-time dimension. In § 3, scalar electro-
dynamics in the DK formalism and the SD equation for spin-0 particle are intro-
duced. Section 4 is devoted to analysis of the UV divergences and investigation
of the first approximation of the SD equation. Some more technical information
on the SD formalism is given in Appendix.
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2. Some properties of the formalism forParbitrary space-time dimension

In this section we develop the DK formalism for arbitrary space-time dimen-
sion (d). We introduce some useful properties and make connection between the
DK and the KG formalism.

As it is known, the KG equation in d dimensions is

(O—m)p(x)=0 )

where (] = —0#0,, (u

=0,1,2,..,d—1),gr=0@p#), g=1@=
=yv=0,g"=—1l(u=9v#0

. Introducing a column wave function

mwﬂ“wymm=

74 (%) ﬁﬂww:uw=ﬁw®, @)

we can rewrite the KG equation in the form of the first-order differential matrix
equation
(iprdu—mo)x(x)=0 ©)

where f# are (d + 1) x (d 4 1) matrices
pr = end - gon e )
which satisfy the following relations
BepBe + Befrpr = gope + gopr ®)

(for e-matrices see Appendix). Note that in (4) and some subsequent expressions
there is no sum over repeated index u. Equation (3) is known as the DK equation
when corresponding f* matrices obey relation (5). Expression (4) is a real represen-
tation of S matrices.

Taking u = v # p we can derive from (©))]
7 ﬂe + ﬂanﬂ =0
where n# = 2f#8r — ges, It is easy to check that
nE e = 1
nkn” = 9yt
pr+ =Be = n°pen°

where + and ~ denote adjoint and transpose operations, respectively, From the

last equation and equation (3), it follows that the DK conjugatefield % (x) = z* (x)1°
satisfy equation

—i 0u 7 (%) B — moy (x) = 0. ©)
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According to the above described procedure one can write the DK equation
for the case when the particle mass is equal to zero (my, = 0)

(i B0y — uB) 2 (x) =0 Q)

where p is an arbitrary parameter different from zero and B is a projective matrix
to d dimensional space of component field y (x) (see Appendix). Instead of (3)
and (7) one can write only one equation

(i pdy — MB — mof) 1 (x) = 0 ®)
where f =1 — B =¢% and

mo, me 9& 0

M={u¢o, me=0" ©)
A = 717 dups 2a=VMeg.
Lagrangian for the free DK field is
Lo (x) = 2 (x) (i 404 — MB — mof) 7 (). (10)

The corresponding propagator for scalar particle, which we shall call the DK
propagator,

O T {x () x (0)}] 0> (11)

is not strictly equal to a Green'’s function T, (x),

(i prdx — MB ~ mof) Ty () = ~8 (x), (12)

but in an effective approach they may be taken as equal®’. Hence, we work in this
effective approach where the bare DK propagator is

To(h) = (P + mof — =it =25 ﬁ)(::'i'z’if_ﬁﬂ LA

It is very useful to introduce the constant DK field U, which has all compo-
nents equal to 0 except the last component which is equal to 1, i. e.

0
0

v=| . TU=(00...1). (14)
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It can be shown that the DK propagator is connected with the KG propagator as
follows

1

W UTo(R) U=A4(k) = (m2 — k-1, (15)

3. The DK Abelian gauge theory and the corresponding SD
equation for scalar particle

We are now going to introduce scalar electrodynamics in the DK formalism.
For this reason we shall consider the DK field like matter field and introduce its
interaction with electromagnetic field following modern gauge approach. Lagran-
gian (10) is invariant in respect to the global gauge invariant group U (1)

1(x) > (x) =€y (x), 2(x) >7 (x) =y (x)e~'~®

where @ is x independent parameter. An interaction with gauge vector field intro-
duces demanding theory which should be invariant with respect to the local gauge
transformations

2() > (1) = €00 1 (), 7 (x) =7 (1) = 7 (x) emles0
A, (x) = A, (x) + 9.0 (x). (16)

Practically, it means that in the free DK Lagrangian .# 5« we have to write covariant
derivatives

D, = 0p — ie, Ay (x) W)
instead of d, and add gauge invariant Lagrangian for the free electromagnetic field

1

.? = - T FI" F“v
F”v = a"A' - a,A,,. (18)
Total Lagrangian
— . e - {
& = g (prd, — MB —moff) y + exfrydy — FrFu (19)

has the same form as it is in spinor electrodynamics. However there are two im-
portant differences which we should have in mind: (1) the DK wave function is a
boson field and the Dirac wave function is a fermion field (in functional integration
the DK field is an even and the Dirac spinor field is an odd element of the Grass-
mann algebra); 2) algebra of §# matrices (4) is different from well known algebra
of the Dirac y*# matrices.
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The corresponding quantum DK theory (perturbation expansion, Feynman
rules, Green's and vertex function, SD equations, ...) can be formulated using
functional integration having the same form as for a spinor QED. So all expressions
are of the same form but in direct calculations we have to take into consideration
features 1) and 2). According to this statement the SD equation for the DK propa-
gator in scalar QED is!®

ie}

T-1 (p) = T (p) — Wfd‘qbp(p QBT () =
=T,'(p) + Z(p) (20)

where T is the DK propagator, D,, is the electromagnetic propagator, I"* is the
vertex function and X' is the self-energy of the scalar particle. Note also that (20)
is the unrenormalised SD equation for the complete DK propagator in an energy-
-momentum space with arbitrary dimension d. We shall investigate the SD equa-
tion (20) according to the approach developed for finite spinor QEDS:®,

