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Original scientific paperFor massless models of quantum field theory with two independent couplings in­variance under the renormalization group implies an ordinary differential equation which relates the effective couplings P and 1. In lowest order it is assumed that the /1-function of g2 has the form b g4 with b :/: 0 while the P-function of ). is a general bilinear form in l and g2 • For the exact system the solutions of the differential equation are studied near the singular point J. ·= g == 0. All solutions A (g2) are determined for which the ratio l/g2 stays bounded in the limit g -+ 0. For small g an explicit form of the asymptotic behaviour is obtained in agreement �vith formal asymptotic expansions found previously. 
1. Introduction

In this paper exact relations between effeL'tive couplings will be derived for massless rcnormalizablc models of quantum field theory involving two dimensionless coupling constants. The effective couplings, denoted by g and ). are defined as func­tions of a scale variable k2/K2 , 

g = g (k2/K2), l = i. (k2/K2) k2 < 0, K2 < 0,
where k is a momentum variable and. K . the normalization mass, both Euclidean. In addition, the effective couplings depend on the values of the coupling parameters 
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which they assume at the normalization point k1 = K1• After elimination of thescale variable l becomes a functions of g 

which satisfies the differential equation 1 > 
( I . I ) 

{J0 and fJ 1 denote the Callan-Symanzik functions associated with the couplings g2 or i., respectively. The same differential equation (1 . 1 ) is obtained for the coupling parameters themselves if the requirement is imposed that the coupling parameter i. be a function of g2 independent of the normalization point2>. The aim of the pre­sent paper is to determine all solutions of ( I . I) with bounded ratio i./g2 for smallg2 and to classify them according to their asymptotic behaviour for g2 -> 0. The /3--functions are defined in a region
( 1 .2) 

For some models the admissible values of Ji. are restricted either to l � 0 or to l � 0. All partial derivatives of the /J-functions are assumed to exist near the ori­gin.* The formal expansions of the /J-functions with respect to g2 and l can be set up with the partial derivatives at the origin as coefficients. For the form of the lowest order terms we assume as in Ref. 1 that 
/Jo = b g4 + . . . , b =/: 0, 

(1 .3) 

We restrict ourselves to the case b =/: 0 iince different mathematical methods 3• 4> are required for treating the differential equation (I . I )  if b = 0. It will further beassumed that 
(1 .4) 

which is a necessary condition for asymptotic relations between small effective couplings5> . In order to facilitate the proof of existence theorems in cases where the sign of l is restricted we extend the differential equation to values .ii. of opposite sign. Suppose a model is only defined for l � 0 (i. � 0), then we continue the /J-func-
* This means that each partial derivative exists in (1.2) in a sufficiently small neighborhood 

of the origin g2 = l = 0 including points with g2 = 0 and/or ,t = O. At g2 = O derivatives with 
respect to g2 are defined from the right. Likewise derivatives with respect to ,t are defined one­
-sided if the sign of l is restricted by the model. There need not be a common neighborhood of 
the origin in which all partial derivatives exist. 
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tions to l < 0 (l > 0) by a polynomial in g2 and l given by a finite number of terms of the power series expansion. The order of the polynomial is chosen such that sufficiently many partial derivatives defined for l -> +o or l-+ -0, respecti­vely, match at l = 0 as are needed for carrying through the existence proof. Solutions with inadmissible sign are then disregarded gt the end. In Ref. 1 the differential equation ( 1. 1) was solved by powf!r series expansions 
00 ). = :E An g

ln (1.5) 
11= 1  

and expansions involving logarithms 
m- 1 il = :E l,. g

2 n  + Am g2 "' + d g2 m  ln g2 + . . . ( 1 .6) 
n=1 

or non-integral powers 
00 A. = :E ).11 g

2n + d g21;1+2 + . . .  (1 .7) 
n=l 

The characteristic exponent E is defined by the lowest order terms of the P-functions 
( 1 .8) 

where e + � e- denote the roots of 
�1 .9) 

