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1 Introduction

A loxodrome or rhumb line on a sphere or a rotat-
ing ellipsoid is a spiral-shaped curve that intersects
the meridians at the same angle, constantly ap-
proaching the pole but without reaching it. On a map
made in the Mercator projection, it is shown as a
straight line. The advantage of a loxodrome is that a
ship sailing along it sails on an unchanged course.
Problems related to loxodromes are solved graphic-
ally on a navigation chart or by calculation (Pomorski
leksikon 1990). Grunert (1849) proposed that, unlike
spherical and plane trigonometry, this part of trigo-
nometry be called loxodrome trigonometry (Loxo-
dromische Trigonometrie).

In this article we will deal with the loxodrome in
conic and azimuthal projections. At the beginning, we
notice that every map projection introduces certain
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Abstract: In the introductory part of the article, we recall the important role of the loxodrome in navigation and derive
a formula for the length of the arc of this curve on the sphere between two points. The loxodrome is usually
associated with the Mercator projection, because in this projection its image is a straight line. In this paper, we deal
with the loxodrome in conic and azimuthal projections. The image of the loxodrome in such projections is not a
straight line but a spiral curve. The determination of the distance measured along the loxodrome between two points
in a normal aspect conic or azimuthal projection is presented. Formulas for the length of the arc of the loxodrome in
each of these projections are derived using examples of conformal, equivalent and equidistant conic projections.
Azimuthal projections are special cases of conic ones, so they do not require special derivations of formulas.
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distortions. As a measure of length distortion, the loc-
al linear scale factor c is used, which is defined for a
sphere as follows (Snyder 1987):

_ds'

C_I (1)

where ds is the differential of the arc on the surface
being projected, and ds' is the corresponding differ-
ential of the arc in the projection plane. Let

x=x(p,4), y=y(@,A), (2)

be the equations of map projections, that is, in our case,
the formulas with which a sphere of radius R is mapped
onto a plane. ¢ and A are the latitude and longitude,

pe [—E,E} , Ae[-m,x],and x andy are coordinates of a
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Sazetak: U uvodnom dijelu ¢lanka podsjecamo na vaznu ulogu loksodrome u navigaciji i izvodimo formulu za
duljinu luka te krivulje na sferi izmedu dviju to¢aka. Obi¢no se loksodroma povezuje s Mercatorovom projekcijom,
jer je u toj projekciji njezina slika ravna crta. U ovom se radu bavimo loksodromom u konusnim i azimutnim
projekcijama. Slika loksodrome u takvim projekcijama nije ravna crta nego spiralna krivulja. Prikazano je
odredivanje udaljenosti mjerene uzduz loksodrome izmedu dviju to¢aka u nekoj uspravnoj konusnoj ili azimutnoj
projekciji. Na primjerima konformnih, ekvivalentnih i ekvidistantnih konusnih projekcija izvedene su formule za
duljinu luka loksodrome u svakoj od tih projekcija. Azimutne projekcije su posebni sluéajevi konusnih, tako da za
njih nisu potrebni posebni izvodi formula.

Kljugne rijeéi: konusne projekcije, azimutne projekcije, sfera, loksodroma, duljina luka

1. Uvod mjerila duljina ¢ koji za sferu definiramo ovako
(Snyder 1987):
Loksodroma na sferi ili rotacijskom elipsoidu je '
krivulja spiralnog oblika koja sije¢e meridijane pod is- c= ﬁ, (1)
tim kutom, stalno se priblizava polu ali ga ne moze ds
dostiéi. Na karti izradenoj u Mercatorovoj projekciji gdje je ds diferencijal luka na plohi koja se presli-

prikazana je ravnom crtom. Dobra strana loksodrome  kava, a ds' odgovarajuéi diferencijal luka u ravnini

je u tome Sto brod koji plovi po loksodromi, plovi ne-  projekcije. Neka su

promijenjenim kursom. Zadatci u vezi s loksodromom

rjeSavaju se graficki na navigacijskoj karti ili ratunski x=x(p,2), y=y(p,A) (2)

(Pomorski leksikon 1990). Grunert (1849) je predloZio

da se za razliku od sferne i ravninske trigonometrije, jednadZbe kartografske projekcije, odnosno u nasem

taj dio trigonometrije naziva loksodromskom trigo- slucaju formule s pomoéu kojih se sfera polumjera R

nometrijom. preslikava u ravninu. ¢ i A su geografska Sirina i
U ovom ¢lanku bavit ¢emo se loksodromom u ko-

nusnim i azimutnim projekcijama. Na pocetku uoé¢imo  duzina, pe [—%%}, Je[-n,x],axiysukoordinate tocke

da svaka kartografska projekcija uvodi izvjesne dis-

torzije. Kao mjera distorzije duljina sluzi lokalni faktor  u pravokutnom (matematickom, desno orijentiranom)
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point in a rectangular (mathematical, right-oriented)
coordinate system in the plane. We will assume that a
regular mapping is defined by (2), except perhaps on the

edges of the interval, i.e. for pe {*%%} and Je{-z,z}.

