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Original scientific paper

We give an intrinsic definition of the e�tropy of a state over an algebra and show that it has the general properties of von Neumann's entropy. 
1. Introduction 

The cont�nts of information of a normal state <u over fil (J't), the bounded ope­rators on a Hilbert space :/17, is measured by von Neumann's entropy (for further details see Refs. 1-3) : 
s/JJ(S) ( w) ':':'.". - Tr (IJ In co. 

Here the density matrix corresponding to w is also denoted by ,,1 and Tr is the trace in .rt'. The usefulness of this expression is limited by the fact that in quantum sta­tistics one mainly deals with reducible representations of the algebra of observa­bles which is thus only a subalgebra of di (Jft'). For instance, in the G. N. S.-repre­scntation of ro this state is represented by a vector of J/7 and the above expression gh·es S = 0. This simply means that this vector contains maximal informatior. on all of f!IJ ( Jft). Thus one needs an intrinsic definition of S .w ( w) referring only to d and w and not to a representation· of s/. In the following we shall give such a defi­nition and show that it enjoys the important propertiesofvon Neumann's entropy5 •6> .  We shall proceed via the relative entropy for which Araki4> gave an intrinsic defi­nition. We shall generalize this slightly to the relative entropy of linear subspaces 
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of d and show that it is monotonic. This will be the key feature from which all other properties follow. The entropy is intrinsically defined as the convex combina­tion of the relative entropies of w relative to the components of its extremal decom­position. This paper is written in memoriam Jurko Glaser. As it does not contain any essentially new result it is only a modest tribute to this man of great scientific dis­cipline. However, we shall bring considerable technical simplifications in the proofs of the properties of the entropies. They arise from a monotonicity inequality which might seem to go in the wrong direction. We feel that V. Glaser might have enjoyed this kind of surprise. 
2. The entropies and their properties 

Throught this· paper we shall consider states over a· von Neumann algebra s/ which has the U. H. F.-propcrty sf = {U s11}" where .s,/1 are finite-dimensional 
i subalgebras . .Most of the results can be extended to more general von Neumann al-�ebras but for the applications to physics U. H. F.-algebras seem general enough. 

Definition ( I ) Let co and <p be normal positive linear functionals over a U. H. F.-algebra ,!'I such that <p (A* A) =: 0 � ,1 (A* A) = 0. Then
p (A L1.t-1 (co J p) B) = co (B A) V A, B esl' . defines a positive, densely defined quadratic form in :Ye 'P' the Hilbert space of the G. N. S.-representation of .r-/ based on <p. Since it is closable it corresponds to a unique positive operator, the relative modular operator, also denoted by Ll.r-, (w I q1). The relative modular operator with respect to a linear subspace fiJ e .,;,/, 1 e f!d is defined by 

where P!JJ is the projector onto the subspace of .Ye,p generated by IJJ, i. e. 7id<J>. 
Remarks (2) a) For the proof of closability, see Ref. l ,  Eq. (2.5.33).b) If fJIJ is a subalgebra of d then Lia, (w I <p) is in P91.Ye,,, just the relative modularoperator constructed with the restrictions of w and <p to fJIJ. The U. H. F.-propertyguarantees that there is a sequence !!I, of finite-dimensional subalgebras suchthat p /JJ1 t 1.c) ( l) is equivalent to p (A* L1A) = 01 (AA*) V A  ed.d) LI belongs only in the abclian case to d, so that <p (LI) is strictly speaking not de­fined. We mean, of course <<I> J 1J I </>) where Jf/J) is the vector associated to pin the G. N. S.-construction. For simplicity we shall sometimes use this notation.
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Properties of the relative modular operator (3) a) Li� (co I q.i) > 0b) q> (Ll.n.1 (w I <p)) = w ( l)c) L1.nr C:E J., w, J <p) = :E ,., L1.r, (w1 I <r).d) Ifs/ = d1 ® d2, w = <0 1 ® ro2, <p == 'Pi ® <p2 then
a e) �.rl (a w I P  <p) = 7f L1.nr (w J p) V a, fJ e R+ .