I� I is the smallest non-integral exponent occuring in the expansion of )./g2 • An in­tegral value of� indicates that the asymptotic expansion of l may involve logarithms. Expansions of the form (1.5-7) were derived by checking each order of the differential equation. The actual existence of corresponding exact solutions was not established in Ref. 1. Since the power series exp.ansions of the {I-functions are pre­sumably only asymptotic, the expansions for l (g2) cannot be expected to converge. Therefore solutions of (1.1) may not be constructed by convergent power series. On the other hand the existence of solutions at points g2 > 0 is easily established by applying the Picard-Lindelof · theorem. The required hypotheses foUow for sufficiently small values of g2 and l from the differentiability of the P-fi.mctions and the fact that Po #: 0 due to (1.3) with b #: 0. The existence of solutions is thus guaranteed, but no information on their asymptotic behaviour for g2 -+ +o is pro­vided by this method. At g2 = A = 0 the differential equation ( I . I) is singular since Po and p1 va­nish there. Therefore, the standard existence theorems cannot be applied at the origin. In this paper suitable transformations will be developed which completely remove the singularity at g2 = 0. By this method it is possible to find all solutions 
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with bounde� ,ratio i./g2 along with their �YJllptotk b.ehaviour for g2 -+ +o� Them�in �esult . will be that in the neigh{?orhood of g2 = .Q all solutions of ( 1 . 1  ). withbounde4 ratio )./g2 are represented by. the asymptotic expansions found in Ref. 1 .  
2. Non-integral characteristic exponent

; In this section we will determine all solutions of ( 1 . 1 )  near g 2 = 0 which have 
a bounded ratio

(2. 1) 
in case thot the characteristic exponent � defined by ( 1 .8) is not an integer. The dif­ference � = Q - (!+ , if � < 0,

� = e - fl -, if � > 0,

sati�fies the differential equation 
P; 1 � = C1 tP + b ,� I d +  g2 R, C1 :/= 0,g g 

(2.2) 

(2.3) 
where R eY.ists at g2 = J. = 0 along with the partial derivatives. \Vintner derived ageneral theorem referring to differential equations of a similar type whiclt states the existence of solutions vanishing for g2 -> +o and their asymptotic behaviour in this limit*. But the hypotheses of the theorem do not apply to the case considered here since a term quadratic in � would be excluded. If a quadratic term is present there is in general also a solution � with non-vanishing limit for g2 -+ +o which would not .be _covered by a theorem of this kind. On the other hand more detailed information· is available for the renormalization group equation in so far as the {J­.;.fitnctions have finite partial derivatives of any order at the· origin. Making use of this , transformations can be constructed which completely remove the singularity 
at g2 = 0. Some care must be taken that no solution of the original differential equ­tio� ( I . I )  is missed by treating the transformed equation. 

r{� is not an integer there are two formal power series expansions which solve ( 1 . 1 ) orqer by order 1 > . For the ratio (2. 1 )  they have the form 

* See · Ref. 6, page 1 64.

308 

00 

e = (! +  + ::E e+1 c2i 

i=l 

· Q = e- �:- ·I e..:.1 c2J. 
}= 1 

(2.4) 
(2.5) 
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By subtracting a sufficient number of terms from !! a remainder <1 n is defined by 
(! = fl+ + Q+ 1 g2 + . . .  + Q + ( n - 1) gln- 2 + g21 ;] O'n for E < 0 (2.6) and g = �- + f!- 1 g2 + . . . + '1-(n - 1> g2n- 2 + g� <1n for � > 0. (2.7) 

Recursiyely <Jn can be shown to sa�isfy :the differential equation· 
D = /Jo = b + g 2 Sg4 

N = c 1 g21;1- 2 a; + g2n-21e1-2 U + <In V + g21�1 a; p
S .-� So "°t- Q Si + e 2S2 + ,/S3U = Uo + fl U;1 + . . . + tl"+ 2 Un+ 2V = Vo + e Vi + e 2 V2 + (1 3 V3 .

(2.8) 
(2.9) (2. 1 0) (2. 1 1) S0, Su S2, Uo, . . .  , Un+ 1 and V0, Vh V2 are functions of g2 with all derivatives existing near g2 = 0. U,, + 2, V3 and S3 depend on g2 and 

J. = (! g2 (2. 12) 

with all partial derivatives existing near l = g2 = 0. P is a polynomial and
(2. 1 3) 

By (2. 7---2. 1 1) and the continuity of UJ, V1, SJ the functions U, V and S are uni­formly bounded in 
for any function O' n with bounded (! 