Usually the coefficients E, F and G are defined in this

way:
()5 @

2 2
E=a—x +a—y,F
o o

so then the square of the differential of the arc in the
projection plane can be written in the form

_onox ydy
0ol 0po)’

ds = dx* + dy® = Edp? + 2Fdpd]. + GdA.%. (4)

The well-known formula for the square of the dif-
ferential of the arc of a curve on a sphere is valid
(Snyder 1987, Francula 2004)

ds® = R*(dg* + cos* o d1.%), (5)

where R is the radius of the sphere. Considering (1), (4)
and (5) we can write

e ds" _ Edg® + 2Fdpda + Gd 7 (6)
ds*  R*(dg® +cos*p d/?)

2. Loxodrome

Let a sphere of radius R and centered at the origin
of the coordinate system be defined by the geographic
parameterization

X=Rcospcosi, Y=Rcospsini, Z=Rsing (7)
where ¢ and A are the latitude and longitude,
pe [—%ﬂ, ie[-m,x]. An infinitesimal triangle on a
sphere is shown in Figure 1. The arc length differen-
tial of a curve is ds, the meridian arc length differen-
tial is Rdg, and the parallel arc length differential is

RcosgdA.
For any curve on a sphere we can write (see Figure 1):

Rcospdl
t. = 8
ana Rdo 8)
and from there
di= tanad—(p . (9)

cosg

dS % Rd(p

Rcospdh

Fig. 1 Infinitesimal triangle on a sphere of radius R, ds s
the differential of the arc of a curve on the sphere, Rdp is
the differential of the arc of the meridian, and Rcospdl is
the differential of the arc of the parallel.
Slika 1. Infinitezimalni trokut na sferi radijusa R, ds je
diferencijal luka neke krivulje na sferi, Rdp je diferencijal
luka meridijana, a Rcosgd. je diferencijal luka paralele.

If we assume that « = const., i.e. that it is a loxo-
drome, by integrating expression (8) we will obtain
the equation of the loxodrome in the form

jalntan( 2.2

aln an(4 5 s, (10)
where a = tana and  are constants. For simplicity and

brevity, we will introduce the isometric latitude, or
the function q = (), as follows (Wiki 2024)

q(p)=In tan(%-r%j:%ln%: tanh~'(sinp)  (11)
and from there
dqg=-d2_ . (12)
cosp

It is not difficult to show that these relations hold:

1
coshq’

‘ ¢ — o1 —
tan| —+— |=e’, CO (g_
. (4 2] ¢ °
SiIl(ﬂ = tanhq ) tanqo = Sitlhq. (13)

Now we can write the equation of the loxodrome
(10) in the form

L=aq(p)+p. (14)

Furthermore, from (13) and (14) for a # 0 it follows
sing = tanhq(¢) = tanh A—;lﬁ , (15)

and then
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oordinatom sustavu u ravnini. Pretpostavit ¢emo da
koordinat t Pretpostavit d
je s (2) definirano regularno preslikavanje, osim mozda

na rubovima intervala, tj. za g€ {—%%} i Ae{-m,mx}.
Obicno se koeficijenti E, F i G definiraju na ovaj nacin:
2 2 2 2
e[ 242 ] -2 2,28 o (XL (OT
o0 ) | og 0p 0. 0p Ol or) \oa

pa se onda kvadrat diferencijala luka u ravnini projek-
cije moZe napisati u obliku

ds" = dx* + dy? = Edp® + 2FdpdA + GdA. 2. (4)

Za kvadrat diferencijala luka krivulje na sferi vri-
jedi poznata formula (Snyder 1987, Francula 2004)

ds® = R*(dp?* + cos’p dA?), (5)

gdje je R radijus sfere. Uzevsi u obzir (1), (4) i (5) moze-
mo napisati

2_ dS'z _ Edgﬂz + 2Fd¢d/1+ Gd)LZ (6)
ds*  R*dg* +cos’pdl)

2. Loksodroma

Neka je sfera radijusa R sa srediStem u ishodistu
koordinatnog sustava definirana geografskom para-
metrizacijom

X=Rcospcosi, Y=Rcospsinl, Z=Rsing, (7)

gdje su ¢ i A geografska Sirina i duzina, ¢e [—%,%},
A € [ - m, m]. Infinitezimalni trokut na sferi prikazan je
na slici 1. Diferencijal duljine luka neke krivulje je ds, di-
ferencijal duljine luka meridijana je Rdg, a diferencijal
duljine luka paralele je RcosgdA.

