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Original scientific paper

It will be shown that locality and spectrum condition together imply that the sup-
port of the spectrum of the translations is a set invariant under Lorentz transforma-
tion. On the way we develop a local method for finding real points in the envelope
of holomorphy for the opposite edge of the wedge problem.

1. Imtroduction

V. Glaser and R. Streater!'2’ have observed that the domain of homolomorphy
of the n-point Wightman function is invariant under. complex Lorentz transforma-
tion. This result follows from spectrum condition and locality alone. It is not ne-
cessary for this result to assumec that Lorcntz transformations are a symmetry of
the theory under consideration.

Some years later the author has observed® that in the vacuum sector the spec-
trum of the translations has a support which is invariant under Lorentz transforma-
tions also if the theory is not Lorentz invariant or if one has an invariant theory,
but one is dealing with a representation with spontaneously broken Lorentz sym-
metry. In a recent paper by D. Buchholz and myself* it has been shown that in
every particle sector (in which the spectrum condition is fulfilled) the lower boun-
dary f the spectrum is invariant under Lorentz transformations. We have conjec-
tured that also gaps in the spectrum, if they exist must be necessarily invariant. This
paper is devoted to the investigation of this question and it will be shown that this
conjecture is correct.
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The next section deals with the study of the edge of the wedge problem. We
study a situation which is not covered by the Jost-Lehmann-Dyson representation.
In particular, we look at the situation where the coincidence domain is the union
of two domains. One of them is such that it can be treated by the Jost-Lehman-
-Dyson technique, and we invcstigate its influence on the second domain. These
investigations generalize in part unpublished results obtained in collaboration with
R. Stora (sec e. g. the remark in Ref. 7).

In section three we apply our result to a special situation which appears re-
gulary in physics. This is the situation where Jost-Lehman-Dyson domain is given
by the points which are spacelike with respect to an order interval (double cone).
Finally in the last section wec show with the help of the recsults obtained in section
three that also the holes in the spectrum of the translations are scts invariant un-
der Lorentz-transformations.

2. On the spectrum of the translations

Let V denote the forward light cone in the LEuclidean space R":
n—1
V={xeRx} =320, x, =0}
1

and let V° be the interior of V. The forward tube T* = C” denotes the tube with
basis V°:
Tt ={zeC"; Imze V°},

and the backward tube T~ is the negative of T* i. e. T~ = —T+ = T+, where
the bar denotes the conjugate complex.

Assume G is an open domain in R"” and one has two functions f* and f~ where
f* is holomorphic in T*, and f~ in T~ with the properties:
(i) f* and f~ have in G boundary values in the sense of distributions.

(ii) These boundary values coincidc on G (in the distributional sense).

In this case it follows from the edge of the uedge theorem® that both functions are
analytic in a complex neighbourhood of G and that they coincide there as analytic
functions. Therefore f* and f~ are diffierent representations of one function f holo-
morphic in T+ U T~ U N (G) where N (G) is the complex neighbourhood of G
obtained by the edge of the wedge theorem.

The set T* U T~ U N (G) will almost never be a natural domain. The enve-
lope of holomorphy of this set will be denoted by H (G), and by H, (G) we denote
H (G) n R" which is mostly the set of interest in physical applications.

The light-cone V introduces in R" a semi-ordering. A domain G< R” is
called order convex if it fulfills the relation:

G=(G+V)Nn(G—V).
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We will call a domain locally order convex if b —aeV and a + 1 (b — a) € G for
0<2=1 implies (a+ V) n(d—V) c G. From the so-called double-cone-
-theorem®'® one knows that for every coincidence domain G the set H, (G) is
locally order convex.

A hyperboloid h (u, m) is the set

h(u,m)={zeC" (z —u)? —m?* =0}

n—1

where 22 denotes the Minkowski square 22 = 22 — ¥, 2. Here we are dealing only
1
with the case # € R" and m? = 0 so that % (4, m) can be characterized by a point
in R" X R*, For any-domain G < R"” we put
I'G) ={u,meR" X R*; (x —u)> —m? <0 for all xe G}.