4. The first-order approximation of the SD equation

We can now consider the UV divergences for scalar QED in the d-dimensional
DK formalism. For this reason one introduces degree of divergence w, (G) for
each one-particle irreducible Feynman graph G with » vertices, I internal lines and
E external lines. From the Feynman rules and the propagators behaviour

Dy (B) ~ k=2, To(R)~ P (R)E™2, (k> ) 21

where P, (k) = B2 — B2+ ME+ m2B + M?B, it follows the expression for po-
wer counting

0w @=1,d—2)+I,d—2)+C—-d(n—1) 22)
where C is contribution from a polinom P, (k). Using relation
R 2r+1
(k2 — k2)IT B (k2 — %) = 0, (23)

i=]

which is easy to check with (A.7), we conclude that C = n. Taking into considera-
tion topology relations

n=E,+2I,, 2m=E,+2, (24)
we get

w,,(G)=d———4n 4a_3=2

. = (Ea + B). 25)
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Note that expression for the degree of divergence w, (@) in the DK formalism differs
from that in spinor QED. For d = 4 w, (G) does not depend on number of vertices
and for d = 2 it does not depend on the external lines.

For the DK self-energy X' (p) we have (E, = 0, E, = 2)

d—4 2, d=4
w@="F"n+2={__ ,_, (26)

From (26) it follows that the DK propagator in 4-dimensional case is quadratically
divergent and in 2-dimensional scalar QED is logaritmically divergent with only
one-loop divergence (n =2) .

We shall introduce now the first approximation of the SD equation (20) accor-
ding to the procedure® already used in spinor QED. Making approximations

Ie(p,g) > pr
Dy (k) ~ Dipy (B) = —-,:—,(gm ——k;zi) —%-’*;Tk" 7

we obtain the wanted first-order approximation of the SD equation

T-1(p) = MB +mof —p —

(_i;f)z f D% (o — TP, (28)

The DK propagator T (p) and its inverse T~ ! (p) can be expanded in terms
of 5 linearly independent matrices s, (p) as follows

T@) = ES(-)50h T O=ET (0@ @)
where
51 =P, 52=F’ 33=ﬁ1;s 34=F£’ ss=ﬂ£PA- (30)

Substituting (27), (29) and (30) into (28) and then multiplying such equation by
all matrices s, from (30) and taking traces, we obtain, aftter rather large calculations,
system of S integral equations. After the Wick rotation, integration over spherical
angles in Euclidean momentum space and use of relations (A 13) we get

o d=2
1.dT, (x) —xTs(x) =dM + g, [y 2 3(G—1+d) S (9 dy

(4]
w =2
2 Ty () =mo +84 7 2 {(G—1+d)za's1@)—

[+ EF @ r 420 - 98+ s &
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w 4=2
L ATe@ = —x+a ]y 7 (—3 B+IE2n+
0

G-—-1
+ 8 - - Bl S )y
@31
4. xT3(x) = —x + g4 Ty 2 {———Io +x+ng +
G—1 )
+—5— (=1 -] S.0) dy
o d—=2
5 xTy(x) —x2Ts(x) =xM+g, [y 2 ‘sz+ [(x— I+
0
F2E-NE +BY S0
22 2 2 _ 22 €
where x = —p2=p +p3, y=—¢ =q-+ﬁ,gr=zagdmd
r = (PQ)" dqu r = 0’ l: 2: ree (32)

-7 @« m=0,24,..

In the further investigation we shall turn to the 2-dimensional case because
it has the lowest divergence and the 4-dimensional case is already partially investi-
gated®. For d = 2 we have

B=2n 3=

¥) —0(y —x)]

_ 27 (x + y)
MECEE)N

where @ (x) = 1 (x > 0) and O (x) = 0 (x < 0). We find it interesting to investi-
gate the existence of possible finite solutions. It can be done analysing asymptotic
behaviour of all integrals in (31). For this reason we take

[O@x—3)—00—x)] (33)

zgcy>x)=-2y1, Bly>x= (34)

and the bare value of the propagator functions S, (y). After some calculations we
obtain the UV logaritmic divergence only in the integral of T, (x). Since gauge
parameter G in front of this integral disappears, we cannot cancel this divergence.
It follows that the first non-trivial approximation of the DK propagator in d = 2
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scalar electrodynamics cannot be finite. Since this is the problem with only one-
-loop divergence it probably cannot be finite for a higher-order approximations
of the SD equation.