I!! I � r
provided C > 0 is chosen sufficiently small. We begin by constructing solutions of (2.6) for J� I < I .  
(i) Case J� l < IWith the variable g2 1 �! the differential equation of <1 n �akes the form

d <111 N d g2i;I = D
N = c1 a; + g2n-4 !;1 U + g2-21e1 <In V + g2 a! p

D = b l� I +  l� l c2 s. 
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If n is chosen 
(2. I 5) 

·the ratio N/D is continuous at points un, g2 = 0 where Un is arbitrary and continuL­
ty with respect to g2 is defined from the right (g2 � +o). Although ( 1 . 1) originally
was derived for g2 >0 only it is now natural to include the points g2 = 0.

We begin with t.he discussion ofsolutions un which stay bounded for g2 � +o. 
Let M > 0 be arbitrary. We try to determine all solutions u,, of (2. 14) which are 
bounded by 

(2. 1 6) 

M > O, 'Y/ > 0. 

The bound M is arbin·ary, 'Y/ will be chosen as a suitably small number depending 
on M. For any yalue of M it can be shown that 

is bounded in some rectangle 

oN/D 
0 <1n 

(2. 1 7) 

with 'Y/' > 0 sufficiently small for given M. This implies a Lipschitz condition for 
N/ D in the rectangle (2. 1 7). Accordingly there is exactly one solution <1 n through 
every point of (2. 16) with a suitable number 'Y/ �'Y/'*. In particular, thei-e is exactly 
one solution <1 n (g2) with 

<1n = <1no at g2 = 0 for J<Tno I � M (2. 1 8) 

defined in the interval O � g2ltl � 'Y/· For the corresponding solution 2 of ( 1 . 1) 
the ratio l/g2 has the form 

(! = !! + + !! + 1 g2 + . . . + t!+cn- 1 ) C2 n- 2 + g2l!I <In, if E < 0,

t! = e- + f!- 1 g2 + . . . + e-cn- 1) g2n- 2 + g21e1 <1n, if E > o.
(2. 1 9) 

Functions <1 n and u n' which coincide at g2 = 0 lead to the same J.. Hence the con­
struction of ). does not depend on the order n of the remainder. This fact can be 
used to show that the solution with <1 n = 0 at g2 = 0 has a power series expansion 
in g2 • For (2.6) implies that in this case all derivatives of <1� with respect to g2 up 
to and including the order n - I vanish at g2 = 0. Then 

(1 
(! = t!± + t!±l g2 + . . . + t!± ( n - 1 ) g2n - 2 + g2Je l+2n-2 

g
2

n
"- 2 ----• For this the right-handed version of the Picard-Lindelof theorem is used. See Ref. 7, page 8.
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dn - 1  
1• <1n - 1· 

<1n (0 2) - 0 (0 < Q ., 1) un � - im (d 2)11 - 1  c, g - = u ::l! • ci-o g 82 ..... 0 ig 
Sjnce n is arbitrary the expansion (2.5) follows for , > 0 and (2.4) for , < 0. The condition n > 2 IE I was only needed for the existence proof. Since I� I < 
< 1 the leading asymptotic behaviour of e for g -+ 0 is given by

<1 is .defined by 
(! = !1+ + 821:1 .<1 (g2) for � < 0,Q = '1- + g2l;I <1 (g2) for , > 0. (2.20) 

<1 and <1 n have the same limit for g -+ 0. Hence there is exactly one solution a for each value <10 of <1 <1 = <10 at g2 = 0
and the solution !! with <10 = 0 permits the expansion -(2.5) if E > 0 and (2.4) if
� < 0. So far we have restricted ourselves to bounded functions <111• Bounded <111 always implies the weak coupling limits e- of e if E > 0 and e+ if � < 0. But inRef. I also power series solutions were found with the limit e + for � > 0 and a _  for , < 0. Such solutions cannot be obtained from bounded <1 n· We therefore ex­tend our investigation to arbitrary solutions <111 subject to the only condition that the functions e be bounded, 
where 1· > 0 may be arbitrary.We begin by proving that for any unbounded solution <111 the limit 