In the following a domain G will be called a ¥ost-Lehman-Dyson domain or short
J. L. D. domain if it is order convex and if there exist a hyperboloid % (u, m) such
that G lies between the two branches of / (u, m). (Not necessarily all points between
the two branches belong to G). For J. L. D. domains the envelope of holomorphy
of the edge of the wedge problem is known:

Let Gbea]J. L. D. domain then H (G) are the interior points of the sct
C*\\ V {h(u,m); (u,m) e I'(G)}.

This result has first been proved by F. Dyson® for functions having boundary
values as tempered distributions which was a generalization of a result of Jost and
Lehmann®. That this describes the envelope of holomorphy is a result of Bros,
Messiah and Stora!?. Nowadays it can be shown using general arguments which
are due to Pflug!?.

It is now our aim to say something more about the structure of H (G) in the

neighbourhood of real point when G is a J. L. D. domain. To this end we introduce
the following notation:

II. 1 Definition
(1) Let Gbe a J. L. D. domain, and let x € R" denote

I, (G) = {(u,m) € I' (G); x € h (u, m)}.
(Remark: (u,m) € I',(G) then (x — u)? 2 0).

(2) Denote by:
Ay ={x — u; (u,m) e Iy (G) for a suitable m and x > u}

U {u — x; (u,m) € I'y (G) for a suitable m and x < u}
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where the order denotes the order given by the light-cone V.

Let (3) K. = Cou 2.4,

where Co indicates the convex hull of this cone.
(4) For any open set U define

Ky = closure Co y K.

x'eU
(5) Definc
Kx =N KU
xelU
(6) Denote by
Cu = I&U
and C',g = kx’

where K is the open dual cone i. e.:
={y; (,%)>0 for all xeK, x# 0}
if K is a proper cone, and K = R" if K = {0}.

Remark:

(1) By construction we see, that I?; is a subcone of V' hence the cone C, contains
the interior of V.

(2) The reason for passing from K, to K, is to obtain the cones C, semi-continuous
from the interior which corresponds to the semi-continuity from below for func-
tions. This semi-continuity is given in the following

II. 2. Lemma:

Let G bea J. L. D. domain and let C, respectively Cy be the cones described
in Definition II. 1. Assume y € C, then we can find an open set U containing x
such that y € Cy.

Proof: If x € H, (G) then C, = R,. Since H, (G) is open then this is true for a

neighbourhood of x. If x ¢ H, (G) then Ex contains non-trivial elements and hence

also K, o K.. Let now , (x) = {x'; |x — x'| < &} then K, = N K, and since
>0

K, x is monotonic decreasing follows K, = U K, which 1mphes that every

yE K belongs to some K,,a(x, which is the statement of the Lemma by means of
the definition of C, and C,.

Next we show the following crucial result on the cone C,:
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II. 3 Proposition
Let Gbe a]. L. D. domain then:
1) y € C, implies there exist 2.> 0 such that
x+ipyeH(G) for 0<p <.
2) For (u,m) e I, (G) denote by T, (u,m) the tangent hyperplane at x and by
U T, the union of these tangent hyperplanes. Assume:
(a) x+ipyeH(G) for 0 <p < 2 for some 2 > 0.
(7)) There exist a neighbourhood U of x such that R" — |y, U Ty, x' e U
>

contains not more than two components, then either
yeC,or —yeC,.

Remarks: (i) The domain H (G) is always invariant under complex conjugation.
Therefore with x 4 iy € H(G) also x — iy belongs to H (G).

(ii) Condition 2f shall avoid complications at points where two coincidence do-
mains touch each other.

(iii) 4 (x,y) is semi-continuous from below.

Proof: For this proof introduce the notation
7. = {(u,m) eR" X R*; z e h(u, m))}.

If z = x + iy then (u, m) € k. implies the two equations (x — #,¥) = 0 and (x, —
o 3, il implics the two equations G~ “) 5 X R WHien

— u)? — m? \ X :
hag ghc mass y32, and its center at x. Since T + always belongs to H (G) and since
V° is contained in C, for every x we are only interested in the cases y2 < 0.

If y2 = O then the set %. reduces to the line
&, ={(x+5,0); 2€R},

otherwise it is the hyperboloid with negative mass square described above.

