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Original scientific paper 

The truncated strong-coupling (TSC) basis is constructed, using the intrinsic sta­
te for odd system (particle j) plus SU(3) coherent quadrupole phonon state) and 
asymptotic correspondence to Bohr-Mottelson rotational model. In TSG-basis 
I . I matrix elements satisfy AK = O, · ± 1 rule independently of maximum pho­
non number N, while for matrix elements of SU(3) particle-vibration interaction
this rule is broken. The ensuing conditions for TSC basis to be eigenstates of 
PTQM are formulated and related to the strong-coupling limit of effective par­
ticle-vibration interaction strength. 

1. Introduction 

The collective quadrupole degree of freedom dominates many features of 
even- and odd-A nuclei 1 > . A mathematically transparent but physically rather 
simplifie4 treatment is provided by SU(�) collective model in quadrupole phonon 
representation (TQM for even and PTQM for odd nuclei)2• 5> and, equivalently, 
in s, d-boson representation (IBM and IBFM, respectively)3• 4• 6>. 

In the SU(3) limit of PTQM an intrinsic state for odd system can be simply 
built by coupling a single particle to the cloherent SU(3) vibrational state. Ana-

* This project was assisted by the U. S. National Science Foundation under Grant No.
YOR 80/001. 
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logs of Nilsson states and the corresponding bands 5> are then obtained by the 
angular momentum projection 

J KJ M) = Pt,K { Ii K) I C)} , ( 1)  

where jjK) is the single particle state and jC) is  the coherent state for SU(3) vi­
brational core 

N - + " 1/2 
J C) = 3- 2 e V 2 bo (N-N) I 0), (2) 

which can be rewritten as 
N 

2N 3- 2  
· jC) = :E -B l l) Gs e,

1=0 I 

I J)GSB = :E A'/:r In 'V [).
nP 

(3.a) 

(3.b) 

In (2a) b; is the creation operator of quadrupole phonon with angular momentum
z-projection µ, and N denotes the maximum number of quadrupole phonons
included in the configuration space. 

In (3b) In 1.1 J) denotes n-phonon state of total angular momentum I and 
with additional quantum numbers · -v. The coefficients A:!1 m and B1 have been de-
rived . in Ref. 5. 

The states ( 1) by its construction contain only core states belonging to (2N, 0) 
representation. 

Using (3a, b) the expression ( I) can be brought to the form.

I KJ M) . -¥:E B
l (j K I.O I J  K) I i, lass; j M)rwc, (4) 

I I 

with K = j, j - 1 ,  . . .  , ! . % is the normalization factor. The states I )rwc appea­
ring in (3) are defined as 

li, las e ; J.M)Twc = :E (j m1 I m2 I J M) jj m1 ) \I m2) as e (5) 
m1 m2 

which resembles the standard weak coupling particle-core states. The states ( 5) 
will be referred to as Truncated weak coupling (TWC) basis, because I G s » (max) = 
= 2N.-

i. TSC repr_esentation

By applying the orthogonalization procedure to the states ( 4) we have obtai­
ned the supersymmetric basis in which K = j band is uncoupled from other
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bands s>. Here we adopt a different procedure : the basis states ( 4) are modified inorder to establish direct correspondence with Bohr-Mottelson rotational model.The starting point is the fact that K-dependence in (4) is the same as in the Bohr­-Mottelson expression for the strong-coupling in terms of weak coupling basis 1 >.Therefore, we require that in the limit N -+ oo (3) goes into standard Bohr-Mottel­son transformation between weak and strong coupling basis. This appears if weperform the following replacement in ( 4) 
.Al' � ( 41 + 2) 1

'
2 

B1 2J + 1 . (6) 
We extrapolate this relation to the case of finite N and thus we have the new ba­sis 

2.i.V ( 4/ + 2) 1/ 2 . • • 
I KJ M)TSc = 1;0 21 + 1 (j K I O IJ K) IJ, IGs e ; J M), 

to be referred to as Truncated strong coupling (TSC) basis. 
(7)

We note that the states analogous to (7) have been postulated in IBFM6>. It should be pointed out that the unitarity of transformation (7) is broken, as a consequence of truncation of phonon space; the maximum core angular mo­mentum is I max = 2N with I > 2N which satisfy triangular condition in (7) arenot available. As a consequence, the TSC basis is not fully orthogonal. The lar­gest J for which the states (7) are orthogonal, denoted by J':nax, is 
2N - j +  1 .  

