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Abstract. Let D be a division ring. The aim of this paper is to explore the problem
of decomposing an infinite matrix over D into a product of involutions and a product of
commutators of involutions within the context of covering numbers. Specifically, we focus
on decomposing matrices in the commutator subgroup SLv i oo (D) of the Vershik—Kerov
group and in the subgroup SLoo (D) of the stable general linear group GLoo (D).
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1. Introduction

Let G be a group with the identity element 1 and let X be a set of generators
of G such that 27! € X for every x € X. Then, for every g € G, there exist
T1,...,2, € X such that ¢ = 125 - - - xx, where k is a positive integer. We denote
Xk ={x1@9---ap |2, € X,i=1,...,k}. The covering number of G by X, denoted
by cnx(G), is defined to be the smallest integer k such that X* = G or oo if no
such k exists. For instance, if C is the set of all commutators aba~'b~!, where a,b
range over G and G’ = [G, (] is the commutator subgroup of G, then the covering
number cne(G') is called the commutator width of G.

An element z in the group G is called an involution if 22 = 1. If a and b are
involutions in G, then [a,b] = aba=1b~" is called the commutator of involutions. We
denote Z and CZ as the sets of involutions and the commutators of involutions in
the group G, respectively. Clearly, Z and CZ are closed under taking the inverse. In
this paper, we will evaluate the covering numbers of the subgroup SL., (D) of the
stable general linear group GLo (D) and the commutator subgroup SLy k o (D) of
the Vershik—Kerov group by these sets. To evaluate such covering numbers, we will
decompose infinite matrices within these groups into a product of involutions and a
product of commutators of involutions.
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The decomposition of elements in a group, especially linear groups, into products
of involutions has received significant attention from the mathematical community,
e.g. see [1, 2,3, 7, 8, 13, 15]. Assume that R is a unitary associative ring. The
notation GL,, (R) denotes the group of invertible n xn matrices over R, and SL,,(R) is
the commutator subgroup of GL, (R). A matrix A € GL,(R) is called an involution
if A2 = 1,,, where 1, is the identity matrix. Over an arbitrary field, every matrix
with determinant +1 can be expressed as a product of at most four involutions [7,
Theorem]. Note that if A is an involution, then both A=! and B7'AB are also
involutions. Therefore, a commutator of involutions is essentially the product of two
involutions. In connection with this topic, X. Hou in [10] and T. N. Son et al. in
[13] proved that a matrix over a field is a product of at most two commutators of
involutions. These results have been extended to division rings in [2, Theorem 4.5
and Theorem 6.3].

Let D be a division ring. We define the notation GL. (D) to denote the group
consisting of all countable-dimensional column-finite invertible matrices. Moreover,
we introduce 1o, € GL, oo (D) to denote the diagonal matrix with 1 entries along its

diagonal. If we consider a matrix A € GL,, (D) as the matrix (61 10 > € GL.,oo(D),

then GL,, (D) becomes a subgroup of GL, o (D). A matrix in GL¢ o (D) is considered
unitriangular if it is upper triangular and has diagonal entries equal to 1. The sub-
group Too (D) of GL. oo (D) consists of all upper triangular matrices, while UT (D)
denotes the subgroup of upper unitriangular matrices. Recall that the Vershik—Kerov
group, denoted as GLy i o (D), is a subgroup of GL. o (D). This subgroup consists

z‘(l)l ﬁi) where Ay € GL,(D), A3 € T (D) and
Az has the size n x N. We denote SLo, (D) as a subset of GLy g o0 (D), where
A; € SL,(D) and A3 € Ty (D) with the main diagonal entries represented by
elements s; € D'. Let SLyk oo(D) = |J SLoon(D). According to [1, Corollary

n>1

of matrices in the form A = <

1.3], if D is a centrally finite division ring with more than three elements, then the
commutator subgroup of GLy i (D) is equal to SLy o0 (D).