(1) From Lemma II. 2 we know that there exist a neighbourhood U, s x such
that v € Gy . Since Cy_ is open there exists a neighbourhood U.sy such that
U,< Cy,. Assume first y> =0 then ((x" —«'), ) # 0 for («',m) eI, with
x' €Uy and x' — o' # 0 and hence hyyyy, N I'(G) =0 for x' € U,. Next assume

2 <0 and assume y? = —1. Remark first that the set I;i,,, = {(u,m)eR"XR*;
x €h(u,m) and (x —u,y) = 0} has an empty intersection with I' (G) if y
belongs to C, since y is not tangent at x to any hyperboloid through x which
docs not enter G (by construction of R K,). The set 22, can be viewed in
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(x —yL) X R as a hyperboloid with mass zero and center x. We look

now at the set (J 4% ,. Let r (x") be the distance of x’ from the complement of U,
x'cUx ~

then we see that {{ A} ,} N (x" + y+) X R contains the hyperboloids

x'eUx

(x —u)? —m*=—(er)* (¥), 0 <o <1

Since U I?f’”, N I"'(G) = @ we obtain that 71;'+,-L,,(x'y) NI'G)=0for0<o<l.

x'eUx
But since this is true by the above remark for a neighbourhood of ¥ one finds » +
+igr(x)y e H(G)for 0 < o <1 (If we do not suppose y2 = —1 then the de-
pendence would be

’

g y
hx' i ,(x')=n P(G) =0
+ie V_ylz

for x’ € U, and y’ € U, with y'2 # 0).

2 If x+igyeH(G) for 0 <o < 2 then it follows that %, N I'(G) = 0.

Since now A% , = lim A, ;,, wWe get that y is not tangent at x to any hyperboloid
-0

thrg\ugh x which deoes not enter G. From this it follows that either y or -y belongs

to K.. At this point it is essential that R" \\ U T} has only two components. Since
H (G) is open it is easy to see that y or -y belongs also to C, = K.

From this proposition we obtain immediately

II. 4 Theorem.

Let G, be a J. L. D. domain and let G, be an arbitrary domain. Let x € ¢G,
and U be an open neighbourhood of x and let

Hy (G n U) = locally Cy order convex hull of G N U then H, (G N U) Nn
NUc H (G, UG),).

In not quite precise terms this means at every x € dH, (G, U G,) the tangent
hyperlane at x does not enter x 4 C,.

Proof

We apply the local version of the double cone theorem* to the coincidence domain
G N U and the cone Cy. Choosing a sequence U, with.n U, = {x} we see that
the second statement is correct if H (G, U G,) has a tangent-plane at x.

* Although the double cone theorem is normally proved with a whole cone it is easily to be
seen that only some complex neighbourhood of the real points is needed in the proof.
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3. Applications to commutator functions

In this section we want to explore Theorem II. 4 for a situation which appears
regularly in quantum field theory.

Let a € V° then we denote by D, the double cone

Di=@—V)n(—a—")
and by
D, ={xeR";(x —y)*> <O for all yeD,}.

D} isaJ. L. D. domain which appears in configuration space because of the loca-
lity of the theory, and in momentum space because of the spectrum condition.

In this case one finds:
I'(D)) =D, x R*.

We identify D, with the domain G, of theorem II. 4 and we will take for G, a
domain which is contained in (—a 4 V) U (@ — V). In order to simplify life we
will assume that G, is order convex and order restricted this means againa J. L. D.
domain.

For the formulation of the results we need some notations.

IIL. | Definition

(1) Let Gy, G, be two J. L. D. domains.
Define

& = R\ U {h (u, m); (uym) € T'(Gy) N T'(G,)}
and

52 = U components of G containing a component of G,

(2) For b — a V° we denote by D, , theset (a + V) n(b — V).

This implies the set D, defined before is the same as D_, , in this notation.
After these preparations we are able to formulate the following result:

III. 2 Theorem: Let D, . be in the interior of —a 4 V' and assume ¢ — b € Vo,
then D{ _ is contained in H, (D, U D).

The proof of this theorem will need some preparations. Let us describe first
the technique we want to employ for the proof of the Theorem.

