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Most important results of our investigation of semiconductor superlattices (SL)are presented in this article. Special attention is devoted to the influence of spatialvariation of effective mass on SL electronic structure. We have derived the dis­persion relation for the case of band nonparabolicity in constituent materials of
SL, and proved it to be spin-independent. The transport and optical propertieswe studied are: the Einstein relation, envelope matrix elements for transitionsbetween conduction and valance subbands, light absorbtion and gain coefficients.We also present some numerical results for GaAs-Al.xGa 1 _xi\8 SL as an illustra­tion for theoretical considerations. 

1. Introduction

It is now widely accepted in literature to call superlattices those semiconduc­tor structures in which the electrons are influenced not only by periodic atomicpotential of crystal lattice, but by an additional potential having a considerably larger period as well. This additonal potential induces remarkable changes in the band structure of constituent material(s) of SL, a consequence of this being diffe­rences between optical, transport and other properties of SL and those of homo­geneous semiconductors. 
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The article 1 > by L. Esaki and R. Tsu ( 1970) is mainly taken to be the firstone in this field. The so-called compositional SL, consisting of crystalline layersof alternating composition, has been proposed there. In 1973 such SL, composedof thin (in nm range) GaAs and AlxGa 1 +xAs layers was grown by molecular beamepitaxy (MBE) by L. L. Chang et al. 2>. Up to now this SL is the most extensivelystudied type, both theoretically and experimentally. The other important type of SL is that proposed in 1972 by G. H. Dohler 3• 4>,with periodic potential obtained by alternating doping of otherwise homogeneoussemiconductor with donors (d) and acceptors (p ), possibly with intrinsic (i) layersseparating the doped ones (nipi-structure). The first SL of this type was grownin 198 t 5>. It is of interest to note that electrons and holes are spatially separatedhere, thus leading to an indirect band gap in real space. The studies of transport properties of SL have been intensified since 1978,when R. Dingle et al. 6> proposed the modulation doping technique, that enablesone to obtain considerable enlargement of carrier mobility in SL as comparedto mobility in homogeneous semiconductors. New devices, such as high electronmobility transistor (HEMT) 1>, and two-dimensional electron gas field effect tran­sistor (TEGFET)8>, based on this effect that originates in spatial separation bet­ween ionized impurities (scatterers) and carriers, have been proposed. These struc­tures have a number of advantages as compared to the corresponding structuresbased on homogeneous semiconductors (lower output resistance, higher gain, lownoise level, and very low dissipation, being itself a limiting factors in VLSI techno­logy9>). Not less interesting are optical properties of SL, studied extensively since1974, particularly the intraband (intersubband) transitions, on of the effects notappearing in homogeneous semiconductors. The increased interest in their opticalproperties that arose recently is related with the possibility of making semiconduc­tor lasers with SL active region. These lasers have larger photon energies thenconventional semiconductor lasers, and this quantity can be tailored to a certainextent via design parameters variation. Also, the step-like density of states vs.energy dependence in SL results in lower values of threshold current and lowertemperature sensitivity of these lasers as compared to their conventional counter­parts. All SL properties - band structure, mobility of carriers, conductance, lightabsorption coefficient etc. can be tailored in a wide range of several orders of magni­ude by changing SL parameters, like layer width, material composition or impu­trity concentration 1 0> . The possibility of making SL with desired properties im­plies their various applications in the near future. In this article we present results of our research in this field, including someresults of self-consistent treatment of SL properties, such as band structure, car­rier concentration, potential, etc., particular attention being devoted to the influ­ence of spatial variation*> of effective mass. Due attention will also be payed to theeffects of nonparabolicity in constituent materials of SL, as well as to numericalaspect of self-consistent treatment. In the second part of this article we shall in­vestigate the Einstein relation and some basic optical SL properties. 
•> In case of band nonparabolicity the spatial variation of effective mass exists in nipi SL as well 

(for more details see Section 2b of this article). 
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2. Self-consistent determination of basic SL properties 