Za bilo koju krivulju na sferi moZemo napisati (vidi
sliku 1):

_ RcosgdA

tana 8)
@
i odatle
di=tana dy . 9
cosg

Pretpostavimo li da je « = const., tj. da je rijec¢ o lok-
sodromi, integriranjem izraza (8) dobit ¢emo jed-
nadzbu loksodrome u obliku
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J=alnt E+£)+

alntan( %2 b, (10)
gdje su a = tana i p konstante. Radi jednostavnijeg i
kraéeg pisanja uvest éemo izometrijsku $irinu, odnos-
no funkciju q = g(¢) na sljedeéi nacin (Wiki 2024)

q(p)=In tan(£+£)=llnl+s%n¢ =tanh'(sing)  (11)
4 2 2 1-sing
i odatle
dg=—22_. (12)
cosg
Nije tesko pokazati da vrijede ove relacije:
T, 9
tan| —+= |=¢9, cosp= ,
(4 2 j i’ coshg
sinp=tanhgq, tang=sinhq. (13)

Sad moZemo jednadzbu loksodrome (10) napisati u
obliku

A=aqlp)+p (14)

Nadalje, iz (13) i (14) za a # 0 slijedi

sing = tanhq(e) = tanh }‘—;lé , (15)
i zatim

p=sin™ (mm%jz 2tan™ [elaﬁ ]—’2’ . (16)

Ako loksodroma prolazi tockama s koordinatama
((pp Al) i ((Pz, AZ) Ondaje

7‘2_)‘1

@) -qle) ’ (17)

a=tana =

B =2 -aqlp,)= iy - aql,) = 2AP)=Hdlr).

20)a(0,) (a8)

Za duljinu loksodrome na sferi imat ¢emo prema

(5)1(9)

ds® = R*(dp* + cos* d1 %)= R*(1+ a?)dp?, (19)

ds=Ry1+a’dp (20)

s=Ry1+a’ wjzd(p:R\/1+az((p2—¢l). (21)
(2]

U nastavku ¢emo pretpostaviti daje a # 0. Zaa =0,
loksodroma je kruznica, paralela, pa su odgovarajude
formule vrlo jednostavne.
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i-p
go=sin'l(tanh/l_ﬂ):Ztan_l [e a J—Z (16)

a
If the loxodrome passes through the points with
coordinates (¢,,A,) and (¢,, A,) then

}‘2 _)‘1

L 17
q(e,) - q(,) v

a=tana=

(18)
9(p,)—q(p,)

B=7—aq(p,)=1,—aq(p,

For the length of a loxodrome on a sphere, we have
according to (5) and (9)

ds® = R*(dp* + cos* @ di ) = R*(1+ a®)dep* (19)
ds=Ry1+a’dy (20)
(21)

?,
s=Ry1+d’ fdga:RV1+a2(¢z—¢1)'
?1

In the following we will assume that a # 0. For a = 0,
the loxodrome is a circle, a parallel of latitude, so the
corresponding formulas are very simple.

3. Conic and azimuthal projections and
loxodromes

For normal aspect conic projections (Snyder 1987,
Francula 2004) the following holds:

X =p sind, y=q—p cosd, p=p@),s=ni (22)

where ¢ and A are latitude and longitude, gpe[-n/2,1/2],
A€ [-n;nt], § the angle at which the meridians intersect in
the projection, p the radii of the parallels in the projec-
tion, n (0 <n < 1) the proportionality constant. Based on
(22) we can calculate

dx=sinddp+ pcosddo,

dy=—cosddp+ psinddd. (23)
Because it is
do =ndi
, (24)
then (23) can be written in the form
dx=sinddp+ npcossdA,
dy=—cosddp+ npsinddAi. (25)

Finally, for every normal aspect conic projection,
it follows

dp \ Y
ds'z—dpz-#nzpzd/lz—{(p] +n2p2(j }dwz. (26)
do do
For a loxodrome, according to (9)
“oa (27)
dp  cosp
50 (26) turns into
d 2 2 .2 2
dleZ[[f]+npza :|d¢72. (28)
) cos’
Let us mark
h :_di k P (29)

Rdp’ ~ cosp’

which are the local linear scale factors in the direction
of the meridians and parallels, respectively. We can
write a formula for the differential of the arc of the
image of a loxodrome in a normal aspect conic projec-
tion in the form

ds'= RVK? +a2k2d¢),

and the local linear scale factor of the loxodrome will be

(30)

_ ds' h? + a’k?

Tas N 1rad 1)

Azimuthal projections are the limiting case of
conic projections when § = A. This means that all for-
mulas for azimuthal projections can be obtained from
the corresponding formulas derived for conic projec-
tions, we just need to put n = 1.

4. Loxodromes in conformal conic and azimuthal
projection of the sphere

The equations of the normal aspect conformal
conic projection of the sphere are
5:nﬁ,p=Ktan"(%—%j, (32)
where 0 <n<1and K are constants (Snyder 1987, Francula

2004). If we insert into (32) the expression for A from (14)
taking into account

(33)

tan(z_zj:;:efq,
47 tan[1+(£j
4 2

we will obtain the equation of the image of the loxo-
drome in that projection in the form
5=nlaglp)+p1, p=ke ™. (34)
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3. Konusne i azimutne projekcije i loksodroma

Za uspravne konusne projekcije (Snyder 1987,
Francula 2004)

X =p sind,y=q—p coss, p=p@),5=ni (22)
gdje su ¢ i A geografska Sirina i duZina, ge[-1/2, /2],
A€[-, ], § kut pod kojim se sijeku meridijani u projekci-
ji, p polumjeri paralela u projekciji, n (0 <n < 1) konstanta

proporcionalnosti. Na temelju (22) moZemo izralunati

dx=sin§dp+ pcos§ds,

dy=—cosddp+ psind & (23)