III. 3 Lemma:

Assume G, is a connected domain and x € R" such we can find a family of curves
Bu» 0 £ p < 1 with the properties:

(i) For every fixed u the curve %, : {x. (), 0 < 2 < 1} is a continuous piecewise
C~!-curve.

FIZIKA 17 (1985) 3, 289—304 295



BORCHERS: LOCALITY AND COVARIANCE OF THE SPECTRUM

(ii) The right and left tangents at x (2) belong to the cone C,,.
(iii) x, (0) and x, (1) € G,.

(iv) The function x, (2) is continuous in both variables on [0, 1]>.
V)% < G,.

(vi) xe¥,.

Then x € H, (G, V G>).

Proof: Assume we know that U %, and a real neighbourghood of this belongs to

H, (G, v G,). Butsince the tangents at %, belong to C . (#) it follows from Theo-

rem II. 4 and Lemma II. 2 that also some nelghbourhood of ¢,, belongs to H,.
Since this neighbourhood contains %, for uo, < u < p, for some. My > po We see
by induction that also ¥, belongs to H, (G, U G,) and consequently the point
x, which belongs to %,.

Next we have to describe the set 5;,,, in some detail. As we have remarked ear-
lier, the sct I" (D)) is nothing else than D, X R*. From this knowledge one easily
can characterize the zone C,. For x € D, one has C, = R". For x € D, one gets
C.,= Vo. If xe(—a + V)\ D, then R, is the cone generated by the elements
x —u withueD, Nnx— V. Itis easy to see that I?,, which is convex, changes
continuously with x. Hence R, and K, coincide. From this we get that C, is the
open dual cone of K.

For what follows it is conveninent to introduce a special description. Denote
by al the hyperplane perpendicular to a (with respect to the Minkowski scalar
product). Then every point in R” can uniquely be presented in the form x =y +
+ aa, y €a,, a e R. Let K, denote the set K, = D, Nnal and 4, the projec-
tion of 5” into aL so that we can write D, . = {y + aa; y €, ., and a € I ()}
where I (y) is a closed interval of R. By 9= I (y) we dcnote the largest, respectively
the smallest value of I(y) and by 0J= 'Dv,,,c ={y+at(a; yedy., at(y) €
e &= I(y)).

If b and ¢ are both belonging to D, then 5,,,0 and D, . coincide, in this case
nothing has to be proved. If b belongs to D, then §-D, . is a subset of b+ V.
Assume c € {—a + V} \ D, then d*D, . is given by the envelope of hyperboloids
containing ¢ and which have their center in D, N ¢ — V. This gives us for «(y)
the equation ‘

et (y)=inf{a;JueD, Nc—V
and .
(c—uw)?2=( + aa—u)2

If be{—a+ V}\ D, then we get for ¢ (y) a similar formula but ¢ replaced by
b and the infimum replaced by the supremum. The set D, N ¢ — V is compact
and convex so that the above infimum is taken at a boundary point of D, N (c —
— V). From the equation (¢ — #)2 — (¥ + a a — u)? = 0 we obtain

da _ (@dyc—(y + aa)
2 (d, u) " (ayea—u)
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Since (a, aa — u) > 0 we see that a* (y) is obtained at the point where the hy-
perplane perpendicular to ¢ — (y + a* a) is tangent to D, N (¢ — V) and mo-
reover if 1, is the point of contact then

(u —uo,c — (y + a*a)) 2 0. ™
From this we find the following location for #,:

(i) For (¢ — u0)> # 0 we have u € dK, Nc — V.
(ii) For (c — up)? =0 but (¢ —y — a* a)? # 0 we have

uedkK, nc—avV.

(iii) For (¢ — u#0)> =0 and (¢ —y — a*a)?> = 0 the three vectors ¢ — 1o, ¢ —
—y—a*a and y + a*ta — u, are all multiples of each other and light-like.
In this case u, is not uniquely defined and we can choose u, € K, N¢c — V.

