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Sobolev spaces of vector-valued functions on compact groups
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Abstract. This paper deals with a class of Sobolev spaces of vector-valued functions on
a compact group. Using some results among which are the inversion formula and the
Plancherel type theorem involving the Fourier transform of vector-valued functions, we
define Sobolev spaces of Bessel potential type. Then, some continuous embedding results
are proved.
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1. Introduction

Sobolev spaces have proven their effectiveness in mathematical sciences. They are
well studied on certain classical spaces such as Euclidean spaces, and on more general
differential manifolds. Some of them can be constructed via the Fourier transform
and therefore they can be studied using techniques from abstract/classical harmonic
analysis.

In the context of abstract harmonic analysis, some studies of Sobolev spaces can
be found in [3, 4, 6, 8, 7]. Particularly in [7], the authors introduced Sobolev spaces
of complex-valued functions over compact groups and studied their properties. They
obtained, among other results, some continuous embedding and compact embedding
theorems.

The aim of this paper is to study the vector-valued aspect of some results in [7].
More precisely, we introduce Sobolev spaces of vector-valued functions on a compact
group and prove some continuous embedding theorems.

The rest of the paper is organized as follows. Section 2 is devoted to preliminar-
ies on harmonic analysis of vector-valued functions on compact groups. Section 3
contains our main results.

2. Preliminaries

In this section, we recall very briefly some facts concerning harmonic analysis on
compact groups, mainly their representation theory [5] and the Fourier transform of
vector-valued functions defined on such groups [1].
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Let G be a compact Hausdorff group which may not be necessarily abelian. A
concrete example of such a group is the special unitary group SU(2) consisting of
matrices A = < afﬁ

—-ba
representation o of G on a Hilbert space H, is a homomorphism o : G — U(H,),
where U(H,) denotes the group of unitary operators on H,. The Hilbert space H, is
called the representation space of o and the dimension of H,, is called the dimension
of o and it is denoted by d,,. A unitary representation ¢ is said to be continuous if the
mapping G — H,,x — o(x) is continuous for every £ € H,. A representation o
of G on H, is called irreducible if there is no proper closed subspace M of H, which
is invariant by o, that is, Vo € G,V¢ € M,o(z)§ € M. It is well known that the
dimension of any unitary irreducible representation of a compact group is of finite
dimension [5]. Two unitary representions o;, i = 1,2 of G on H,,, i = 1,2 are said
to be unitary equivalent if there exists a unitary linear operator 1" : H,, — H,,
such that Vo € G, 03(2)T = To1(x).

Let us denote by G the set of equivalent classes of unitary irreducible represen-
tations of G. It is called the unitary dual of G and it is discrete since G is compact.

For o € G, choose an orthonormal basis {&7,-++,€3.} of Hy. The coefficients of
the representation ¢ are the functions 7 ; defined by

) , where a,b € C are such that |a? + |b]? = 1. A unitary

uf;(@) = (0(2)§7,6])or w € G,
where (-, ), is the inner product of the Hilbert space H,.

Let E be a complex Banach space. Denote by L'(G, E) the set of E-valued
Bochner integrable functions on G.

Let f € L'(G,E). Following [1], the Fourier transform F of £ is the collection
(f(a)) & of sesquilinear maps, where for each o, the sesquilinear map f(a) is
S
defined from H, x H, into E by

~

o)) = /G (0(2)"E. 0o f(2)de, €1 € H,. (1)

Since G is compact, the space of E-valued Bochner square integrable functions on
G, denoted by L?(G, E), is a subspace of L' (G, E). Clearly, the Fourier transform of
functions in L?(G, E) is well-defined by formula (1). For f € L?(G, E), the inversion
formula is given by

d dy
F@) =Y "de Y > Flo)(&, &)l (x), z € G.
j=1

ceG  i=lJ
Denote by “(H, x H,, E) the set of F-valued sesquilinear maps on H, X H,.
Set
Z(G,E) =[] #(H, x H,, E).

UE@
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Define Yp(é7 E),p > 1, to be the set of elements ¢ of Y(CA}’, E) such that
> do ZZW €0 < oo,
UGG =1 j=1

Also, on yp(@, E), consider the norm

3 =

dy do
ol = | D do DD (€7, )%

el i=1 j=1

The proof of completeness and other properties of the spaces Yp(é, E) can be found
in [9].