The first point of the research is to determine the potential distribution.SL is composed of very thin layers, therefore it is clear that quantum effects willbe rather prounonced here, and the potential can be found only by making use ofself-consistent procedure. Self-consistent calculations of relevant parameters in semiconductor strUctures have been worked out in detail and applied to the MOS­FET (see review article1 0>), but, because of the peculiarities of SL structure, thismethod should undergo some modifications before its application to SL. 
a) The case of parabollcty in constituent materials 

In this section we shall investigate the compositional I type SL (same signof band edge discontinuity), consisting of semiconductors A and B. We shalltake the effective mass approximation to hold for both materials and that the band
extrema are in I'-point in k-space. Therefore, carriers in both materials can bedescribed by scalar effective masses m.A and m8 (which are different) and haverectangular dependence of effective mass on coordinate, m* (z). In this case, thekinetic energy operator has the form 1 1> 

" 1 ,.. " " 
[
m* (z)- t t T = 2 [Px P7 Pz] • O

m* (z)- o ] 
[
Px

] . p)I '
m* (z) - 1 Pz 

(1) 

where Px, p1, P:: are components of momentum operator*>. This form of T satis­fies both the Hermiticity and the probability current continuity at boundariesbetween two materials. The Schrodinger equation for carrier motion (we observe electrons now) has.the form 
(2)

In (2) 0 = U (z) is the potential energy operator, E is the total electron energy,and 1/J (x, y, z) is the envelope wave function. The SL structure varies along the z-direction only, therefore the potentialenergy also depends only on z, and motion in plane perpendicular to z can bedescribed by a plane wave: 
1P (x, y, z) = 'YJ (z) exp [i (kxx + k,.y)] . (3)

Substituting (3) in (2) we get 1 1> 

(4)
•> We put the z-axes to be perpendicular to SL layers. 
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Since it is the square absolute value of the wave function we are interested in now.,
it is enough to determine the function 17 (z), i. e. to solve the Schrodinger eq. (4).

The expression in bracket [ . . .  ] is the effective potential Ueff
1 1 >. For different

values of transversal component of wavevector k, = V k; + k!, Ueff has qualitati­
vely different behaviour, where from we get two important conclusions : 

I )  The Schrodinger eq. has to be solved for each value of kr particularly,
and 17 is the explicite function of k,. 

2) The total electron energy is not a parabolic function of k, .
These two effects disappear if the effective mass has no spatial variation (this

is the case in doped SL). 
Since the structure is periodic with period length d one has to apply periodic

boundary conditions 

17 (z + d) = 17 (z) .l, 17' (z + d) = 17' (z) A, A = exp (ikz(l). (5)

These boundary conditions have the same form. as those in classical theory of
band structure, where the Schrodinger eq. with free electron mass (no spatial
variation) is used. However, one can show1 2> that even in case of spatially variable
effective mass conditions (5) hold. We take the effective mass has steplike changes
at layer boundaries. Taking into account the continuity of the wavefunction one
can, after performing integration around the boundary, show that 

m �z) 
• :: is

continuous as well. This condition is derived with the postulated form of Hamil­
tonian (1). Naturally., boundary conditions depend on microscopic structure of
both materials. In Ref. 1 3  it was shown that boundary conditions can be written
in the form (boundary at z = 0) 

[ 
17s (O)

] [ 
tu t1 2 ] [ 11A (O)

] a = a (z) - lattice constant,a17� (0) = 
t2 1 t2 2 • a17� (0) ' 

(6)

where [tu] is the transfer matrix, · which contains information on microscopic
structure of both materials, although in an implicite form. Calculations performed
in Ref. I3 for GaAs-Al0 • 2Ga0 • 8As SL showed that t1 2  = t2 1 = 0, t1 1  = 1 .021
and t22 = 1 . 101, which agrees very well with boundary conditions we used. 