Bududi da je

do =ndi, (24)
to se (23) moZe napisati u obliku

dx=sinddp + np cosd A,

dy=—cosddp+ npsind d. (25)

Konacno, za svaku uspravnu konusnu projekciju

slijedi
{] +n°p {j }d(p. (26)

Za loksodromu je prema (9)

dsvz:dpz_i_nzpzdlz:

d__a (27)
dp cosp
pa (26) prelazi u
2 2 22
ds” {(dpj Lpa }dgoz. (28)
dop cos’ @
Oznacimo li jo§
hz_di k—ﬂ (29)

- ’
cos@

Rdp’
Sto su faktori lokalnih mjerila duljina u smjeru meri-
dijana, odnosno paralela, moZemo napisati formulu za
diferencijal luka slike loksodrome u nekoj uspravnoj
konusnoj projekciji u obliku

ds'=RVh? +a’k?do,

a faktor lokalnog mjerila duljina loksodrome bit ¢e

(30)

1 2 21,2
C:(sts: h:‘zk . (31)
a

L
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Azimutne projekcije su grani¢ni slu¢aj konusnih
projekcija kad je § = A. To znaci da sve formule za azi-
mutne projekcije moZzemo dobiti iz odgovarajuéih
formula izvedenih za konusne projekcije, samo treba
unjih stavitin = 1.

4. Loksodroma u konformnoj konusnoj i azimutnoj
projekciji sfere

Jednadzbe uspravne konformne konusne projek-
cije sfere glase
n7T_9@
= =Ktan"| ——=
S=nl, P anu ZJ (32)
gdje su 0 <n<1iK konstante (Snyder 1987, Franc¢ula

2004). Uvrstimo li u (32) izraz za A iz (14) uzevs$i u
obzir

tan(ﬁ—ﬂj:;: e, (33)
42 tan(z +2 )
4 2

dobit ¢emo jednadzbu slike loksodrome u toj projek-
ciji u obliku

S=nlaglp)+B], p=Ke ™), (34)

Bududi da suK, n, a, f konstante, to (34) predstavlja
eksponencijalnu vezu izmedu p i § pa ée graficki prikaz
relacije (34) biti logaritamska spirala u ravnini projek-
cije. Drugim rijelima, slika loksodrome na karti izra-
denoj u uspravnoj konformnoj konusnoj projekciji je
logaritamska zavojnica.

Izra¢unajmo faktor lokalnog mjerila duljina u bilo
kojoj tocki spirale (34). Buduéi da je rije¢ o konformnoj
projekciji, moZzemo napisati

np nKe*"q((o)

c=h=k= - (35)
Rcosep  Rcosp
i zatim prema (30)
o 1a®)
ds'=nK~1+a? dop = nk\1+a’e g, (36)
cosg
paje
s'=nK\/1+a2qj2e’”"("’)dq:—K L+atemio)| P (37)
a 9,

i prema tome duljina luka loksodrome izmedu to¢aka
kojima odgovaraju geografske Sirine u ravnini kon-
fromne konusne projekcije

s'=V1+a'[pla,) - pla)]=\1+a' [plg) ~ple))] (38)
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Fig. 2 Part of the world map (¢ >—60°N) in a normal
aspect conic conformal projection with n=0.5. The curve
connecting the points with coordinates ¢, = 55°00' S, A, =
65°00' W and ¢, = 55°00' N, A, = 65°00' E is the image of

the loxodrome in that projection.
Slika 2. Dio karte svijeta (¢ > —60°) u uspravnoj konusnoj
konformnoj projekciji uz n = 0.5. Krivulja koja spaja tocke s
koordinatama ¢, = 55°00" S, A, = 65°00' W i ¢, = 55°00' N,
A, =65°00" E slika je loksodrome u toj projekciji.

Since K, n, a, p are constants, (34) represents an ex-
ponential relationship between p and §, so the graphic-
al representation of relation (34) will be a logarithmic
spiral in the projection plane. In other words, the im-
age of the loxodrome on a map made in a normal aspect
conformal conic projection is a logarithmic spiral.

Let us calculate the local linear scale factor at any
point of the spiral (34). Since this is a conformal pro-
jection, we can write

-nq(p)
c=h=k=—"°F _nke (35)
Rcos¢p  Rcosp
and then according to (30)
| 2 e—nq ¢ 2 _-nq(p)
ds'=nkKN1+a”——dp=nKy1+a‘e dq, (36)
cosg

soitis

q; (37)

s'=nk\1+a* qf e MO dg = — K1+ a2 e ™)
0 Ul

and therefore the length of the arc of the loxodrome

between the points corresponding to the latitudes in

the plane of the conformal conic projection

s'==1+a[ p(a)-p ()] =1+ [ p(0)-p ).  (38)

If we want the equator to be a standard parallel,
then it must be Kn = R. The length of the arc of this lox-
odrome on the sphere is given by (21), and the local
linear scale factor is given by (35).

Figure 2 shows a part of the world map (¢ > -60°N) in
a normal aspect conic conformal projection with n=0.5.
The curve connecting the points with coordinates ¢, =
55°00' S, A, = 65°00' W and ¢, = 55°00' N, A, = 65°00' E is
the image of the loxodrome in that projection.