In Section 2, we prove that every matrix in SLy i (D) can be expressed as a
product of at most 8s + 4 involutions in GLy g (D) provided that cnc(D’) = s,
where D is a centrally finite division ring with more than three elements. We also
prove that cnez(SLy g 0o(D)) < 9s + 2 if D is a noncommutative centrally finite
division ring of characteristic different from 2 and cne(D') = s.

Recall that if D is a division ring, then the direct limit GLy (D) = lim GL,(D)
with respect to the transition homomorphisms GL, (D) — GL,4+1(D) given by
A (61 ?) is called the stable general linear group over D. The subgroup SL.. (D)
of GLoo (D) is defined as SLog (D) = lim SLy (D).

In Section 3, we prove that cnz(SLeo(D)) < 4 and cnez(SLoo(D)) < 5 when D
is a noncommutative centrally finite division ring such that cne(D’) < co.

We present some remarks frequently utilized in this paper. The proofs of these
claims are simple and for convenience we provide them here.

Remark 1. Assume that D is a division ring. Then,



COVERING NUMBERS WITH INVOLUTIONS 29

(i) The matrix (g aol) can be decomposed into a product of at most two involu-

tions, where a € D*.

(ii) If s is a commutator, then diag(l,s) can be decomposed into a product of at
most four involutions.

(iii) If B; is an tnvolution, then ®;enB; is also an involution for every i € N.

(iv) If A€ GL,(D) and B € GL,,(D) are products of k and £ involution matrices,
respectively, then A® B is the product of at most max{k, ¢} involution matrices

Proof. (i) It is demonstrated in [2, Lemma 5.2].

(ii) It follows from [2, Lemma 4.1].

(iii) We have B2 = 1,, for every i € N, leading to (SrenBi)” = GaenB2 = 10,
which is also an involution.

(iv) We can assume that &k < ¢. For every ¢« = 1,...,k;j = 1,...,¢ assume
A;, B; are involution matrices such that A = A, ... Ay and B = B; ... By. Then,
A®B =C1 ... (Cy is a product of £ involutions, in which C; = A; & B; for
i=1,...,kand C; =1, & B; fori=k+1,... ¢ O

Remark 2. Assume that D is a noncommutative division ring.

(i) Suppose D is a centrally finite division ring such that cng(D') < co. In this
case, diag(1,...,1,s) € GL, (D) is a product of at most 3cng(D’) commutators
of involutions if n > 3 or charD # 2. Particularly, if s is a commutator,
then the matriz diag(1,...,1,s) is a product of at most three commutators of
involutions.

(ii) If A; is a commutator of involutions for each i € N, then ®;enA; is also a
commutator of involutions.

(iii) If A € GL, (D) and B € GL,,(D) are each expressed as products of k and £
commutators of involutions, respectively, then A@® B can be decomposed into a
product of at most max{k,{} commutators of involutions in GLy,1m (D).

Proof. The first statement is established in [3, Lemma 4.3 and Lemma 4.4]. The
last two statements can be proven similarly to (iii) and (iv) of Remark 1. O

In this paper, we define a centrally finite division ring as one that has finite
dimensionality over its center. We use the following notations: Let D be a division
ring, and denote D’ = [D*, D*], where D* = D\ {0}. We represent the diagonal
matrix with elements a1, ...,a, € D on the main diagonal as diag(ay, ..., ay).

2. Decompositions of matrices in SLyx (D)

In this section, we decompose matrices in the subgroup SLy ko (D) of the Ver-
shik—Kerov group, where D is a centrally finite division ring containing more than
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three elements, and evaluate the covering numbers of the subgroup SLy k o (D) by
the set of commutators of involutions CZ.

Assume that (Nyx)xea, where A C N is a partition of N. Then, a finite or infinite
Jordan block is denoted as

11
11

JlNA‘ (17 1) = .
11
1
Lemma 1. Assume that D is a division ring, and A € UT (D). Then, A is similar

to an infinite Jordan block ®xenJ|n,|(1,1), where (Nx)rea is a partition of N, and
A C N is a subset of the natural numbers.