(2.22) 

follows. To this end it is sufficient to show that an unbounded solution <111 cannot have a finite cumulation point for g -+ 0. Suppose w were a finite cumulation point and y > 0, then we choose the bound M in (2. 16) such that M > w + y and w - y > -M. Let a;;: be the solutions determined by the initial condition<1-j:, = w± y at g2 = o. Choosing µ > 0 sufficiently small the pieces of the curves a;= over the interval O � � g2!f! � µ lie entirely within the rectangle (2. 16). As a consequence the region 
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of the g21�1, <In plane is a subset of (2. 1 6). All solutions passing through any point
in the neighborhood (2.23) of 01 have finite limits bounded by w ± r . This contra­
dicts the hypothesis that w is a cumulation point for an unbounded solution <111• 

In order to study the existence of unbounded <1 n we introduce the inverse 

<p = a;' . (2.24) 

Its limit corresponding to (2.22) is 

lim <p = 0. (2.25) 
g2-0 

Therefore, we need only consider functions <p which arc bounded for small g2 

d > 0, 17 > 0.

The differential equation of rp is 

(2.26) 

For bounded <p and (! this implies 

(2.27) 

Hence <p � 0 (or <p � 0) for sufficiently small g2 if E > 0 (E < 0). With this the
limits of unbounded a,, with bounded (! become 

lim a,, = oo if E > o, 
g2-0 

lim <1,, = -oo if � <  0. (2.28) 
g2->0 

Accordingly :the solutions <p to be considered may be restricted by O � <p � d
if � > 0 and -d � <p � 0 if E < 0. Only the case E > 0 will be treated further since
the corresponding analysis of the case E < 0 is similar. It is convenient to replace q,
by the function 

for which 

312 

d 1 . d x  1 ·r l: o 7. = <p an 1m -- = ---- 1 � > .• 
g2-.. o d gu · 2 Ca+ - e-) 

(2.29} 

(2.30} 
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Again we have bounded· z � 0 for unbounded an and bounded (! .provided .� >  0and g2 sufficiently . small. Accordingly we need only. =consider solutions with 
0 � z � d for O � g2i � 1/ (2.31)  

where. d >:0 .is-.ar.bitrary ond rJ ° > 0 sufficiently. small� By this (2.21) is automaticallyfulfilled with . · . : . 

x satisfies the diff ercntial equation
- . . (2.32) 

c g 2 n g2(11-e) 1 g2 N' =� + - 2 U + g21t-
4! U z2 + .ux + - v +, 2 4 (!!+ -!?-) : , .  · '!+ - !!- 2 f!+ - !!-

I E g2 + g20-e> Vz  + c2 P + - s 2 !?+ - f!-D' == _;b E - g2 e s.

Since we only need solutions with z· � 0 we may modify the right-hand side of (2.32) for z < 0. U,. V, S and P depend on x througlnhc variable ,i*. We redefineQ for negative x by setting 
al! e = (!_ + fJ - 1 g2 + . . .  + f!- (ll - l ) g2n-2 + @ (x) ----o____ (2.33)1 . . 

iv .L -g2l (n _ n )- 1 
'" I 2 .. + ._ _  

fJ (7.) == 1 for X � 0, fJ (z) = 0 for z < 0.
By this definition the discontinuity of fJ at z = g2 = 0 is not removed, but !! be­comes a bounded tunction for all z. This will be sufficient for our purpose. Forthe derivative 
can be shown to be continuous in 

a N' Br., D' 
o � g2: � 1]', Ix I � D,

* For the dependence of P on Q see (2.13).
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provided 11' is made small enough for given D > 0. Hence for each given value Xo with � Ixo I < 1/ where TJ > 0, 1/ � r( there is exactly one solution z with
X (0) = Xo· (2.35) 

Solutions· for negative Xo are of no interest since the form of the differential equation was changed in that case. Solutions with ·positive Xo correspond to bounded func­tions <1 n and have already been dealt with before. The only new solution is the onedetermined by 
z (O) = 0.

The corresponding function <1 n is the only unbounded solution of (2. 14) with boun­ded '2· Because of (2.5) and (2.29) the limit of (! becomes 
= (! + • (2.36) 

It can be verified that all derivatives of this solution e with respect to g2 exist at g2 = O*. Hence the solution ). of (1 . 1) with unbounded <Jn leads to an asymptoticexpansion 
(! = f! +  + � f.!+ n K211• (2.37) 

11= 1 

Similarly for � < 0 there is just one solution of unbounded <1 n· It allows for a power series expansion of e with limit e _ for g2 4 0.Using (2.20) we may now restate the result concerning unbounded <1 n (n > 
> 2 j � I) in terms of <1. There is exactly one solution l of ( 1 . 1 ) with unbounded <1. It allows for the expansion (2.4) if � > 0 and (2.5) if E < 0. The weak coupling limits of <1 are 

lim <J = -oo
g2-0 

if � >  0, 
if � <  0. 