Figure 3 shows a part of the world map (¢ > -60°N)
in a normal aspect azimuthal conformal projection,
i.e. stereographic projection (n = 1). The curve con-
necting the points with coordinates ¢, = 55°00' S, A, =
65°00' W and ¢, =55°00' N, A, = 65°00' E is the image of
the loxodrome in that projection.

5. Loxodromes in equal-area conic and azimuthal
projections of a sphere

The equations of the normal aspect equal-area
conic projection of a sphere of radius R are

o=nl, p=R /K—Esin(p,
n

where 0 <n<1and K are constants (Snyder 1987, Francula
2004). If we substitute in (39) the expression for A from
(10) or (14), we can obtain the parametric equations of the
loxodrome image in that projection in the form

5:n[alntan(£+£)+ ], p=R /K—Esin(p (40)

4 2 n

d=nlaqlp)+p], p=R K—Etanhq.
n

Since this is an equal-area conic projection, it is

(39)

or

(41)

__mw _1 (42)
Rcosp h
so the differential of the arc of the image of the loxo-
drome in the plane of the equal-area conic projection
according to (30) is equal to

2 2
ds,zR\/(Rcosqoj +a2( np jd(/)'
np Rcosg

If we want the north pole to be mapped to a point,
i.e. with the condition that p = 0 for ¢ = 1t/2, then the
equation of the equal-area conic projection for p = p(¢)
simplifies to

(43)

2 . 2R . (7 @
=R |[Z(1= = — | 44
ye) /n( sing) \/Hsm(‘l 2) (44)
Then it is
k:—ﬁ = (45)
cos(”—(p]
4 2 )
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Ako Zelimo da ekvator bude standardna paralela,
onda treba biti Kn = R. Duljina luka te loksodrome na
sferi dana je s (21), a faktor lokalnog mjerila duljina s
(35).

Na slici 2 prikazan je dio karte svijeta (¢ > -60°) u
uspravnoj konusnoj konformnoj projekciji uz n = 0.5.
Krivulja koja spaja tocke s koordinatama ¢, = 55°00' S,
A, =65°00' Wig,=55°00"N, A, =65°00"E slika je lokso-
drome u toj projekciji.

Na slici 3 prikazan je dio karte svijeta (¢ > -60°) u
uspravnoj azimutnoj konformnoj projekciji, odnosno
stereografskoj (n = 1). Krivulja koja spaja tocke s koor-
dinatama ¢, = 55°00' S, A, = 65°00' W i ¢, = 55°00" N,
A, =65°00" E slika je loksodrome u toj projekciji.

5. Loksodroma u ekvivalentnoj konusnoj i
azimutnoj projekciji sfere

JednadZbe uspravne ekvivalentne konusne pro-
jekcije sfere radijusa R glase

o=nl, p=R /K—Esinqo,
n

gdje su 0 < n <11 C konstante (Snyder 1987, Francula
2004). Uvrstimo li u (39) izraz za A iz (10) ili (14) moZe-
mo dobiti parametarske jednadzbe slike loksodrome u
toj projekciji u obliku

§=nla lntan(%—%)+ﬁ], p=R /K—%sin(p (40)
S=nlaqlp)+p)l p=R /K—%tanhq-

Bududi da je rije¢ o ekvivalentnoj konusnoj pro-
jekciji, to je

(39)

ili

(41)

e 1 (42)
Rcosgp h

pa je diferencijal luka slike loksodrome u ravnini ekvi-
valentne konusne projekcije prema (30) jednak

2 2
aor (e f 22 Top
np Rcose

Ako Zelimo da se sjeverni pol preslika u tocku, tj. uz
uvjet da je p = 0 za ¢ = /2, onda se jednadzba ekvivalent-
ne konusne projekcije za p = p(¢) pojednostavnjuje i glasi

2 . 2R . (m ¢
=R, [—(1-sing)=—7=sin| ——— |.
» Vn( 2 Jn (4 2)

Tada je

(43)

(44)

L
KiG Br. 42, Vol. 23, 2024, https://doi.org/10.32909/kg.23.42.2

LAPAINE, M.: LOKSODROMA U KONUSNIM | AZIMUTNIM PROJEKCIJMA

Slika 3. Dio karte svijeta (¢ > —60°) u uspravnoj
azimutnoj konformnoj, odnosno stereografskoj projekciji
(n=1). Krivulja koja spaja tocke s koordinatama ¢, =
55°00' S, A, =65°00" Wi ¢, = 55°00" N, A, = 65°00' E
slika je loksodrome u toj projekciji.