Proof. The lemma is established in [4, Corollary 3.4]. O

Suppose that R is a unitary associative ring. According to [11, Theorem 1.1], if
2 is invertible in R, then every matrix in the groups UT,,(R) and UT.(R) can be
written as a product of at most two commutators of involutions in T (R). Recently,
we have shown that if R is a division ring, then every matrix in the group UT,,(R)
can be expressed as a product of two involutions, which is a special case of [2, Lemma
4.3].

In the following lemma, we continue considering the group UT (R), where R is
a division ring. Our goal is to reduce the number of involutions in the decomposition
to 2, and the number of commutators of involutions to 1.

Lemma 2. Assume that D is a division ring and A € UT (D). Then,

(i) Every matriz in UToo (D) can be expressed as a product of at most two involu-
tions.

(it) Ewvery matriz in UToo (D) can be written as a commutator of involutions, pro-
vided that charD # 2.

Proof. Assume that A € UTw (D). According to Lemma 1, the matrix A is similar
to @aead|n,((1,1).

(i) According to [9, Theorem 2.3], the matrix .Jjy,((1,1) is a product of two
involutions in UT (D). Therefore, A can be decomposed into a product of two
involutions according to Remark 1.

(ii) According to [15, Lemma 7] and [11, Corollary 2.7], the matrix Jjx,|(1,1) is a
commutator of involutions if charD # 2, so A is also a commutator of involutions. [J

It is known that if D is a field with characteristic different from 2, then every
matrix in SLy k oo (D) can be expressed as a product of at most two commutators of
involutions according to [11, Theorem 1.3]. Since matrices similar to involutions are
also involutions, every matrix in SLy x o (D) can be expressed as a product of at
most four involutions. The results presented below address this problem for division
rings.
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Theorem 1. Let D be a centrally finite division ring with more than three elements.
If cne(D') = s, then every element in SLy k oo (D) can be decomposed into a product
of at most 8s + 4 involutions in GLy k (D).

Proof. Let A € SLyk,oo(D) and F = Z(D). If A is central in SLy g oo (D), then
according to [1, Lemma 2.6], A = A1, for A € F N D’. Furthermore,

A =diag(A, 1, A\, 1, ... )diag(1, A\, 1, A, ...).
Since A € D’, there exist commutators Aq,...,As such that A = \; ... \,. Then,
diag()\, 1) = diag(A1, 1)diag(Ae, 1) ... diag(As, 1),

where each )\; is a commutator for ¢ = 1,...,s. By Remark 1, diag(),1) can be
expressed as a product of at most 4s involutions, and the same holds for

diag(\, 1, A, 1...).

Therefore, A is a product of at most 8s involutions.
Now, assume A is noncentral in SLy g oo (D). In this case, A = (1?)1 ﬁ2>, where
3
A;p is a matrix in SL, (D), As is an n x N matrix, and As € T(co, D) with diagonal
entries «; € D’. We can express A = M N, where

(1, AAT! (A0
M—(O 1. )andN—(OAS).

We have A3 = UD, where D = diag(oy, az,...) and U € UTw (D). According to
Lemma 2, the matrix U can be decomposed into a product of at most two involutions.
Moreover,

D= diag(al, 17 as, 1, . )dlag(l, a9, 1, Ay )

Since a; € D', there exist commutators al, ..., a% such that a; = a} ...a’. Thus,
diag(1, a;) = diag(1,a!)...diag(1,a’).

For each k = 1,...,s, the matrix diag(1,a}) is a product of at most four involu-
tions according to Remark 1. Therefore, diag(1, ;) is a product of 4s involutions.
Similarly, according to Remark 1, the matrix diag(as,1, a3, 1,...) is a product of at
most 4s involutions. Hence, the matrix D is a product of at most 8s involutions.
It follows that A3 can be decomposed into a product of at most 8s + 2 involutions.
Since A; € SL, (D), by [2, Theorem 4.5], the matrix A; is a product of at most
4s + 4 involutions. Thus, N is a product of at most 8s + 2 involutions. Therefore,
A can be decomposed into a product of at most 8s + 4 involutions, as M can be
expressed as a product of at most two involutions according to Lemma 2. O

Below is an alternative version of [11, Theorem 1.3] for a noncommutative division
ring of characteristic different from 2.