The maximum angular momentum . in the band based on the analog of  Nils­son state JK) is 
Jmax (K) = 2N - j + 2K. (8) 

Thus, we vave 
(9) 

i. e. the states (7) are orthogonal only for the angular momenta contained in the
K = -} band; while in each K > -} band the 2K - l states, with angular mo­
menta J = 2N - j + 2K, 2N - j + 2K - 1, . . .  2N - j + 2, are not orthogonal.For these states we apply the Sclunidt orthogonalization procedure. 

If one single particle (or hole) in the configuration Ii> is coupled to SU(3)core, and we consider the states of type (1), the relevant Hamiltonian of the SU(6)particle quadrupole phonon model (PTQM) takes the form5 • 8> 
n;TQM = a I .  I +  I' (Gf Gf)o, 
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with 

Iv = V IO (b+b) 1 v, 

ar" = b; <N - N) 1 f2 + <N - 1v) 1 ' 2 � ± v; (b+b)2", 

Gf" = (cl ci)2"'.

I_Q. (10) the SU(3) Casimir operator and the single-particle Hamiltonian are omii­
ted because of the states of type (1) they give only an overall shift. 

by 
The matrix elements of (10) in TSC-basis (7) for J:5: 2N - j + 1 are given

rsc(KJ MJH;TQM IK' J M)rsc = � · Tsc(KJ M j/ · I IK' J M)rsc +
+ I' · rsc(KJ M I (Gf Gf)o IKJ M)rsc, ( 1 1) 

rsc (KJ M II · I IK' J M )rsc = l: �; + � (j K 1 0 I J K) (j K'10 l i  K') ·
. I + 

. 1 (1 + I) (12) 

rsc(KJ M l  (Gf Gf)o l K'J M )rsc = �, 21 
� l [(41 + 2) (41' + 2)] 1 1 2 •

· (j K I O  I J K) (j K' 1' O IJ K')rwc<i, 1 GSB ; J  �I (Gf Gf)o I j, 1�sB; J M)rwc·
(13) 

The TWC-matrix elem�t in ( 13) is8� :

{ . /' J }rwc<i, 1Gs u ; J M  l (Gf Gf)o li, 1�s e; J M)Twc = (-)1+ 1
•

1 �j 2  

· JI !  (A O  I I  Q" I I A O) V2I � I <(A 0) I', ( 1 1) 2 I I (). 0) I), ( 1 3.a) 

where A = 2N; ( 1 1  1 1> and ( 1 1 > are the SU(3) reduced matrix element of Q 1 1  =

{18, Q8 = JI : Gf} an� the SU(3) Wigner coefficient, " respectively'>.

It turns out that the matrix elements ( 12) in TSC basis do not vanish for
K' ::::; ·K, K ± 1 ; · the off-diagonal terms satisfy the l::..K = 1 rule which correspond s
to Coriolis force in Bohr-Mottelson rotational model. 

For · 2N + j ) J ) 2N - j + 1 the TSC states (7) are first orthogonalized
in the order : I K = j J M), I K = j - 1 J M), . . .  , down to the state with lowest
K of that J. With such orthogonalization procedure the l::..K = 1 rule is again sa­
tisfied for the matrix elements of I · I. In fact, this feature singles out this parti­
cular orthogonalization procedure. 
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On the other hand, the attractivity of TSC basis is spoiled by dynamical in­teraction ( Gf Gf)0 : b.K = 1 rule is broken for the matrix elements ( 1 3), i. e. dynamical interaction in TSC basis is not of the Coriolis type. (However, thereexists another basis, supersymmetric, in which dynamical interaction is of Co­riolis type8>). Because in the TSC-basis for finite N all ( Gf Gf)0 matrix elementsare cliffere�t from zero, while the / · / matrix elements are nonvanishing only for b.K = 1, there is no possibility to cancel off-diagonal matrix elements withb.K> 2, i. e. no K-band can be uncoupled from the others. The two-parameterHamiltonian (10) is not diagonal (or block-diagonal) in TSC basis (7), i. e. ei­genstates of (10) are superpositions of different TSC states 
. j 
11 M)n = � 1Jfn JK1 M)rsc, K =_!_ 

2 

where n labels the n-th state of angular momentum 1-

(14) 

The exceptions are · trivial cases for the states with angular momenta with 
one- or two-dimensional TS C basis space for diagonalization : j = ! , any 1;
i = �, anyJ;j > � , 1 =  � ; j  > � , 1 =  � . In the first and third case the TSC 
basis space is I one-dimensional (K = �) and in the other two cases two-dimensio­
nal (K = � , �) ;  thus the K � 2 off-diagonal matrix elements are absent. Then 
the condition 

( 1 5) 

yields a particular ratio of I' and 6, to be denoted as ( {-) r sc, for wich the two ba­
sis states I K = � 1 M), I K = � J M) are eigenstates of ( l 0). 