Fig. 3 Part of the world map (¢ > —60°N) in a normal
aspect azimuthal conformal projection (n=1). The curve
connecting the points with coordinates ¢, = 55°00' S, A,
=65°00" W and ¢, = 55°00" N, A, = 65°00' E is the
image of the loxodrome in that projection.

k= =%, (45)
co -2
4 2
i
cosz( (p) .
ds'=R 4 27442 dp =
n cosz(”—(p)
4 2
:R\/“_Sln(p+a2 2r.1 do (46)
2n 1+sing

Integriranje diferencijala (43) ili (46) moZe se oba-
viti nekom od metoda numericke integracije. Duljina
luka loksodrome na sferi dana je s (21), a faktor lokal-
nog mjerila duljina u to¢kama loksodrome s (47):

(47)
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Fig. 4 A map of the world in a normal aspect equal-area conic
projection (n = 0.5). The curve connecting the points with
coordinates ¢, = 55°00' S, A, = 65°00" W and ¢, = 55°00' N,
A, =65°00" E is the image of the loxodrome in that projection.
Slika 4. Karta svijeta u uspravnoj ekvivalentnoj konusnoj
projekciji (n=0.5). Krivulja koja spaja tocke s koordinatama
¢, =55°00"S, A, =65°00" Wi ¢, =55°00"N, A, = 65°00' E
slika je loksodrome u toj projekciji.

and

T
cosz(—(oj N
4 2 p

dop
" cosz(ﬂ—q)j
4

ds'=R

1+sin n
-R J P q? (46)

2n 1+sing

The integration of differentials (43) or (46) can be
done by some of the numerical integration methods.
The arc length of a loxodrome on a sphere is given by
(21), and the local linear scale factor at points of the
loxodrome is given by (47):

(47)

Figure 4 shows a map of the world in a normal as-
pect equal-area conic projection (n = 0.5). The curve
connecting the points with coordinates ¢, = 55°00' S,
A, = 65°00' W and @, = 55°00' N, A, = 65°00' E is the im-
age of the loxodrome in that projection.

Figure 5 shows a map of the world in a normal as-
pect equal-area azimuzhal projection (n = 1). The
curve connecting the points with coordinates ¢, =

Fig. 5 A map of the world in a normal aspect equal-area
azimuthal projection (n=1). The curve connecting the
points with coordinates ¢, = 55°00' S, A, = 65°00" W
and ¢, = 55°00' N, A, = 65°00' E is the image of the
loxodrome in that projection.

Slika 5. Karta svijeta u uspravnoj ekvivalentnoj azimutnoj
projekciji (m=1). Krivulja koja spaja tocke s
koordinatama ¢, = 55°00' S, A, = 65°00' W i ¢, = 55°00'
N, A, = 65°00' E slika je loksodrome u toj projekciji.

55°00' S, A, = 65°00' W and ¢, = 55°00' N, A, = 65°00' E is
the image of the loxodrome in that projection.

6. Loxodromes in equidistant along meridians
conic and azimuthal projections of a sphere

The equations of the normal aspect equidistant
along meridians conic projection of a sphere are

§=nA, p=K-Re, (48)
where 0 <n<1and K are constants (Snyder 1987, Francula
2004). If we substitute in (48) the expression for A from
(10), we can obtain the parametric equations of the
loxodrome image in that projection in the form

5:n[alntan(%+%j+ﬁ],p=K—ch. (49)

1
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Slika 6. Karta svijeta u uspravnoj konusnoj projekciji
ekvidistantnoj uzduz meridijana uz n = 0.5. Krivulja koja spaja
tocke s koordinatama ¢, = 55°00' S, A, = 65°00' W i ¢, =
55°00' N, A, = 65°00' E slika je loksodrome u toj projekciji.
Fig. 6 A map of the world in a normal aspect conic
projection equidistant along the meridians with n=0.5. The
curve connecting the points with coordinates ¢, = 55°00" S,
Ay =65°00" W and ¢, = 55°00' N, A, = 65°00' E is the image
of the loxodrome in that projection.

Slika 7. Karta svijeta u uspravnoj azimutnoj projekciji
ekvidistantnoj uduz meridijana (n = 1). Krivulja koja spaja
toCke s koordinatama ¢, = 55°00' S, A, =65°00' Wi ¢, =

55°00" N, A, = 65°00' E slika je loksodrome u toj projekciji.
Fig. 7 A map of the world in a normal aspect azimuthal
projection equidistant along the meridians (n=1). The
Na slici 4 prikazana je karta svijeta u uspravnoj ek-  curve connecting the points with coordinates ¢, = 55°00" S,
vivalentnoj konusnoj projekciji (n = 0.5). Krivulja koja 1, = 65°00" W and ¢, = 55°00"' N, A, = 65°00" E is the image
spaja tocke s koordinatama ¢, = 55°00' S, A, = 65°00' W of the loxodrome in that projection.
i@, =55°00"'N, A, = 65°00" E slika je loksodrome u toj
projekciji.
Na slici 5 prikazana je karta svijeta u uspravnoj ek-
vivalentnoj azimutnoj projekciji (n = 1). Krivulja koja
spaja tocke s koordinatama ¢, = 55°00' S, A, = 65°00' W
ig,=55°00"'N, A, = 65°00" E slika je loksodrome u toj
projekciji. Bududéi da je rije¢ o konusnoj projekciji ekvidis-
tantnoj uzduz meridijana, to je
6. Loksodroma u konusnoj i azimutnoj projekeciji n np
- . =1, k= (50)
sfere ekvidistantnoj uzduZ meridijana Rcosp
pa je diferencijal luka slike loksodrome u ravnini te
Jednadzbe uspravne konusne projekcije sfere ek-  projekcije prema (30) jednak
vidistantne uzduZ meridijana glase