The results of this sectiox;i are summarized by the following th�orem: Theorem 1 .  If the characteristic exponent � lies within the interval O < I� J < 1 all solutions A of ( I . I ) with bounded ratio i./g2 are of the form ). (g2) = {!- g2 + g2H2<J, if � > 0,lim <I = cr0, <10 finite or <10 = oo,
g2-0 

(2.38) 
* To this end the iterated solution of (2.32) is used whose convergence is established in the

proof of the Picard-Lindelof theorem. Sec Ref. 7, page 8. 
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i. (g2) = (!+ g2 + g21�1+2 a, if � < O, 

lint a = a0, O'o finite or 0'0 = -oo.
g2-0 

For each value a0 there .is exactly one solution ?efined on some interval 

o � g2 � C, C > o.

(2.39) 

For vanishing or diverging a0 the solution possesses a power series expansion 

i. (g2) = (!+ g2 + :t f!+n  g2n+ 2,
n= l 

if � > 0, a O = oo or � < 0, a0 = 0, (2.40) 
and 

J. (g2) = l?- K2 + :t f!-n g2n+ 2,
n ... 1 

if e > 0, a0 = O or E < O, a0 = -oo. (2.41) 

(ii) Case 1� l > 1
In this case the existence of solutions can be established by using the differen..: 

tial equation of O'n in its original form (2.8). Taking n > J� I  + 1 a Lipschitz con­
dition is verified for the right-hand side of (2.8) ·so that there is exactly one solution
an through every point of a rectangle (2. 16).

Next we discuss unb_oµnded solutions �n with bounded function fl· As in the 
case I � I < 1 the limit (2.22) follows for any such an· Therefore we need only consi­
der the inverse <p = a; 1 with vanishing limit (2.25). For I� l > 1 it is more involved to
establish (2.27). First we prove by inductioi:i that 

(2.42} 

for any integer m with O < m < e. <p satisfies the differential equation 

- (b + g2 S) :;2 = c 1 g21 e1-2 + g21,-21 e1-2 U cp2 + V <p + g2ie1 P. (2.43)

Taking the limit g2 -+ 0 we obtain 

lim d � = 0 if lim <p = 0.
gz .... o dg i:2-0 
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Hence ·(2.42) follows for m = 1 .  We now consider integers m' < m' + 1 < � assuming that (2.42) has been proved for rn = m'. From (2A3) : 
( ' -1- l) (b +· 2 S) d 'P . ·�- m I g d g2m'+l -

= Ct g2! $l- 2m'-2 + g211-2m'-2l ;J -2 U <p2 + V g-2m' <p + g2;�l-m' P.
Then all terms vanish in the limit g2 ->- 0 on the right-hand side so that (2.42) fol­lows for ni = m' +..] . In order to prove (2 .• 2.7) we introduce g21�1 as variable of(2.43) : 

-E (b + g2S) d ::e, = C1 + g2'r-4l;I u <p2 +·g2-21e1 V <p + g2 P. (2.44) 
Lct ·m be- the largest integer below IE I · Then 

m <  l� J < m  + I 
o that

limg2u -1e1J 'P = l�m g2c11+1- 1e1, • lim ;na = O.
z;:Z-0 ,2-0 g2-,.0 g 

Hence applying the limit g2 ->- 0 to (2.44) we get the desired relation (2.27). Thus (f) � 0 (or <p � 0) for sufficiently small g 2 if � >  0 (,; < 0). :  The limits of u�boun-�ed <1 n with b9unded e becom� (2�28). . 

form
. , According to (2.27) the solutioi,.s 'P may be restricted .by O � <p � d if � > 0 and -d � <p � 0 if E < 0. In the following. discussion we only treat . the case 
� > 0. Instead of <p we introduce the function x d��ned QY (2.29) and the variable g2B  with O < e < 1 .  In terms of the. n w _varfables · the differential equation has the

dz , N d g23 = D
1 g2(n+ e-e) g2(n-B) 

N = -· C1 g2($-B) + u + g2(,r-;-e) z2 u + X u + 2 4 ((!+ - f!-)2 !?+ - (!-I g2(H l -a) Eg2W!-1-e) 
+ _ V -!- g2<1-a) V z + g2CH1-£) p -I- ---- S (2.45)2 (!+ - e- 2 Ce+ - a-) 

D = -b B - g2 8 s. 
The right-hand side is modified again for z < 0 by inserting (2.33) for the variable f!· Then a Lipschitz condition holds and there is exactly one solution through every point of a rectangle 

0 � g'a � C, IX I < C, C > 0. (2.46) 
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The only solution corresponding to an unbounded O'_n with bounded Q is determined by 
X = 0 at g2 = 0.