With determined band structure and corresponding wavefunctions, electron
concentration can be written in the form+> 

n (z) = l: n1 (z), 
I 

n/d + oo _ 

( ) = _!!_I dk f f  In, (k, z)l 2 dkx dk>'
n, z 2 3 : .... • n 

[ 
E, (k) - EF] + 1o - oo exp kT 

(7) 

In Eq. (7) E1 (k) is the dispersion relation of l-th subband, and EF the Fermi level,
determined from the condition of global neutrality of SL. We should also note
+> The expression (7) appeared in our work1 o, so far as we know, for the first time in the literature. 
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that E1 (k) does not depend parabolically either on kx or ky or k: in compositional 
SL. In doped SL E1 (k) = � (kz) + (li2k:)/2m*, therefore integration over kx 
and ky can easily be performed, and (7) transforms into a more simple expression. 

Making use of determined concentrations of electrons n (z) and holes p (z)�>, 
one can solve the Poisson's eq. taking into account the difference between dielectric 
constants of materials A and B. The boundary conditions for this eq. are periodic : 
assuming the potential to have zero value at z = 0 implies the same value at z = d.

The main part of this problem certainly is solving of Schrodinger equation. 
We shall present here two methods of solving it for symmetric SL (which are pre­
dominantly used both in theoretical and experimental research). Generalization 
of those methods for application to nonsymmetric cases is not a difficult problem 
qualitatively. 

The cruical point of harmonic method is to represent all periodic variables 
(potential energy, effective mass, wave functions, . . .  ) by complex Fourier series. 
It can be shown 1 4> that allowed values of energy are eigenvalues of an infinite 
symmetric square matrix [Sq, 1 ], elements of which are determined by 

S,,, = (U.,.r)•- • + �
2 {!) .Jk, + 2; q} (k, + 2; 1) q, I =0, ±1 ,  ±2, . . .  , ±co.

(8) 
Taking care of the fact that energy spectrum consists of bands if there is at 

least one nonzero off-diagonal element ( which can easily be verified) we can after 
inspection of the matrix S q,1 deduce some important artd interesting conclusions 
about the existence of band character of energy spectrum. The energy spectrum 
is band-like if there exists : 

1) Spatial variation of potential energy only (this case has been thoroughly
studied in classical band theory). 

2) Spatial variation of potential energy and effective mass (compositional SL).
3) Spatial variation of effective mass only.
It is interesting that even in case the potential energy is constant throught

the structure, we get energy bands (this indeed happens in compositional SL for 
certain value of k,). 

The harmonic method, apart from displaying the physics of the problem 
very well, is a complex (although interesting by itself) numerical problem; its 
central part being the eigenvalue determination for an infinite full matrix. 

Numerical solving can be more conveniently performed by using the method 
of even and odd functions, taken from the conventional band theory 1 5>, with some 
modifications necessary for application to SL.

In symmetric SL, potential energy and effective mass are even functions. 
The wave function can be represented as a linear combination of even 'Y/e (z) and 
odd 'Y/o (z) functions 1 5> 

'Y/ (z) = A1] o (z) + B1Je (z), (9) 

•> The Schrodinger eq. and concentration for electrons and holes have simmilar forms, so we
shall not write the latter separately.
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with fundamental boundary conditions for rJo (z) and rJi (z) 
1Jo (0) = I , rJ� (0) = 0, 1Je (0) = 0 and 1}; (0) = I . (1 0) 

Applying the periodic boundary conditions (5) we obtain the expression connecting energy and wavevector 

where constants A and B are to be determined from the first boundary condition ( 5) and the normalization condition
d/2 