From this consideration we learn that the point #, depends only on the direc-
tion of y — ¢y, Where ¢y denotes the projection of ¢ onto al. Hence the curve

Cix(M)=y+i(co—y)+ta*(y+ilco—2)a

is lying on a fixed hyperboloid and is therefore representing a differentiable curve.
Moreover we obtain:

III. 4 Lemma: Let %, be the above curve on 3*5,,,‘, andlet A, be suchthat x (1,) —
—b e V,then x (4) for 2o 2 A 2 0 belongs also to 8+5,,,,(,105.
Proof: Let us introduce 3+ (y) by the relation

y+ ﬂ+ () raed* Db,x(z.,,)-

Then §+ is defined in the same manner like a* but only replacing ¢ by x (4,). Since
the direction of ¢, — ¥ and {(y + Ao (co — ¥)} — ¥) coincide it follows that the
infimum is taken at the same point u,. But since (¢ — ug)? = (x (o) — uo)2 we
see that a* (y (4)) and B+ (¥ (4)) coincide for 4o 2 1 2 0andy(A) =y + 4 (co —
=)

Remark: This Lemma remains still true if we replac: the point b by a point b’ €
€ 9~ Dy, provided x (4o) — b’ is time-like.

Using this last Lemma we see that we can replace the point ¢ by x (1). There-
fore equation (*) becomes for x (1) € %,

(u —uoy x (A1) —x(1)) >0 for 4, > 4
and hence if we denote by ¢ (A) the tangent at the curve €,, we find
(u — uo,£(2) 2 0.
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Since we have (x(4) — uqy, £(2)) =0 by construction we obtain (x (1) — u,,
t(4)) 2 0 so that ¢ (1) € 3C,,, for every x (1) € %,.

We obtain a* (y (1)), with y (1) =y — 2 (co — »), by the equation
(c —uo)®> =y (%) —uo + a* (y(3) a)?
which gives us:
a*?(y(A) a® = (c — uo)* — (y (%) — uo)?

since u, belongs to a'. From this we obtain

+
2a* ggT ca? = =2(y (1), y (1) —uo) = —2(co — 3>y (4) — 10)

and hence

(co — 3,y (2) —uy) a

1) =0 —y — TN

Next we define the curve ‘?, by:

Cix)=xMN—Q2—Ne-a

and obtain for its tangent

tD =t +e-a
From this we obtain:

EXD—wt@) =W —u—Q—NHe-at®)+sa)=E@E —u
tA)+e(x(A)—u—Q—2De(A),a) —(2— 1) e a2

The first term is always non-negative and takes the value zero for # = #,. Hence
the curve ¥, has its tangent ¢ () in C% 4, if the two remaining terms are positive.
The term (x (X)) — u, a) is strictly positive, since (x (A) — u) is time- or light-like
and a € V° and moreover since ¢ does not belong to D,. Hence there exist a con-
stant m > 0 with

(x(A) — u,a) 2 m > 0.

The next term —(2 — 2) (¢ (A), a) becomes (2 — 4) (o — 3, ya(}') =) hich

can have either sign.
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a* is bounded below and y (2) is between ¢, and y; this means the above
axpression tends linearly to zero with [jco — y||. Hence there exist 4 > 0 such that

|— (@2 =) (¢(4), 9] <% for ||lco —y|| = &

. m
From this we learn for ¢ < -, and llco — ¥|| < & we have £ () € C(s. Putting

everything together we get:

III. 5 Lemma: With the notation of the Theorem we obtain: Let xeb + Vo N

N DY, then xe H.(D,UD,) or let xec — Vo N D, then we get the same
statement.

Proof of the Lemma: Assume x = y + aa is such that |[c — y|| < & with the above
8. Let ¢ be such that it fulfills the following three conditions

@i) 8§-£2, (i) xeb+3c-a+V,b+ceaeD,, (i) a=a*(y)— 3¢ c—

— ea € D,,. Define a family of curves %, as follows.

1

3

pr+(—mb+ (1 —2p)e-a+G2—D){lwy + (1 —peo +
+at(ey + (1 —p)co) —(1+ )8'a]

—[ex [+ Q=)0+ (1 —2p)e- a]}, Sis

[b—£a+32,u(x—sa—[b+ea]), 02

IA

2
€, : 3
pwy + (1 —#)co+/¢(37-—2)(co—y)+

4at {uy + (1 — p) co + 1 (34 — 2) (co — y)}
—N4+pu—pBri-2)]e-a —;—él-{-l.