Proof These properties follow directly from { l). For d) one has to remember that for aproduct state :Jt7 'I' is a tensor product. · 
Definition ( 4) The relative entropy of two normal positive linear functionals w and <p over a U. H. F. -algebra d is defined by . e + Ll.r1 (w I <p) Ss1 (w I q,) = hm - <<P J In ------- 1 <P'>

elO l + e.d.91(W j{f)) · 
where <P e :lt7 rp is the vector corresponding to <p. 
Remarks (5) a) Let {co,} and {q,,} E R! define faithful states over th�· algebra en.Then
and S.91 (l.!) I <p) = :r <p,. (In <p1 - ln w1). ; 
Similarly one can show0 that for d = f1A (Cn) S.u- (<•> I <p) = Tr 'P (ln 'P - In w) ifthe density matrices are denoted by the same letter as the states . 
b) Since e < t -1- x < _!_ for x e R + the expectation . value is finite but the limit+ e x B may be + oo.
Properties of the relative entropy ( 6) a) Monotonicity : Sm (w I <p) < Sd (w ,I q,) if a, ·,c d.
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b) Additivity: If w, and <p, are states (i. c. 011 (1) = <p1 (1) = 1) then
Ss11 xJ>t2 (w i ® <12 I 'Pi ® 'P2) = SJ'/1 (w1 / 'Pi) + S.s12 (m2 I <p2).

c) Positivity : If w and <p are states then Sd (ro I <p) > 0 with = 0 iff w = <p.d) Convexity : (w, <p) -+ S.r; (w I <p) is convex.
e) Semicontinuity : (ro I q,) -i-- Ss1 ((!) I <p) is weakly lower scmicontinuous.

a f) S.�, (a w I {J <p) =-� {:I S.r1 (w I <p) - {J <p ( I) In 7f V a, {J e R+ .
Proof a) As the vector corresponding to <p is contained in P 91:lf'"' it suffices to observe that1/a . ( 8 + P91 L1Pu, 8 + L1 )  

I pffl In J + s Pa, LIPm - Jn .I + eA P91 = da PtH [(cc + Ll) - 1. _1/e s 
- (P., (a + LI) P.,) - 1 ] P,,, = f d a P., (a + ,:JJ- 1 ( l  - P.,) [(l -

- Pa) (a + LI) - 1 (1 - Ps,)] - 1 ( I - P91) (a + tl)- 1 P91 > 0. 
Here we used the decomposition 

(7) 

PA- 1P = P (PAP)- 1P -!- PA - 1 (I - P) [(l - P)A - 1 ( l  - P)J - 1 ( 1  - P)A - 1Pof the inverse of an operator. b) Follows from (3d) as (r/>1 ® <l>2 I Jn (L.1 1  ® L.12) I g;1 ® W2) = (4)1 pn LI 1 I (/)• ) ·· (t/>2 I I I t/>2) + (t/>1 I I · J 4>1 )  (</>2 !In L.1 2  I �2>·c) Positivity follows from monotonicity since for the smallest algebra fJI O · :_ { a l}we have Pm0 LIP810 = Pdlo = 14>) (W I and
. e + 1 (/)> <(/J I -- �: ((/j I ln 1 + e I �) ((/j 1 0) -- 0.