J 1111 2 dz = 1 . (12) 
-d/2 

Numeric calculations were performed for GaAs-Al.xGa1 -xAs (A - B) SL, which is the most often studied type I-SL both theoretically and experimentally, using the method of even and odd functions. Rectangular variation of potential energy in the structure approximates the real situation (after neglecting the carriers), and is the first approximation in self-consistent solving. We also assume isoener­getic surface to be spherical for all energies of interest here (this will be more exten­sively discussed in the next section). We observed electrons belonging to the I'-mi­nimum, which is justified in the first iteration of self-consistent procedure, but in latter iterations one .should not disregard electrons belonging to minimums at the edge of Brillouin zone (particularly for higher values of mole fraction x). One can deduce from a simple analysis that GaAs layers are quantum wells and AlxGa1 _� layers barriers for kt values smaller than a characteristic value kto, and vice versa for higher values of k, (Fig. 1). For k, = k,0 the effective potentialenergy is constant throughout the structure. For assumed variations of U (z) and m* (z ), k, 0 is determined by 

where U O is the potential energy jump at the interface between layers, going in direction from GaAs to Al.xGa1 _xAs. If mA > m8 positions of wells and barriers would not depend on kt (this is never fulfilled in GaAs-Al
.x
Ga1 _� SL). It is also worth noting that for energies lower than the barrier top we assumed the effective mass in material B to be unchanged, although these energies are in gap of B. Theo­retical and experimental studies of tunneling in heterostructures confirmed this to hold 1 1>. Fig. 2 gives the band structure of GaAs-AlxGa1 -.xAs SL, with layer widthsof 6 nm and 1 ,5 nm, respectively� The widths of bands and gaps depend appreci-
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Fig. 1. The dependence of the effective potential energy on coordinate z and quantity kl. Theeffective mass in material I is m1 and in material II m2 (m1 < m2) 1 6>. 
ably on transversal component of wave vector. As one can immediatelly see fromFig. 2 we should also note that for certain values of energy and wavevector theenergy gap disappears. Conditions for zero energy gap (ZEG) existence are exten­sively discussed in Ref. 16; at this place we shall only mention that there are twoconditions, one of them being a direct consequence of spatial variation of effe­ctive mass. 
b) The case of nonparabolic bands in constituent materz'als 

One of lack of the above theory is that it relies on parabolic energy vs. wave­vector dependence in constituent materials of SL. These are III-V semiconduc­tors with the dispersion relation given more precisely by Kane expression 1 9> 

(14) 

Equation ( 14) is valid in each host materials. In ( 14) II is Kane's matrix element(usually in literature2 0> taken to have the same value for all materials), Eg is the
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0 0.4 08 t2 1.6 20 V. 28 ,_ 
Fig. 2 Configuration of the energy spectrUm for the Al�Ga1-.sAs-GaAs superlattice structure 

(x = 1); d1 = 6- 10-7 m, di = 0.25 d1 (e = Bu/E,0) 1 6>.

energy gap, m: - the effective electron mass at k = 0 + >, and E energy measuredfrom the bottom of conduction band. This dependence is given in Fig. 3. Parabolic approximation is given by broken line: evidently, this is a better approximation ifenergies are closer to bottom of conduction or top of valence band. Eq. (14) holds for electrons and light holes. Actually, in III-V semiconductors heavy holes andholes from band lying under the valence band top cannot be disregarded. However,disregarding these holes leads to the Schrodinger eq. in the form*> 

where non-zero elements of matrix [T,J] are:
t 1 3 = t62 = - V3 t s 1 = V3 t2 4  = a = II (p" - ip" ,. V2 Jt 1h 

( 2 ) 1/ 2 " 

t4 1 = t1 4  = t2 s = t s2 = -3 _ II P:•

(15)

(15a)

+> Within this model light hole mass is equal to electron mass (at k = 0), except for opposite sign.
•> The first matrix element on the left side is taken from 1 9>, and refers to homogeneous III-V 

semiconductors. 
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E 

a,Z 

Fig. 3. Energy E vs. wavevector squared absolute value k 2 dependence by Kane model 1 8>. Broken 
line gives this dependence in effective mass approximation (for electrons and holes). 