From the choice of 8 and ¢ it follows that the tangent at the curves %, belong to
the cone C, ,. So by Lemma IIL3 the point x belongs to the real points of the
envelope of homolomorphy. Let now ¢'€ d D, with ¢ — ¢’ <8 and (¢’ — b)2 >0
then D} _, belongs to H,. Repeating the argument with this double cone we obtain
by Lemma III.4 an inductive procedure which exhausts all of D} N b 4 Vo,
This procedure stops because condition (ii) can no longer be fulﬁlled “The second
statement can be proved in the same way if b does not belong to D,. If it is in D,
then the second statement is empty.

Proof of the theorem

In {85,,',_. Nb+V3iu {35;,_,, N ¢ — V} there are new pairs b’, ¢’ which are time-
like to each other. Applying Lemma IIIL.S to D,,., we obtain an inductive procedure
which exhausts all of D} . (by Lemma IIL.4).
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Remarks:

(1) Since our method is purely local we have not treated the case where the second
domain is an arbitrary J. L. D. domain, since I expect that therc might occur a
similar phenomenon then the sreentrence nose« effect in the J. L. D. problem.

(2) If the domain D, is sufficient large compared to D,, then D, has two compo-
nents. Nothing is said about this second component. If it appears I suspect that

the envelope of homomorphy is no longer schlicht.

4. On the spectrum of the translations

In this section we want to appty Theorem III.2 to the theory of local observa-
bles in the sense of Araki, Haag and Kastler. Let {«7, &/ (0), R%,a} denote this.theo-
ry and let {#, =, %} be covariant representation fulfilling spectrum condition.
The representation of the translation group can be choosen to fulfill the following
conditions (see Ref. 4).

(i) % (a) is a continuous group representation (by assumption).
(ii) The spectrum of % is contained in the forward lightcone (by assumption).
(ili) % (a) € m ()",

(iv) % (a) implements the automorphism a, i. e.

% (@) 7t (x) % (a) = 7 (a, X).

(v) % (a) can be chosen minimal. This meansif V' (a) implements the translations
and fulfills the spectrum condition then V (a¢) #~* (a) has its spectrum in the
forward light cone V.

(vi) In Ref. 4 we have shown: If % (a) is the minimal translation and if the projec-
tion F € Z (n") (the center of #”) then the lower boundary of the spectrum
of % (a) - F is invariant under Lorentz transformations.

In this section -we intend to prove the following

IV. 1 Theorem

Let {«/,27 (0), R" a} be a theory of local observables and let {#, =, %} bea repre-
sentation fulfilling spectrum condition. Assume in addition % is the unique minimal
representation of the translation then for every projection F € Z (n") the support
of the spectrum of % (a) - F is invariant under Lorentz transformations.

Before entering into the details of the proof we prepare some notations an
describe the methods used for proving the theorem.

Let % (a) be the representation of the translation group described before. Let

% (a) = | exp {i (ap)} dE ()
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be its integral representation. If 4 is a Borel set then its spectral projection is dero-
ted by E (4). For a vector y € /# we say ¥ has support in 4 if E (A = y holds.

IV. 2. Corollary to the invariance of the lower boundary: »
Let £ be a lightlike vector and let ¢ > 0 and &, the ball of radius ¢. Denote by

dgs =, EQOW +R AV

then one obtains: central support of E (d,,) = 1.

Proof. Let F be the central support of E (d,,); assume F # 1, then follows (1 — F)
E (4,,) = 0. But the lower boundary of the spectrum of (I — F) # (a) is invariant
and hence it is a hyperboloid with mass M. Choose now a coordinate system then

= {1,7} with £2 =—1. Let ¢’ be the vector ¢’ = {I, —¢) thén A7 - a¢' € A, for
A>0and 0L a < % But we have (12 + a¢’)> = 4 - J¢. Choosing a = —;-

2 )
and A = ﬂ we see
4 . 2

(6 + at)? = M3

so that (1 —F) E(4,,) #0 contradicting the assumptions.
Let x €</ (DY) for some timelike b and y € #. We denote

Fiy (@) = (p, 7 (x*) % (a) 7 (x) y),
and
Frp (@) = (p, n{a, x) = (x*) % (a) p)
=% (@) 7 (x) U (—a) = (x*) % () ).