Theorem 2. Let D be a noncommutative centrally finite division ring of character-
istic different from 2 and cng(D') = s. Then, cnez(SLy k,00(D)) < 9s + 2.
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Proof. Assume A € SLy g (D) and F = Z(D). If A is central in SLy g (D),
then A = A1, for A € F N D’. We have

A =diag(\, 1,1,\,1,1,...)diag(1, A\, 1,1, A\, 1,...)diag(1, 1, A\, 1,1, A, ... ).

According to Remark 2, we observe that diag(),1,1) can be decomposed into a
product of at most 3s commutators of involutions, and the same holds for

diag(\, 1,1, 1,1,...).

Similarly, diag(1, A\, 1,1,A,1,...) and diag(1,1, A\, 1,1, A, ...) are also a product of 3s

commutators of involutions. Therefore, A is a product of at most 9s commutators
of involutions.

Now consider A to be noncentral in SLy g (D). Similarly, we have A =

Ay A

(5%

the main diagonal being s; € D’. Again, we have A = M N with

(1, AATT (A1 0
M= <O 1. V= 0 As)°
Since M € UT (D), according to Lemma 2, M can be written as a commuta-
tor of involutions. Consider the matrix A3 = UD with D = diag(si, s2,...) and

U € UTw (D). Again, according to Lemma 2, the matrix U is a commutator of
involutions. Moreover,

), where A; is a matrix in SL, (D), and A3 € T (D) with entries on

D = diag(s1,1,1,84,1,1,...)diag(1, s2,1,1, s5,1,...)diag(1,1, s3,1,1, sg, . . .).

Using an argument similar to the above, D can be decomposed into a product of at
most 9s commutators of involutions. Therefore, A3 can be represented as a product
of at most 9s+1 commutators of involutions. Furthermore, according to [2, Theorem
6.3], the matrix A; can be expressed as a product of at most 3s + 2 commutators of
involutions. Thus, N can be decomposed into a product of at most 9s + 1 commu-
tators of involutions. Therefore, A is a product of at most 9s + 2 commutators of
involutions. Furthermore, according to [1, Corollary 1.3] a product of commutators
of involutions belongs to SLy i o (D). Therefore, cnez(SLy k,00(D)) <9s+2. O

3. Decompositions of matrices in SL (D)

In this section, we will evaluate the covering numbers of the subgroup SL. (D) of
the stable general linear group GLo (D) by the set of involutions Z and the set of
commutators of involutions CZ. We need several lemmas for this purpose. To do
this, we introduce the notation ILT,, (D) (respectively, UT, (D)) to denote the group
of lower (respectively, upper) unitriangular matrices in GL,, (D), where each matrix
has elements on the main diagonal equal to 1 and (z) is a square matrix of size 1.

Lemma 3 (see [8], Lemma 10). Let ¢ =dy + --- + d,, be a partition of the number
¢, where d, € N. If g € SL,(D) \ Z(SL,, (D)), then there is v € SLy (D) such that
vgy~! = vhu, where v € LT, (D),u € UT,(D) and h = diag(ey,--- ,€,), where
€; € D' and each €; is a product of at most d; commutators for all 1 <i < n.
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Lemma 4. Let D be a division ring and n > 1. If A is a noncentral matriz in
SL. (D), then there exists P € GL,(D) and s € D" such that

P~lAP = XHY,

where X € LT, (D),Y € UT,(D) and H = diag(1,1,...,s). In specific cases, when
D is finite dimensional over its center and A represents a lower or upper triangular
matriz with pairwise nonconjugate diagonal entries aii,...,ann, € D, it follows that
A is similar to the diagonal matriz diag(ai,. .., Gnn)-

Proof. The first part of this lemma follows from [6, Theorem 2.1]. The remaining
part is derived from [3, Lemma 3.2]. O

We know that if D is a centrally finite division ring, then every matrix in the
group SLy (D) is a commutator in SLo (D), as stated in [8, Corollary 5]. Assume
that D is a field; it has been shown in [12, Theorem 1.1] that every A € GLy (D)
can be expressed as a product of three involutions if and only if det(A) = +1. The
following theorem is an example showing that the result of [12, Theorem 1.1] does
not hold when D is a noncommutative division ring.