Note that the system of equations (31) for d = 2 scalar QED can be simply-
fied taking G = — 1. Substituting (33) into (31) and performing relevant calcula-
tions we obtain

b
.

nLw=M+ [0
V]

2 Ty(x)=mo+¢ | Ss(y) dy

3. T:(x)=T3(x)= —1 (35)
4. T4(x)=T2(x) =—1

5. T, (x)=%(rl (x) — M)

€
where &€ = ——.
4
In (35) we have two integral equations instead of five equations in (31). We
can rewrite it in a form of a non-linear first-order differential boundary value
problem, but because our main interest is the investigation of finite solutions we

shall stop here.

5. Conclusion

We have investigated the first approximation of the SD equation for the DK
propagator. Our investigation is performed in close procedure to that in spinor
OED. This problem is more complicated in scalar QED than in spinor QED.
It is a consequence of a more complicated algebra of f# compared to y# matrices,
so that we have five basic functions in the DK propagator (instead of two in spinor
QED). On the other hand, the DK propagator is more UV divergent than the
Dirac one.

We have shown in an explicit form that there are no finite solutions in the first-
-order approximation of the 2-dimensional DK propagator. This conclusion should
also be valid for higher-order approximations because the UV divergence is present
in the one-loop diagram which cannot be removed by an appropriate choice of the
gauge parameter G. From preliminary investigation®® of d = 4 case it follows that
the approximated DK propagator cannot be made free of the UV divergences by
any choice of the parameters in the theory. The 3-dimensional case is not explici-
tely investigated here because it is a more complicated problem (I}, are more com-
plicated) and we expect the same conclusion about finitness, as for d = 2, 4 cases.
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Scalar electrodynamics including self-interaction term of Ap* type should
‘be more appropriate to get finitness. For the KG propagator it is shown® that
this inclusion leads to the finite solution (for d = 2, 4). We hope that the DK
propagator, which will include scalar particle self-interaction, will also be finite
in the first approximation.

Appendix
In this Appendix we shall give some new properties of the DK formalism
'which are important for a better understanding of the performed calculations in
the present work.
Let us define (d + 1)-dimensional wectors
&8

)= ) @=01,..,4) (A1)

whith only one element different from 0 and (d + 1) x (d + 1) matrices
eAB = o478 (A2
where ~ denotes transposing. Matrix £47 also has only one element different from 0
(e*®)cp = 886b. (A3)
The following properties have place
s,wec = 68\'364(, 'E'AEBC —_ JAB"E'C’ EABECD . aBCSAD. (A4)

It is useful to introduce new symbols

U=¢ U="%?
B=UU=e", B =23 (AS)
o
because of their frequent use. We have the properties for U (U)
prU = o, Upe = gmer (A6)
and the properties for g ()

p2=8 B'=B B+B=1,. pF=PBp=0,
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Bpr = pvB, Bpr= prB, BBp =gwB,

R . . . (A7Y
Tr(8p) = Tr(Bp) =0,  Tr(Bog) = (pg)
r=0  (b=rp.
The matrices f and § are connected with ## matrices
B=gmg@—pip) B= s (BPu—1). (a8)

From the above properties one can derive relations for traces of multiplied g»
matrices
Tr(fm ... franer) =0

Tr (B ... fran) = ﬁglm-x B2t | giampr [T graisaiay, (A9)
i=1 i=1

To expand the DK propagator in the necessary form one has introduce basis
which is a set of (d + 1) x (d + 1) matrices in the DK space and the scalars in
the Lorentz space. Using the algebra (5) of the $# matrices we conclude that a
complete set of linearly independent matrices contains 5 elements. We use a very
simple and effective set {s;(p)}

(@) =8 s200=P ss(0)=Bb ss(8) = Bbs s5(p) = Ppp, (AIO)

(the corresponding set in the Dirac formalism has only 2 elements: s, = 1, s, =
= p.p*). Now. we can write the DK propagator in a complete form

T =2 Si(—pD5(0)
and its inverse propagator
T4 (4) = 3 Tu(—pY) 5 »).
From the condition
T - TO=TE T (=1 (All)

we can get relations between S, (x) and T, (x)

1 T, —xT —-T
§1 =7 322_17’1’_’, Ss=—p>
S‘, = _AT4’ Ss — Tﬂ T‘-T_ATZ Ts (Alz)
1
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where
4= Tl Tz - xTsz + xT3T4.

Let us also write some properties of the integral functions If, = I, (x, y) de-
fined in (32)

1
= — o Ita+ 252 g (A13)
(=R +@d—=3NEx+»NB=E—-2)13 (A14)
1 b 13
2 2z ¥)— 0y —x)]
3 am E_ (V=YY
Vo Wz —Vy
4 272 2n? [—%@ (x—1y +§@(y — x)] (AlS)
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Originalni nau¢ni rad

Izvedena je prva aproksimacija Schwinger-Dysonove jednadine za propagator &esti-
ce spina 0 u Duffin-Kemmerovom formalizmu sa proizvoljnim brojem prostorno-
-vremenskih dimenzija. Duffin-Kemmerov propagator je predstavljen u jednostav-
noj i veoma efektivnoj formi. Pokazano je da ni u najjednostavnijoj 2-dimenzionoj
skalarnoj elektrodinamici nema kona¢nog resenja.
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