Thus S,f� ((') I <r) > Sa1 (w I 'P) = 0. According to Eq. (7) equality holds only if for almost all a 

Piilo (a + L1) - 1 ( I  - Pm0 ) (( 1 - PiH0 ) (<l + L.1)- 1 ( l  - Pa,0 )] - 1 ( 1 - Pu,0) (a ++ L1)- 1 P910 = 0 => P:iJ0 (a + Li)- 1 ( 1 - PUJ0 ) = 0.
Thus either sf = g/ 0 = a 1 in which case w = <p since on a 1 all states are equal.Otherwise (a + L.J)- 1 and therefore A have to commute with Pm0 : Hence .LI I (/J) =
= LIP910 I '1>) = c I </>) and (t/J I In LI I f[)) = 0 implies c= 1 .  Then w (A) =
= <(/) I AA<P) =--= (4) I A I t/J) = <J> (A). Thus Sst (w I <p) = 0 => w = q,.
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d) · Consider the following functionals over d · ® IJiJ ( C2) (i. e. lllatrices (: �) withA, B, C, D e.91)
((A B)) J.O: .Q l  

I 
(A B

) I 
J/l D1

W C D  
= < J,' l - l !12 · C D  VI - ). Q2 ) 

F ( (A B)) = < V 1 w I I (A B) I j,' °I <P. . >
C D l: 1 - l <P 2 C D VI  - l '1> 2 

where !J, (resp. t!J,) are the cyclic vectors associated with w, (resp. q,1). Restricting , , (A 0) to the subalgebra .9/ ® 1 (i. e. matrices of the form O A ), Wt? have _
and thus S.r/Gt (W I F) = S.s1 (l £01 +.· ( 1  - l)ro2 I l Pi + ( I. - i.) <fJ2) 0 

A 0 Restricting to the subalgebra d Eil .!!ii (i. e. of the form (0 D) ),we infer from

that 
and thus 
F (-In Ll....;@,17 (W I F)) = -i. <f1 (In A.n1 ((IJ 1 I 'Pi)) - (1 - ).) <p2 (In Ll0 (c•J;, I <p2)J =

= J. S.r; (m1 I 'Pi) + ( I - A) S,r-; (w2 I 'P2).
Convexity now follows from monotonicity sinced EB .9/ :::> d ® 1. e) Usirig the inequality P (PA - 1 P)- 1 P < P A  P which follows from the decom­positioc used in the proof of a) we see

(t!J I In (e + P!B LIPm) ( 1 + e P91 LIP91) - 1 - ln (e + LI) ( 1  + eLl) - 1 I t/>) <
e 1 < -J da < <P I (a + Ll) - 1 (1 - Pa,) (a + Ll) (l - Pta ) (a + Ll) - 1 J «P).
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For fi:?{ed a and e4 t d this is the expectation value of a decreasing seq1:1ence of bounded operators with infimum zero. A non-zero infimum i would satisfy PtJJ(a +
+ LI) i (a + LI) P!JJ = 0 for all f!I t .91 which contradicts P91 t 1. Thus by Vigier'stheorem the operators converge weakly to zero and therefore also the expectation value. Thus Sn = sup sup S91, (e) where el1 is a dense set of finite-dimensional

i 8 subalgebras. For those S91, (e) is continuous and Sn as sup over continuous functio-nals is lower semicontinuous. f) Follows from (3e).
Remarks . (8) ad a) One might think that LI > P L1 P and this would imply -In LI ( - In PLJP 

=> Sod < S91 • We leave it to the reader to find the flaw in this argument, the correct inequality goes the other way. For density matrices it implies 
S (co I 'P) > S (co1 I 'Pi) if co and q, act in .,'f 1 ®.rt12 and co 1 (resp. q,1) =Tr.,,.2 (w)(resp. Tr.,,.2 

(q,)). 
ad b) Together with c) it implies Ss/i®n2 (co 1 ® v I '1'1 ® 'P) = Sn1 (co1  ·j </>1).ad c) S st ( co I <p) = 0 <:> co = <p shows roughly speaking that S d ( co I <p) is notstrictly convex in b�th directions but only in one. 
Definition (9) The entropy of a normal state co over a U. H. F.-algebrad is defined dy 

S.rt (co) = sup :E J., sd (co I w,)
�i.1w1 =w i 
i 

where l, > 0, :El, = 1 ,  and w, co1 are considered as states over s/. 
Remark ( 10) For d = en, co =  {coJ} the entropy becomesSen (co) = sup :E :E il1 WiJ (In co,J - In (t)J) = - :E wJ In WJ 