For the case j > �, 1 = ; the condition ( 1 5) gives 
3 3 1 3 

( I'
Tsc< K = 2 J = 2 M j/ · I jK = 21 = 2 M)rsc 

{)) TSC 
= - ----3--3--1 (--. )-1 ---:--1 --3=----·Tsc( K  = 21 = 2 M Gf Gf o K = 21 = 2 M)rsc 

For j = 1;, N = 7 the expression ( 1 6) gives
( r) · = -3465.

{) TSC 
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3 3 I 3 . The states I K = 2 J = 2 M)T sc and I K = 2 J = 2 M)T sc are exact eigenstates
of ( l 0) with the ratio of parameters given by ( 17). For reasonable value of moment 
of inertia J there is � = ;� = 0.0 1 5  and (17) gives I' = -52, which is an extre­
mely strong particle-vibration coupling strength. (In realistic cases there is JI'/ �� l .) 

It should be noted that TSC ratio (1 6) depends on J, although rather weakly; 
3 3 3 S thus the states I K = 2 J = 2 M)rsc, I K = 2J = 2M)T Sc, . . . areexact e1gen-

states of ( I 0) for somewhat different ratios ( �) 
U TSC• 

100 

o ·  1 3 s 1 g 11 13 1s 11 19 21 23 2s 27 ' 29 31 · 33 3s 37 · 39 2;
Fig. 1 Diagonal matrix elements 7 sc (KJM I I  I · I I I  KJM) rsc for j = 1 1/2, N = 1. 
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In Fig. 1 .  we present diagonal matrix elements of I · I term in TSC-basis, 
given by ( 12) for K' = K. Strong signature effect is pronounced for the K= -}

band, while it is small for bands K";? � . This clearly resembles the Bohr-Mottel­
son rotational model. In addition, the effect of truncation of the phonon spaceat N = 7 is clearly seen : the matrix elements for large J decrease, since the corestates with large spins, which should contribute, are not available. 

It should be pointed out that the expression ( 1 1 ), ( 12) enable us to diagona­lize PTQM Hamiltonian ( 1 0) without any reference to the spherical phonon ba­sis. This provides an enormus mathematical simplificatiQn : The size of matricesdiminshes considerably and instead of numerous coefficients of fractional paren­tage we need SU(3) Wigner coefficients given by simple analytical formula 7> .In TSC basis the maximum rpossible dimension of the hamiltonian matrix is
{ j + ! ) . ( i +  ! ) , irrespecti;ely of N. 

Of course, the particle-vibration basis Ii, n v I; J M), n < N is alwaysapplicable to diagonalize PTQM, while the simple relations ( 1 1-1 3) for TSC­-basis hold only for the SU(3) limit. Now we consider matrix elements ( 10) in the limit N -+  oo.

3. Asymptotic limit
Inserting explicit expressions for 6j-coefficients and SU(3) Wigner coeffi­cients into ( 13, 1 3a), we have a factor which depends on ,t ( = 2N) : 

F (A) e [A (A + 3)1 112 f. {//�� <(A 0) I' ; ( I I) 2 1 1  (A 0)/) (j - K' J K' II' 0) =

= [l (l 3)] 1 1 2  { 2l + 3 3X (X - l)-4j (j + 1 ) / (J + 1) < .  _ 
+ . 2 [l (l + 2)) 1 1 2 (21 - 1) (2/ + 3) J 

- K' j K' I J O) - 6 [<A - I i
c
i)1\t I + 1] "

2! (1)/ (J - )) (j - K' J K' IJ -
- 2 0) - 6 [<1 + / + 3Hl - ])] 

1 12 
I(] + l )f (/ + 2) (j - K'JK' I I + 2 0)1 ·l (l + 3) 

with 
} + I  � • [ (2 · - 2) ' ] 1 / 2 . (-) (21 + 1) (2j + 3) ! ' 

1 { [j
 + J  + 1)2 _ x2] [x2 _ (J - j)2] 

}
1 1 2 f (x) = T (2x - 1)  (2x + 1 )  ' 

X = j (j + I) + J (/ + 1) - J (J + 1). 
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By using identity 
1/2 (I + I) +  /2 (I) - K2] (J - KJ K I / 0) = -/ (/ + I)f ( / + 2) (j -