Matrix [ U] is diagonal matrix with nonzero elements r U,, = Ee (z) for i =
= 1, 2, and Uu (z) = E11 (z) for i = 3, 4, 5 and 6, where Ee (z) and E11 (z) areenergies of the bottom of conduction and top of valence band, respectively, alongthe SL. Functions /1 and /2 in matrix [!1] are electron wavefunctions correspondingto opposite spins, /3 and /4 are heavy hole, fs and /6 light hole wavefunctions.It is important to note that potential energy -e<p (z) is included in Ee (z) andE., (z), <p (z) being the potential in the structure. The reference energy level isthe bottom of conduction band in materijal having smaller energy gap (we labelthis one with »A«). The matrix equation ( 15) represents a system of six equations, that can beseparated into pairs of equations for electrons, light and heavy holes. Carrier mo­tion in the x - y plane is quasifree, and wavefunctions /1, . . .  ,f 6 can be writtenin a similar form as (3), with envelope wavefunctions 1Ji ,  . . .  , 1J6 • We shall continuesolving the equation for electrons, consisting of two coupled equations in 11-re­presentation 
- ! li2 ! [�. d':;;2 ] + u.n •1 t .2 + n; (k, ± ik.) ! [�.] 112. , = E11, ... 

(16)
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where M* (z) is generalized effective mass determined by

M* (z) = m! ( 1 + E - Ec (z) ) Egt 
(. m!1 ( 1 + E + e<p) in material A,

E, (,:) ' = in:, ( I + 
E + :: u.) in material B.

(17) 
Generalized effective mass is a function of electron energy and potential. Assuming
a constant potential (e. g. equal to zero), ! [�*] turns to zero everywhere except
at layer boundaries, and ( 1 6) separates into two equations coupled only throughboundary conditions2 1)

. However, if nonconstant <p (z) exists, and it does in alliterations of selfconsistent procedure except the first one, equations (1 6) are coupled.After changing variables 

(i @) 111 = 11t exp 2 , ( i e)112 = 11! exp - 2 (18) 

where e is the argument of k, - ikx, (16) becomes

(19) 

Equations (19) can simply be decoupled by introduction of new functions g1 andC2 being sum and difference of 11t and 11:. Now (19) can be be written as 

(20) 

In symmetric SL potential and effective mass are even functions, but the expres­sion in bracket in (20) has no definite parity. In this case wavefunctions generatedthrough fundamental boundary conditions (10) have no definite parity as well.Now, wavefunctions g1 and g2 can be written as 
C1 = A1F1 (z) + B1F2 (z) F1 (0) = 1, F; (0) = 0, 

F 2 (0) = 0 and F� (0) = 1 (21)

and similarly for g2 • We note again that F1 (z) and F2 (z) are neither even norodd. These functions can be represented in the form 

68 

Fi (z) = Yo (z) + Ue (z) and F2 (z) = Ye (z) + u0 (z), (22) 
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where Ye (z) and Ue (z) are even and Yo (z) and u0 (z) odd functions. Applying
the periodic boundary conditions ( 5) we get the dispersion relation E (k)

(23)
The same expression can be derived from the second Eq. of (20); however, ifwe observed nonsymmetric SL we would get two different dispersion relations.Disregard of coupling of opposite spin wavefunctions turns u0 (z) and Ue (z) identi­cally to zero, and (23) turns to (1 1 ). At the end of this section we shall derive the bo1:111dary conditions at the inter­face of two materials. Using the continuity of wavefunctions g1 and g2, after inte­gration of (20) in the vicinity of interface, one concludes that expressions 

1 (dg2 kt ) and M* dz + 2 g2 , (24)
have to be continuous at the boundary. For k, = 0 (24) transforms to boundaryconditions we used in Section 2a. At the time this article is written we are aboutto complete numerical calculations for doping SL, having linear potential in ze­ro-order approximation, where spatial variation of effective mass has to be ta­ken into account. 
c) Numerical aspects of self-consistent procedure