The space (@, E) is of particular interest: the Fourier transformation is an
isometry from L?(G, E) onto 5’2(6, E) [1].

Finally, let us recall the following well-known fact which will be used later. For
x = (21, -+ ,x,), where x1, - ,x, are real (or complex) numbers, and for p > 1,
set

1
zllp = (Jea]? + -+ |zal?) P .

It is known that if 1 < p < ¢ < oo, then
11
lzllg < llzll, < ne™ ez, (2)

3. Main results

In this section, we introduce the Sobolev spaces of E-valued functions on the compact
Hausdorff group G and prove some continuous embedding results. Throughout the
rest of the paper, the symbol X < Y means that the space X is continuously
embedded in the space Y.

Let (v(0)),ca be a sequence of nonnegative real numbers. Pick s in [0,00).
The Sobolev space H3(G, E) is defined to be the subspace of L?(G, E) consisting of
functions f such that

de
> d,(1+7(0 Z

ae@

7.E0)E < oo

u M&

The following norm is defined on H3(G, E) :

Nl

do do
Ifllms = D do(1+7(0 ZZI\f(U)( 7€)%
=1 j=1

oc@

Theorem 1. The space H3(G, E) is a Banach space.
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Proof. The map f +— (1+ 7(0)2)% fis an isometric bijection from H3(G, E) onto
(G, E). Since 5”2(@, E) is a Banach space, then so is H3(G, E). O

Theorem 2. Ift > s, then H\ (G, E) — H3(G, E) with || f|lgs < || f|lm:-

Proof. The result comes from the fact that if ¢ > s, then (1++(0)?)! > (14+7(0)?)*
since 1+ y(0)? > 1. O

Theorem 3. We have H3(G, E) — L*(G, E) with | f||> < [ £l ez -

Proof. Let f € H5(G, E). Then,
IFIZ2 = 1F11%,

dy do
=Y a3 Y IF @ €I

oG i=1i=1

ds do
<Y d,(1+7(0 ZZ 7.6)%

ocG

= 11£1%-

O

Lemma 1. Let o be a continuous representation of G. Let a € G and let € > 0.
Then, there exists a neighborhood U of a such that

Vo € U, |uf ;(x) —uf ;(a)| <e.

Proof. Since the representation ¢ is continuous, there exists a neighbourhood U of
a such that ||o(x) — o(a)|| < € whenever z € U. Then,

uf j(x) = u j(a)] = (o (2)&7, €7 ) — (0(a)&7, €7 )o|
((o(x ) 0(a)) &7,€7 ol
() = a(a)[lIE7 17 1

( )

z) —o(a)]| <e,

)

NN

|o

where meanwhile we have used the Cauchy-Schwarz inequality, the boundedness of

the operator o(z) — o(a) and the fact that £7’s are unit vectors. O
d3
Lemma 2. Assume that ), ———"—5— <oo. If f € H3(G, E), then f is contin-

Lo (o))
uous on G.
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Proof. Let a € G and let U be as in Lemma 1. Let f € H3(G, E). If x € U, then

1) — F@)le=||> d iz (4, (x) — uZ;(a))

oeG i=1j=1 E
dy do

o)(&7,&7)|| , lui;(2) — ui;(a)l
oce@G =lj=1
dy do

<e Z d, £7) (by Lemma 1)
oe@ i=1j5=1
de do
SNDRVE o). 1+,

oG i=1j=1

Now, applying the Holder inequality, we have

£ () = f@)le <e | Y do ZZ L+9(0)*)* 1 F(0)(& €)%

UGG =1 j5=1

S 0,3 (1 A (0)?)

el i=1j=1

=e Zdzzl+7 IR I% ] | Sod (1+1(0)2)

oG =1j=1 e

Nl
Nl

=l fllzs | D da(l+7(0)*)7*

oeG
Thus, f is continuous at a. Since a is an arbitrary element of G, then f is continuous
on G. O
d3
Lemma 3. Assume that Z s < 00. If f € H}(G, E), then there exists

g (1+1(0)?)