From the locality condition we obtain
F,, (q) = F;,(a) — Fy,(a) = 0 for a € Dj,.
Therefore we can scut F;,, (a) — F,,, (a) into two picces:
F,,(a) = F},(a) — F;,(a) = G}, (a) — G;, ()
with supp G}, (a) = — 2b + V and supp Gz, ¥ (a) < 2b — V.

This cutting we do for investigating the properties of the Fourier transforms of

F* and F~. To this end assume 4 is a compact subsct at spectrum % (a) and %
has support in 4 then (& denotes the Fourier transform)

supp & ! F;, (a) < spectrum % (a)
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and
supp & ~! F;, (a) = 24-spectrum % (a),
and hence

supp F ~! F,,.(a) < {spectr. %) U {21 -spectr. %}.

Next (#~! G;,) (P) is the boundary value of an analytic function holomorphic
in T* and (#~! G,,) (P) has an analytic continuation into T~. From

F, X0 (a) = G;,w (a) - G;,lp (a)
we obtain
(F~1Gep) (P) = (F~1 G,p) (P)

for P in the complement of
{spectr. U} U {24-spectr. U}

and hence by analytic continuation in H, (C [spectr. % U 24-spectr. ]).

Remark next that £~ 1F* and %~ !'F coincide in that part of V' which is out-
side of 24— V. From this we find:

If Pe V\ 24 — V then
(F~'F;y)(P)=0 for PeH,(C [spectr. % U 24-spectr. X)).

Proof of the Theorem:

Remark thot the only restriction in the last equation is that x € & (D)) for some b.
But U.Z (D)) is dense in & in the norm topology, so that = (&) E (4) 3¢ is dense
in Fo# where F is the central support of E (4) so that the above equation reads:

Let A’ < H, (C [spectr. # U 24-spectr. %]) and assume 4°' N 24 — V = @ then
E (A') F = 0 where F = central support of E (4). With the help of the Jost-Leh-
mann-Dyson method this leads to the result proved in Ref. 4 that the lower boun-
dary of the spectrum is invariant.

Now we want to assume that we have a hole in the spectrum and assume for
simplicity that this is an orderinterval D,,.. Choose a lightlike direction ¢ and
£> 0 such that 24,, N DY, = 0. Take any vector a€4,, then one has that
2Dy, N D}, = 8. From Corollary IV. 2 follows that E (D, ,4+22) # O for sufficiently
large 4 and that

lim F_(Do",+j() =1
A—s00 |

where F (Dg,q41) is the central support of E (Do 440).
From this we obtain by Theorem III.4.

{E(DS.c) * F(Doayn)s a€yy A>0)=0.
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Taking the limit ¢ — 0 then 5,,,0 becomes independent of A provided 2 is sufficient
large. Therefore we obtain

A

E(D},)) =0

where ﬁg_c is the limit of 5,,,0 for & - 0and 2 - co.
The boundary of ﬁ,,c is given by

(i) The hyperboloid (0, }/5?)

(ii) The hyperboloid % (0, } 'c%)

(iii) The hyperboloid h (4, Z, 0)

where A4¢ = {i} Nb — V.

(iv) The hyperboloid 4 (2, ¢, 0) with the corresponding definition of 4.

From this we see that in D}, arenew double cones D, with '> = b? and
¢'? = ¢2. From this we obtain that the only set stable under this construction is

S (Y3, J/c?) = {P; b < P? < ¢2, Py > 0).

This proves the Theorem.
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Originalni znanstveni rad

Pokazano je dé lokalnost i stanje spektra zajedno uvjetuju da je nosa spektra tran-
slacija skup invarijantan na Lorentzove transformacije. Usput, razvijena je lokalna

metoda za pronalaZenje rcalnih to¢aka u cnvelopi holomorfije za problem suprotan
edge of the welge problemu.
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