The central problem in self-consistent procedure, from both theoretical andnumerical point of view, certainly is solving of Schrodinger equation; Poissonsequation should just be integrated twice (numerically). We gave two methods ofsolving the Schrodinger eq. in Section 2a. The first one, based on harmonic method,is still a subject of our research and we shall describe here the procedure basedon the method of even and odd functions. We shall assume the parabolic approxi­mation holds. Recalling the theoretical considerations of Section 2a, particularly relations(9)-{ 12), the numerical procedure would consist of following steps: - determination of 1Je (z) and 7Jo (z) for a number of values of energy E and absolute value of the transversal component of wavevector, making use ofstandard methods for second-order differential equations integration (see Ref. 21); - calculation of the right side of ( 1 1) for each value of E and k,. If absolutevalue of the result exceeds one, this energy level lies in band gap, and in the oppo­site case it belongs to allowed band, and the corresponding value of k: can be de­termined; - constants A and B are to be determined from one of periodic boundaryconditions ( 15) and normalizing condition ( 12). Here we present numerical calculations for tw� SL:
a) with layer widths 4 nm for both GaAs and Al0 •3Ga0 • 7As, and b) with GaAsand A10 •2Ga0• 8As layer widths 10 nm and 4 nm, respectively. We assumed rectan-
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gular variation of potential energy, given numerically. 'Y/ o  (z) and 'Y/e (z) were de­termined by fourth order Runge-Kutta method*>, taking irito account the conti-
nuity of � d:,e at boundaries. Calculated values of widths of bands and gaps
were compared with >>exact« values. For rectangular potential energy and effectivemass variation, wavefunctions 'Y/o  and 'Y/e can be represented through trigonometricor hyperbolic functions, and energy vs. wavevector dependence can be determinedby solving the corresponding transcedent equations using standard methods (e. g.bisection). Band widths obtained in this way can be taken as exact. Relative errorof band widths vs. kf dependence is given in Fig. 4 (results for SL a) only aregiven; those for b) can be found in Ref. 22). Inspection of Fig. 4 immediately revealsthat error decreases with decreasing step, and for step length of 0.025 nm it neverexceeds 1 %- Calculations using even smaller steps (not presented here) showthat error does not decrease any more, but suprisingly enough increases, probablybecause of increasing number of points. Error is very weakly dependent on k,,at least for smaller k,-values (yet covering the whole area of interest for concentra-

z t------
10 'IO 

Fig. 4. Relative error made in bands (d,,) and gaps (dg) widths determination vs. transversal com­
ponent of wavevector kf = k,/k,0• GaAs-Al0•3Ga0• 7As layer thicknesses are 4 nm both. Full 
line corresponds to 0.1 nm step, broken line to 0.05 nm, and dotted line to 0.025 nm step. Numbers 

O, 1, 2 denote the zeroth, first and second band22>. 

•> Fourth order Runge-Kutta methods for equations of type y" = f (x, y), are described e. g. 
in Ref. 21.

70 FIZIKA 17 {1985) 1, 59-76 



TJAPKIN ET AL. : PERIODIC SEMICONDUCTOR SUPERLATTICES . , ,

tion evaluation). It is also evident from Fig. 4 that the higher the energy, less exactlyit is determined. This is not a too unfavourable feature of self-consistent procedure,since the number of carriers decreases with increasing band index. Obviously, the proposed method gives good results for rectangular potentialenergy variation. There is no reason it would not give results of similar quality ifthis variation does not depart too much from rectangular. This really is the case in second, third, and higher iterations of self-consistent procedure, ( where poten­tial energy distribution is given numerically, and where numerical methods arethe only useable) by usual doping levels. 

3. Some transport and optical properties 

a) The Einstein relation 
As already noted in the introduction, transport properties of SL are quitedifferent from the corresponding properties of homogeneous semiconductors. Atthe first place we think of great mobility enhancement. In this part we shall pre­sent our results concerning the Einstein relation. Electrons (and holes) of SL subbands form two-dimensional electron (hole)gas in the planes of layers, with surface density given by 

d d 

N11 = J n (z) dz = I, N,, N, = J n, (z) dz.
0 I o 

(25) 