a constant C(v, s), dependmg only on v and s, such that

[flloo := sup{llf (@)l : € G} < C(y, 9) [ f ]l 13-
Proof. Let z € G. Then,

de dy
”f( ||E Z ZZ 5]751 ,_7( )

oe@ i=1 E

<> d, ZDu,j IF(0) (7€)l e

el i=1 j=1
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Since o is a unitary representation, then by the Cauchy-Schwarz inequality,

uf j ()| = Ko (2)&i &)l < llo(@) 17 IIET I = 1.
Then,

do

IF@)e <Y de ZZHf( GRS

oceG i=1j5=1
o dO'

=Y a3 S (4o

ocel =1 j=1

&.

o8

s

Flo)(€7,€7)

By the Holder inequality, we obtain

2 d, do
1f(@)lle < Zdzz (145 1 F @) EENE ] [ Doda DD (1+7(0)?)

ceG =1j=1 ceG =1j=1

= d Zzl+7 P lIF) o) S B (1))

ceG i=lj=1 oe@

=lf s | Y da(1+7(0)) 7

UE@
=C(v, ) fllaz < o0,

ceG

where C(7,5) = (ZAdi(l +7(0)2)_3> - Hence, | flloc < C(v,9)I1f |12

Let us denote by C(G, E) the space of E-valued continuous functions on G.

a3
Theorem 4. If Z s < 00, then H3(G, E) — C(G, E).
oee 1+7(0)%) !

L4905,

—S

S

Nl

N

O

Proof. This theorem is the conjunction of Lemma 1 by which f is continuous,

and Lemma 3 by which the continuous embedding inequality || f||cc < C(
holds.

Lemma 4. Let ¢ € H S (Hy X Hy, F). If 1 < p < q, then

oe@
b i d. I
ZZIIab TN | < @)ra [ 30 le()E €%
=1 j=1 i=1 j=1

Proof. Use the right-hand side inequality in (2).

75 8|/

H

O
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d3
/ e
Theorem 5. Lett > s > 0. Set o If Z ECDL < 00,
oe@ v

S a' y dz T
then H3(G, E) < L* (G, E) with || f|| por < (ZA (M(G)z)t) (1l s -
oeG

1 1 2t
Proof. Let a be the Hélder conjugate of o’. That is, — + — = 1. Then, a =
9 a o« s+t
and ; = Z7% It follows that 1 < a < 2. By the inverse Hausdorff-Young

a
inequality [2, Lemma 5.1], we have
[fllzer < 1l

-~ ds
We have | f||%, = Z ds Y Z 1 (o)( 7,67)||%. Using Lemma 4 with the fact
oce@ i=1j=
that 1 < a < 2, we attain

Q=
[N

d, d,
o’ 1 1 iy o o
ZZHf 7% | < @)= | Yo IR I
=1 j=1 i=1 j=1
The latter inequality implies
d, do, dy do, 2
IO HGIGRSSI ZZ 7.
i=1 j=1 i=1j=1
Therefore,
R dy d, 2
171, <D dod2™ | DD F (0] €011
el i=1j=1
3
=Y ds(1+7(0 Zan (& €DNE | do (1 +(0)) ™%
oed i=1j=1
1 1 .. . . .
Observe that s+ = 1. Now, apply the Holder inequality to obtain
« 2—«
R do dy e
1715, <{ D do(47(0)2) YD 17 (0)(€S an)HE D dod2(147(0)) 7w
oc@ i=1j=1 oel
4 d, bl =

3
= | St 200 S W el | | X

12
e i=1j=1 oe@ L+7(0)?f==
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Thus,
1 2—a
R do d, R 2 & 2a
£l < Z de(1+7(0)%)* 1 (o) (&5, €D Z m
e i=1j=1 oed v
a3 g
=|1flas 27(1 —|—’y(0)2)’5) :
ceG
. 3%
. n d
Finally, [|f]| o < [l < [1flleg ( é(pw(})z)t> : [
oc

4. Conclusion

This paper explored continuous embeddings of Sobolev-type spaces consisting of
vector-valued functions on compact groups in other function spaces. The main
results include continuous embeddings between Sobolev spaces, between Sobolev
spaces and spaces of continuous functions, and between Sobolev spaces and Lebesgue
spaces.
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