2
ds'=R 1+a2( it ]d(o. (51)
§=n)A, p=K-Re, (48) Rcosp

Ako Zelimo da se sjeverni pol preslika u tocku, tj. uz
gdje su 0 < n < 11K konstante (Snyder 1987, Francula  uvjet daje p =0 za ¢ =1/2, onda jednadzba za p = p(¢) ko-
2004). Uvrstimo li u (48) izraz za A iz (10) moZemo do-  nusne projekcije ekividistantne uzduz meridijana glasi
biti parametarske jednadZbe slike loksodrome u toj

projekciji u obliku p=R [%— (pj (52)

S=n[aln tan(£+ ¢ )+ Bl p=K-Ro. (49) Na slici 6 prikazana je karta svijeta u uspravnoj ko-
4 2 nusnoj projekciji ekvidistantnoj uzduz meridijana uz
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Since it is a conic projection equidistant along the
meridians, it is

(50)

so the differential of the arc of the image of the loxo-
drome in the plane of that projection according to (30)
is equal to

2
ds'=R 1+a2[ i jd{p-
Rcosg

If we want the North Pole to be mapped to a point, i.e.
with the condition that p = 0 for ¢ = 1/2, then the
equation for p = p(¢p) of the equidistant conic projec-
tion along the meridian is

p=R(%—¢J.

Figure 6 shows a map of the world in a normal aspect
conic projection equidistant along the meridians with n
= 0.5. The curve connecting the points with coordinates
¢,=55°00'S, A, = 65°00' W and ¢, = 55°00' N, A, = 65°00' E
is the image of the loxodrome in that projection.

Then it is

2
T
an(—q)j
ds'=R 14| —2 do., (53)
cosp

(51)

(52)

Integrating the differential (53) can be done using
some of the numerical integration methods.

The length of the arc of a loxodrome on a sphere is
given by (21), and the local linear scale factor at the
points of the loxodrome is given by (54):

2
_N= 7

cosp

1+

& . (54)

ds 1+a®

Figure 7 shows a map of the world in a normal aspect
azimuthal projection equidistant along the meridians
(n=1). The curve connecting the points with coordinates
¢,=55°00'S, A, =65°00' W and ¢, =55°00' N, A, = 65°00" E i
the image of the loxodrome in that projection.

7. Loxodrome in the equidistant along the parallels
conic and azimuthal projection of a sphere

The equations of the normal aspect equidistant
along parallels conic projection of a sphere are:

S=nl, pz%COS(p, (55)
where 0 <n <1 and R are constants. If we substitute the
expression for A from (10) into (55), we can obtain the
parametric equations of the image of the loxodrome
in this projection in the form
T @ R
8 =nlalntan (—+—)+,6’], pP=—COSQ. (56)
4 2 n
Figure 8 shows the map of the world in a normal as-
pect conic projection equidistant along the parallels with
n=0.5. The curve connecting the points with the coordin-
ates ¢, = 0°00' S, A, = 165°00' W and ¢, = 55°00' N, A, =
165°00' E is the image of the loxodrome in that projection.
Since it is a conic projection equidistant along the
parallels, it is

k=1, (57)
d—p:—ﬁsinw, h:_sin(p , (58)
dp n n

so the differential of the arc of the image of the loxo-
drome in the plane of that projection according to (30)
is equal to

. 2
ds'= R (_fﬂj +ddp.

n

(59)

Integrating the differential (59) can be done using
some of the numerical integration methods.

The length of the arc of a loxodrome on a sphere is
given by (21), and the local linear scale factor at the
points of the loxodrome is given by (54):

Figure 9 shows a map of the world in a normal aspect
azimuthal projection equidistant along the parallels
(n = 1). Usually this projection is called orthographic.
The curve connecting the points with the coordinates
®,=0°00'S, A, = 165°00' W and ¢, = 55°00' N, A, = 165°00'
E is the image of the loxodrome in that projection.

8. Conclusion

The advantage of a loxodrome is that a ship sailing
on it sails on a fixed course. On a map made in the
Mercator projection, the loxodrome is shown as a
straight line. For this reason, the loxodrome is regu-
larly linked and explored in connection with the

1
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Slika 8. Karta sjeverne hemisfere u uspravnoj konusnoj
projekciji ekvidistantnoj uduz paralela uz n = 0.5. Krivulja
koja povezuje tocke s koordinatama ¢, = 0°00' S, A, =
165°00' Wi ¢, =55°00' N, A, = 165°00" E slika je
loksodrome u toj projekciji.

Fig. 8 Map of the North hemisphere in a normal aspect conic
projection equidistant along the parallels with n=0.5. The
curve connecting the points with the coordinates ¢, = 0°00" S,
A, =165°00" W and ¢, = 55°00" N, A, = 165°00" E is the image
of the loxodrome in that projection.

n = 0.5. Krivulja koja spaja tocke s koordinatama ¢, =
55°00' S, A, = 65°00' W i @, = 55°00' N, A, = 65°00" E slika je
loksodrome u toj projekciji.