For each element @ in the division ring D, we denote N(a) as the norm of the
element a. For further details on the norm of elements in finite dimensional division
rings, please refer to [5, p. 143]. Before presenting the main result, we state the
following lemma.

Lemma 5. Let D be a noncommutative centrally finite division ring and n > 1 an
integer. Assume g1,92,...,9n € D\ F* are pairwise non-conjugate elements. Then
there erist « € F* such that agi,ags,...,ag., (ag)™t, ..., (ag,)™! are pairwise
non-conjugate.

Proof. Let F be the center of D and S = {t € F : t*™ € T}, in which m? = dimpD
and T = {N(gi_l)N(gj_l) :1<4,5 < n} For each pair 1 < 4,5 < n, the equation
t2m = N(gi_l)N(gj_l) represents a polynomial of degree 2m over the field F. It is
well known that this equation can have at most 2m roots in F', thus the set .S is finite.
Because D is a noncommutative division ring and dimg D is finite, F' is infinite (see
[14, Theorems 13.11 and 15.13] ). Let o € F*\ S. We shall show that « satisfies
the required condition. Indeed, for every i # j, since g; and g; are non-conjugate,
ag; and ag; are also non-conjugate, and similarly, (g;)~! and (ag;)~! are non-
conjugate as well. Next, we will prove that ag; and (ag;)~' are non-conjugate
by using the method of contradiction. Assume ag; and (ag;)~! are conjugate for
every 1 < 4;j < n. Then, there exists h € D* such that ag; = h~'(ag;) " h,
implying a? = h_lg]flhgfl. Consequently, N(a?) = N(h_l)N(gfl)N(h)N(gfl) =
N(g;l)N(gfl). By [5, p. 143], we have o?™ = N(gj*l)N(gfl). This implies that
a € S, which contradicts our initial choice of a. Therefore, ag; and (ag;)~! are
non-conjugate for every 1 < i;j < n. Hence, agi,aga, - .., agn, (ag1) ™1, ..., (ag,)™?
are pairwise non-conjugate. O

By applying the above lemma, we obtain the following result.
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Theorem 3. Let D be a noncommutative centrally finite division ring such that
ene(D’) < oo. Then,

(i) enz(SLeo(D)) < 4.
(ii) cnez(SLeo(D)) < 5.

Proof. (i) Assume A € SLo (D). If A = 1, then A is always an involution. If
A # 1., then there exists n > 2 such that A € SL,,(D) and A is a noncentral element
in SL,,(D). By Lemma 4, there exists P € GL,,(D) such that P~1AP = UHV, where
U elT,(D),V eUT,(D), and H = diag(1,1,...,1,z) for some x € D".

Since cng(D’) = s < 00, there exist elements ay,...,as and by, ..., bs in D* such
that @ = [a1,b1] ... [as, bs]. Now, we shall show SL., (D) C Z*, where Z is the set of
involutions of SLe (D).

Assume n < 2s. By [1, Lemma 2.3], we can choose elements A1, g, ..., As
in F such that Aiby, Aobs, ..., Asbs are pairwise non-conjugate. Since [a;,b;] =
[@i, A\ib;], without loss of generality, we assume that by,...,bs are pairwise non-
conjugate. By Lemma 5, there exists a € F* such that aby,abs,...,abs, (aby)™!,
(abg)~t, ..., (abs)~1 are pairwise non-conjugate. By appropriately adjusting n,
specifically by inserting 2s — n elements 1 into the main diagonal of A, we then con-
sider A as a matrix of size n = 2s. By Lemma 3, the matrix A is similar to U; H; V7,
where U; € LT, (D), V1 € UT, (D), and Hy = diag(1, [a1,b1], 1, [az,b2], ..., 1,[as,bs]).