Assuming the electric field in z-direction is much higher than in plane per­pendicular to z, unique gradient of chemical potential W F can be used for all ener­gies in the subband we observe (for more details see Ref. 23). Now, the diffusionconstant D, and mobility µ, ratio is given by2 3> 

n/d + co 

M, 5 
(�) 3 I dk, I I (11, � 1)2 dk.dk,,

0 - co  

_ (E, (k) - EF
) 1'/1 = exp kT ·

(26) 

The values of D, and µ1 refer to the /-th subband, and are determined as averagevalues of D, (k:z) and µ, (k:z) (averaged over the k:z component of wavevector)2 3>.If more than one subband is populated the Einstein relation reads2 2> 

D' = k T I,  M, ,µ e I, N, ' (27) 

where summation is to be performed over all populated subbands. Without theassumption on uniqueness of chemical potential one would get the ratio D1/ µ,(and DJµ) depends on scattering mechanisms. 
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In doped SL the spatial variation of effective mass is absent (within the para­bolic approximation), energy depends parabolically on kx and ky, therefore inte­gration over kx and ky can be performed immediatelly, and the Einstein relation (26) reduces to a rather simple expression.

Fig. 5. The dependence of the ratio (D/µ)* = (D/µ) (kT/e) versus the surface density Ns for 
GaAs-A10•3Ga0•7 As superlattice with layer thickness 6 nm and 1.5 nm, respectively. The rectan­

gular distribution of the potential energy (and effective mass as well) was assumed2 3>. 

Here we present numerical results for SL with GaAs and A10.3Gao, ,As layers 6 nm. and 1.5 run wide, respectively. Dependence of normalized ratio ( D) * =
�µ . µ 

= kT/e on surface electron density N5, at temperatures T = 300 K and T =
= 77 K is given in Fig. 5. For low values of N11 (it decreases with decreasing tem­perature) D/µ approaches kT/e, indicating that the Einstein relation has the sameform as in nondegenerate three-dimensional electron gas. With increasing N11, 

(D/µ)* goes through two local extrema - a maximum and a minimum, and then increases permanently. This behaviour, that we have not met in the literature unitil now, can probably be explained by peculiarities of SL band structure. 
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b) Optical properties 
We shall briefly discuss some properties of dipole matrix elements for transi­tions between conduction and valence subbands. Taking account of variable value of momentum matrix element and dielectric constant in constituent materials of

SL, we derived the expression for envelope matrix elements (ratio of matrix ele­ment in SL and that in GaAs)2 4> .  Their values in rectangular SL were calculatedanalitically, and, as an illustration, we give here the dependence of IMenol 2 on k:for GaAs-Al0• 4Ga0 • 6As SL with laver widths 10 nm and 4 nm. Matrix elementsfor transitions between sub bands with same indices are given in Fig. 6a (' denoteslight holes), and those for different indices in Fig. 6b. Broken lines show the effectof neglect of spatial variation of momentum matrix eement in SL (for a few casesonly). 
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Fig. 6. Square moduls of envelope matrix elements of interband transitions for GaAs-A1.irGa1 -.irAs 
superlattice thicknesses of layer 10 nm and 4 nm., respectively. In Fig. 6a are given matrix ele­
ments for transitions between mizones with same indexes., and in Fig. 6b with different index 

(x = 0.4). 

Evidently, error is not too great, at least in these examples; however, it cansometimes get much greater values, approaching 100%, but these elements havevery small values anyway, so it is not too important. Also, one can see that nopair of indices turns the matrix element identically to zero, unlike the case of oppo­site parity indices in quantum wells, and also that elements with different indiceshave smaller values than those with same indices, same as in quantum wells. 
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Having determined the values of matrix elements and the band structure,one can proceed to find the dependence of light absorption or gain on frequency2 4>.Assuming the absorption process does not change appreciably the equilibrium inundoped or weakly doped SL, its dependence on frequency is to be determinedfrom 
(28)

Numerical results indicate that, as we have expected, the standard tight-bin­
ding method and neglect of Menv dependence on k give good results for lowervalues .of quantum energy, whereas one must calculate (28) numerically to getthe exact apsorption at higer energies. If there exist nonnegligible concentrations of electrons and holes in SL ( e.g. in lasers), assuming the carrier distribution within each band is equilibriumFermi-Dirac, gain in this structure can be found from an expression same as (28),except for a factor (Je + J,, - I) inside the integral, wherefe and /,, are distributionfunctions for electrons and holes, respectively. 