�i.f(f)IJ =Wj j i j 

by letting mu approach <5,J and l, approach w1 • Similarly for s/ = fH (Cn) the sup of Tr :E ).1 co, (Jn w, - In w) is obtained by decomposing w into pure states. Then it becomes -Tr w In co. In contradistinction to the relative entropy it re­mains finite for n · < oo even if w is not faithful. In the continuous classical case ..91 = C ([O, l ]) the relative entropy 
f dx <tJ1 (x) (In w1 (x) - In c,J (x))
0 approaches oo if w, becomes pure (i. e. a <5-function). Thus Sod (w) = +oo.
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P,·openi'es of the entropy ( 11) 
a) Positivity : S.r1 (ro) > 0, = 0 iff ro is pure.b) Strong subadditivity :
c) Strong concavity : w -+ S�1 �,c-;2 (w) - S,<:-;1 (a1IJ:t1)is concave.d) Semiconti�uity : ro -+ SJ:f (c�1) is . wea�Iy lower se@ico�tinuOl;\S·

, 

Proof 

a) S.,:-; (ro) > 0 since Ss; (w I w;) > 0. If c!> is pure then .co, = � and S.Pl (w J. w) = 0.
If one of the w 1 # w then Ss1 (c•J I ro1) > 0 according to (6c).b) We shall assume that all entropies are finite so that they can be approximatedwithin e by entropies of finite-dimensional algebras sl. Let w,di@d2 be given by the density matrix e and w 1.;; 1 by (! i .  Then

Here Tr 2 is the trace in .1't'2 ( which is not a state, Tr 1 = dim.YI' 2). Thus strong subadditivity is equivalent to 
which follows from monotonicity. c) Here again we may approximate by finite-dimensional algebras d1• Since

concavity follows from the joint convexity of the relative entropy. d)A state ro1 in the decomposition of co can be written co1 (a) = w (aa;/w (aD) == m0; (a) where a; e.J>.I', 0 < a� < 1 ,  � a; = ) ,  co (aD # 0 as J.Q ) is cyclic forsf and thus separating ford'. Thus sup can be replaced by 
!:i.1w1c:iw 

sup r, c.o (a;) S.911 (w I Wa 1) = S.r1 (w)
O�a'ed' 
�a' = l  
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such that the sup is over a set independent of ro. Now S.rd (ro I roa{) is weakly lo­wer semicontinuous by (6e). S.PI (m) as sup over such functionals is thereforelower semicontinuous too. 
Rematks (l 2) 
1) Slit (w) is not monotonic in !!I c d.

Ss, = sup � Ai S (c!'i,q, I ro,[}I)
l:.J.1w1 l.r,/=--=w1JJ i 

would be monotonic but not subadditive. Note that in Sa, (<�) the sup is takenover � i., w1 1s = co,s such that S < S. 

2) b) and c) tell us.that though

is not necessarily positive it is concave and subadditive. Note that for d 2 = al S = S and therefore our proof implies concavity and subadditivity of Sd (w).

3) Because of S.tr1, (ro1n1) + Sn2 (ro1n1)-Sd1@.tr12 (c•)) = S.r,1@.r>-h (w1.Pt, ® w1.�2 I ro) thestrong subadditivity of S ( ro) is equivalent to the following subadditivity ofthe relative entropy

Note added in proof. Dr. D. Petz has kindly info1med us that some of the results of this paper are contained in D. Petz, Properties of Quantum Entropy, preprint, Budapest 1984. 
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OD RELATIVNE ENTROPIJE DO ENTROPIJE 
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Originalni znanstveni rad 

Ovdje dajemo intrinsicnu definiciju entropije stanja nad algebrom i pokazujemo da 
ona ima opca svojstva von Neumannove entropije. 
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