- KJ K j l + 2 0) - / (/) f (I - l) (j - KJ K I I - 2 0) 
the expression ( 1 8) for l -+ oo becomes 

F (). -+ oo) = 2 i.j (2j + 1)  (j - K' J K' I / 0). ( 19)

Employing ( 19) the expression ( 13) gives 
N-oo i - [(2j - 2) !] 1 / 2 

2 Tsc(KJ M  I I' (Gf Gf)o IKJ M)TSc = -2 1: 2 I' N (2j + 3) ! [3 K -
- j (j + ))] �KK'• (20) 

The analogous expression has been given in Ref. 6 for IBFM. 
We note that in N-+ oo limit the matrix element ( 12) can be also derived directlyin much simpler way by using the intrinsic state for odd system, leaving out theangular momentum projection; indeed, there is no ]-dependence in (20). Using( I )  it is easy to show 

lim Tsc(KJ M I (Gf Gf)o IK' J M)TSc = N>I N-oo

= L (-)P (C IGf,, I C) (j K IGf-µ  / j K)." I ' s (21) 
Here /j K) JC) is the intrinsic state appearing in ( 1). Inserting straightforwardphonon and single-particle matrix elements into (2 1) we obtain again the result (20).For N -+ oo it follows from ( 12) and (20) that 

Tsc<I' (GfGf)o)TSc r N ------- � -.rsc(lJ I · l)rsc lJ (22) 
This means that for large N the interaction term dominates. Since for N -+ oothe TSC basis states become the eigenstates of the Hamiltonian by construction,one would be tempted to conclude that they are eigenstates of the interaction termalone for any N. This is not true, because the absence of large angular momenta( > 2N) for finite N always introduces off-diagonal elements in the interactionmatrix. However, they are generally rather small, and if we set c5 = 0 the TSC sta­tes reasonably approximate the exact solutions even for N < I 0. If N is not large, in the previously discussed exceptional cases (j = 3/2 forany J and J = 3/2 for any j) we can use the core term to get rid of the unwanted off-diagonal matrix element. This fine-tuning requires a very large ratio I' (see( 1 7)), and states J # 3/2 are still well approximated by the TSC solutions. (The
208 FIZIKA 17 (1985) 2, 201-210 
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states J = 3/2 become, of course, identical to the TSC states.). Thus we can sti­
pulate that the condition 

r N_ - I'eu 
l -6- = -d- > 

has to be satisfied in order for the TSC states to be good approximation to the 
exact solution. In other words, the term strong coupling refers to I'eu, and not ne­
cessarily to r itself. 

· In realistic situation of unique parity states with particle-vibration interac­
tion strength I' only one or two orders of magnitude larger than 6, we decompose 
the wave functions in the TSC basis. It turns out that each is dominated by a 
particular K-component, though for some states with only 50% or even less, 
t e. K is an approximate quantum number 8>.

Concluding, we have investigated the TSC limit of PTQM/IBFM and its 
asymptotic limit (geometrical case). In combination with the new supersymmetric 
limit which we have constructed recently8 • 9> this opens a puzzling questions of 
two rotation-like limits in the quantal case, while only one limit is known in the 
Bohr-Mottelson geometrical model. On the other hand, we have extended the 
concept of dynamical symmetry and supersymmetry to odd-odd nuclei 1 3 - 1 5 >
and to hypernuclei 1 6 •  1 7>. 
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ODREZANA BAZA JAKOG VEZANJA ZA SU (3) GRANICU SU (6) MODELA 
CESTICE I KVADRUPOLNOG FONONA 

DENIS K. SUNKO i VLADIMIR PAAR 

Prirodoslovno-matematilki fakultet, Sveucililte u Zagrebu, Marulitev trg 19, Zagreb 

UDK 539.12 

Originalni znanstveni rad 

Odrezana baza jakog vezanja (TSC) konstruirana je koristeci unutrasnje stanje
neparnog sistema (cestica j plus SU (3) koherentno kvadrupolno fononsko stanje) 
i asimptotsku korespondenciju s Bohr-Mottelsonovim modelom. U TSC bazi ma­
tricrtl elementi operatora I . I zadovoljavaju A K = 0, ± I izbomo pravilo neovisno
o maksimalnom broju fonona N, a za matricne elemente SU (3) interakcije izmedu 
cestice i vibracija to pravilo je naruseno. Dobiveni su uvjeti da TSC stanja budu
svojstvena stanja za PTQM i povezani su s efektivnom jacinom interakcije u granici
jakog vezanja. 
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