Put S = diag(1,a1,1,as,...,1,as). Then

U H\V; =5SX57 1Y,

where

Otbl (abl)—l
X = Y = k

abg

(abs)71 (abs)—l

abg

Furthermore, by Lemma 4, X is similar to diag((aby) ™!, aby, ..., (abs) ™, aby).
Then, according to Remark 1, X is a product of two involutions. Similarly, Y is also
a product of two involutions. Therefore, A can be expressed as a product of at most
four involutions. This leads to SL. (D) C Z*.

Assume n > 2s and n is even. By similar reasoning, we have © = [a1,b1] ... [as, bs],
in which by,...,bs in D*\ F. We choose bs;1,bst2,...,bn in D*\ F. By Lemma 5,
there exists A € F'* such that Abi, Ab, ..., Abn, (Ab1)™L, by .., (/\b%)_1 are non-
conjugate. By Lemma 3, the matrix A is similar to Uy H,V;, where U; € LT, (D),
Vi € UT,(D) and Hy = diag(l,...,1,[a1,b1],1,[az,bs],...,1,[as,bs]). Similarly,
put S = diag(1,...,1,a1,1,a9,...,1,as). Then

U H,\V; =SXS7 1Y,
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where

(Absy1) ™t
Absq1

(/\ng1

X = Aoy
(Ab1)~!
Aby

(Abg) ™t
Abs

and
Abs 1
(Absy1) ™t

' Abn
2

Y = (Abg)il

" Abe
(\bs) ™1

By Lemma 4, X is similar to
diag ((Abss1) ™" Abss, .o, (Abz) ™1 Abs, (Ab1) ™1, Aby).

Therefore, X is a product of two involutions and Y as well. When n is odd, by a
similar argument, we obtain that X is similar to

diag (1, (Absr1) ™1 Absyr, -5 (Abg) ™1, Aba, (A1) ™, ADs).

This leads to SLo. (D) C 7%

Next, we shall show that Z¢ C SL.,(D). Let A € SLy(D), and for each i =
1,...,4 suppose X; is an involution matrix such that A = X; X5 X3X,. We shall
show X; € SLo (D). Indeed, we see that A € SL, (D) \ Z(SL, (D)), where n > 3.
According to [2, Corollary 2.4], a matrix is a product of involutions if and only if its
Dieudonné determinant equals +1. Therefore, we have the following cases:

Case 1. det(X;) =1 for all i =1,...,4. Then, it is evident that X; € SLo (D).

Case 2. There exist two matrices with determinants equal to —1. Without loss of
generality, we can assume that X, Xy € GL,(D) and det(X;) = det(X,) = —1.
Increasing the number n, and we rewrite A as

A=[Xio (D)X e (-D][Xs e (V][Xa @ (1)].

Because det[X; & (—1)] = 1, we have X; @ (—1) € SL,,1(D). Similarly, X5 &
(—1),X5® (1), X4 @ (1) also belong to SLy,+1(D). Therefore, X; € SLy (D) for each
i=1,...,4
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Case 3. det(X;) = —1 for alli=1,...,4. Using the same argument as in the proof
of Case 2 and expressing A in the form

A=[Xio (DX (D][Xs & (-D][Xs @ (-1)],

we conclude that X; € SLoo(D).

Therefore, SLo. (D) = T*.

(ii) According to the above, there exists Q € GL, (D) such that Q= 1AQ =
UiH,Vy. Put X =U,,Y = HiViH; ', and Z = H;. Then

Q'AQ =XYZ

Furthermore, according to Remark 2, Z is a product of at most three commutators
of involutions. Since X € UT,(D), and Y € LT, (D), according to [3, Theorem
3.4], XY is a product of at most two commutators of involutions. Therefore, A can
be expressed as a product of at most five commutators of involutions. Therefore,
SLoo (D) C CZ°. Furthermore, every commutator of involutions belongs to SLe (D),
so cnez(SLoo (D)) = 5. O
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