4. Conclusion

This article presents a review of results of our investigation of semiconductor
SL. Some of results are from other articles, and are presented in a review form,while Sections 2b, 2c and 3 contain results presented here for the first time. The first section is devoted to the self-consistent procedure for finding poten­tial and other relevant parameters. Proposed methods (method of even and oddfunctions, harmonic method) take account of the fact that constituent materialsof . SL have different carrier effective masses, the fact that complicates the proce­dure, particularly for Schrodinger equation. However, taking this into account,one can get more adequate picture of processes in SL. A very important and interesting problem, according to our opinion, is theinfluence of nonparabolicity of dispersion relation in constituent materials of SL.Starting from a general form of Schrodinger eq. ( 15) that describes electrons,light and heavy holes, we derived the dispersion relation for electrons in SL (23),and showed that is spin-independent in symmetric SL. However, in nonsymme­tric SL two different relations exist. Besides, we proved that, if nonconstant po­tential exists in the structure, effective mass varies inside each material., the factnot noticed up to now. The numerical procedure for solving the Schrodinger eq. is proposed inSection 2c. An analysis of error in finding subband widths (for rectangular poten­tial distribution) indicates that error will not exceed I %  for carefully chosen step.This leads to conclusion that this method is efficient enough in cases where po­tential energy distribution does not depart too much from rectangular (this hap­pens in self-consistent procedure). We have also studied some transport and optical properties of SL. Amongtransport properties it was the Einstein relation we investigated and derived somegeneral relations. The dependence of diffusion constant-mobility ratio on surfacedensity of carriers has an unusual form with two local extrema. 
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Some optical properties : (envelope) transition matrix elements, absorption,and gain coefficients were also studied : we found that these important parameterscan be determined more exactly if one takes account of spatial variation of effectivemass and momentum matrix element. Finally we shall give a list of problems that would, according to our opinion,be interesting to work on : - to analyse the self-consistent problem, starting with microscopic potentialin each material. It may be that one can derive some criterium that would justifythe application of effective mass approximation, and find error made by using it;- to do the numerical realization of harmonic method. The central problemhere is to find eigenvalues of an infinite full matrix; - to complete the self-consistent procedure, assuming the dispersion rela­tions of SL constituent materials to be given by Kane expression; - to analyse the anomalous mobility enhancement, making use of the bandstructure we have here, and to compare results of this analysis with existing resultsfor the Einstein relation ; - to calculate tran,sition matrix elements for SL with arbitrary potentialdistribution, and possibly to tailor the SL to get some desired optical parameters,e. g. gain-frequency dependence; - to make a carefull study of properties of half-infinite SL. This structurewas not a subject of the present atricle, but was investigated in Ref. 25. One shouldalso point out their possible advantages (in the applicative sence) over >>real<< SL;- to investigate the possibility of application of SL as a >>new<c material, i. e.to find the range of change of global new parameters that can be obtained by varyinglayer widths, and material composition. This happens to be the central problemin the applicative sence. 
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Originalni naucni rad 

U radu smo izlozili vaznije rezultate nasih istrazivanja iz oblasti poluprovodnicke super-resetke. Posebna paznja posvecena je uticaju prostorne zavisnosti prividne mase na enetgetski spektar strukture. U slucaju postojanja neparabolicnosti zona u polaznim materijama izveli smo disperzionu relaciju i pokazali da je ona jedin­stvena za obe orijentacije spina. U okviru transportnih i optickih osobina analizi­rani su : Ajnstajnova relacija, anvelopni matricni elementi, koeficijent apsorpcije i pojacanja. Izlozena teorija ilustrovana je numerickim rezultatima na GaAs-Al�Ga1 _ "As super-resetci. 
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