Tadaje

2
an(z—(oj
ds'=R [1+| —=—~2 | dp. (53)

Integriranje diferencijala (53) moZe se obaviti ne-
kom od metoda numericke integracije.

Duljina luka loksodrome na sferi dana je s (21), a fak-
tor lokalnog mjerila duljina u tockama loksodrome s (54):

2
. ~N= 7

cos@

_ds'_ ) (54)
ds 1+a?

1+

Na slici 7 prikazana je karta svijeta u uspravnoj azi-
mutnoj projekciji ekvidistantnoj uzduz meridijana (n =
1). Krivulja koja spaja tocke s koordinatama ¢, = 55°00' S,
A, =65°00' Wig,=5500"N, A, =65°00"E slika je lokso-
drome u toj projekciji.
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Slika 9. Karta sjeverne hemisfere u ortografskoj ili
uspravnoj azimutnoj projekciji ekvidistantnoj uduz
paralela (n=1). Krivulja koja povezuje tocke s
koordinatama ¢, = 0°00" S, A, = 165°00"' W i ¢, = 55°00'
N, A, = 165°00" E slika je loksodrome u toj projekciji.
Fig. 9 Map of the North hemisphere in a normal aspect
azimuthal projection equidistant along the parallels (n =
1). Usually this projection is called orthographic. The
curve connecting the points with the coordinates ¢, =
0°00' S, A, =165°00" W and ¢, = 55°00" N, A, = 165°00'
E is the image of the loxodrome in that projection.

7. Loksodroma u konusnoj i azimutnoj projekciji
sfere ekvidistantnoj uzduZ paralela

JednadZzbe uspravne konusne projekcije sfere ek-
vidistantne uzdu? paralela glase
R
S=nl, p=—cosy, (55)
n
gdje su 0 <n <1iR konstante. Uvrstimo li u (55) izraz

za A iz (10) moZemo dobiti parametarske jednadzbe
slike loksodrome u toj projekciji u obliku

S=nlalntan (%+%j+,b’], p=£c05(p (56)
n

Na slici 8 prikazana je karta svijeta u uspravnoj ko-
nusnoj projekciji ekvidistantnoj uzduz paralela uz n=0.5.
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Mercator projection of a sphere or a rotating ellipsoid,
and all nautical charts have been made in the Mercat-
or projection for centuries.

In this paper, we deal with the loxodrome in conic
and azimuthal projections. It is shown that the image
of the loxodrome in such projections is not a straight
line but a spiral curve. Furthermore, the determina-
tion of the distance measured along the loxodrome
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Krivulja koja povezuje tocke s koordinatama ¢, = 0°00' S,
A,=165°00' W i ¢, = 55°00" N, A, = 165°00" E slika je lokso-
drome u toj projekciji.

Bududi da je rije¢ o konusnoj projekciji ekvidis-
tantnoj uzduZ paralela, to je

k=1, (57)
P __Ring p-sine (58)
dp n n

pa je diferencijal luka slike loksodrome u ravnini te
projekcije prema (30) jednak

sing (59)
n

2
ds'=R ( ) +a’dy-
Integriranje diferencijala (59) moZe se obaviti ne-
kom od metoda numericke integracije.
Duljina luka loksodrome na sferi dana je s (21), a
faktor lokalnog mjerila duljina u to¢kama loksodrome
s (54):

(60)

Na slici 9 prikazana je karta svijeta u uspravnoj azi-
mutnoj projekciji ekvidistantnoj uzduz paralela (n = 1).
Obi¢no se ta projekcija naziva ortografskom. Krivulja koja
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povezuje tocke s koordinatama ¢, =0°00' S, A, = 165°00' W
i@, =55°00"N, A, =165°00"E slika je loksodrome u toj
projekciji.

8. Zakljucak

Dobra strana loksodrome je u tome $to brod koji
plovi po loksodromi, plovi nepromijenjenim kursom.
Na karti izradenoj u Mercatorovoj projekciji prikaza-
na je ravnom crtom. Zbog toga se loksodroma redovi-
to povezuje i istraZuje u vezi s Mercatorovom
projekcijom sfere ili rotacijskog elipsoida, a sve po-
morske karte ve¢ se stolje¢ima izraduju u Mercatoro-
voj projekciji.

U ovom se radu bavimo loksodromom u konusnim
i azimutnim projekcijama. Pokazuje se da slika lokso-
drome u takvim projekcijama nije ravna crta nego
spiralna krivulja. Nadalje, prikazano je odredivanje
udaljenosti mjerene uzduz loksodrome izmedu dviju
tocaka u nekoj uspravnoj konusnoj ili azimutnoj pro-
jekciji. Na primjerima konformnih, ekvivalentnih i
ekvidistantnih konusnih projekcija izvedene su for-
mule za duljinu luka loksodrome u svakoj od tih pro-
jekcija. Azimutne projekcije su posebni slucajevi
konusnih, tako da za njih nisu potrebni posebni izvodi
formula.