For this solution the weak coupling limit of Q becomes 
lim e = e+ · 
g2-+0 

All derivatives of e exist at g2 = 0 so that an asymptotic expansion (2.37) holds. Similarly for E < 0 there is just one solution of unbounded <111• It allows for a power series expansion of e in g2 with limit Q- for g2 -+ 0. For the existence proof we took integers n > 1E I + l .  But for the formulation of the results it is more natural to use the ltirgest integer n b!low 1e 1 + 1 
n < IE I + l < n + 1 . (2.47) 

Only then the remainder g21e1 <In is of higher order than the other terms of (2.4-5).The relation between <1"' with n being the largest integer below j � I + I, and any
<In, with n' > 1e 1 + 1 is 

<1n = l!±n g2(n- lm + . . .  + !?±(n' - l ) g2(n'- l - l�I) + <1n' •

Hence <1 n and <Jn' have the same weak coupling limits and all statements concerning solutions of ( 1 . 1 ) apply to the remainder with (2.47) as well. The final results are summarized by: 
Theorem 2. If the characteristic exponent E is not an integer and ·1E r > 1 all. solutions A of ( 1 . 1 ) with bounded ratio Ji./g2 are of the form 

and lim <1,1 = <lo,
g2-0 

<10 finite or <10 = �' 

lim <1 n = <10, <10 finite or <10 = -co.
g2-0 

(2.48) 

(2.49) 

n is the largest integer less than IE I + 1 .  For each value <10 there is exactly one so-Iution defined on some interval 
For vanishing ·or diverging <10 the solution possesses a power sed� expansion (2.40)or (2.41), respectively. · · · · · 
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3. Integral characteristic exponent

(i) Case � = 0In order to remove the singularity of the differential equation ( 1 . 1) in the case
� = 0 we introduce a function -r by 

where 
b l 

(! = {!o - 7a°" T + Jn g2

C2_ - beo = -

denotes the coinciding roots (!± of ( 1 .9). T satisfies the differential equation 
( c2 s) dT - c. C In 2) 2 u I < 2) 

s
I + ,; d2 - b2 T +  g + b  i- + In g s - ,,. g 

with functions S, U as in (2.9) and (2. 10) (n = 1) .  Explicitly U is given by
U = T - (!o S 

(3. 1) 
(3.2) 

(3.3) 

(3.4)

(3.5) 

Replacing g2 in (3.3) by the variable g2s with O < e < l the differential equation of T takes the form 

N = :� g2(1 -e) (T + In g2) 2 U + -} c2(1 -s) {T + ln g2) s - } g2(1-e) s (3.6)

for which the right-hand side satisfies a Lipschitz condition in a rectangle 
(3.7) 

M > 0 is arbitrary and 17' > 0 sufficiently small for given M. This implies the existence and uniqueness of solutions in a domain (3.1) with 17' replaced by_ a num­ber 17 > 0 with 17 � 17'. 
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It remains to discuss solutions ). of ( I . I )  for which T is unbounded while !!
stays bounded. Accordingly we consider solutions of (3.3) for sufficiently small g2 

which are subject to the condition 

b I lr, I = loo - - -- 1 :s; A"' .. 
C T + 1n g2 -

with arbitrary A > 0. Similarly as for non-integral � it can be shown that 

(3.8) 

(3.9) 

for any unbounded solution T with bounded !!· Instead of T we introduce the in­
verse 

. (3. 1 0) 

which satisfies the differential equation 

dy, N'
dg21: = D' (3. 1 1 )  

N '  = ;! g2Cl -1:) ( 1 + 1/J In g2) 2 U + + g2(1 -o) 1/J - -} g2(1 -e) '11 2 S 

The solution v, corresponding to unbounded T and bounded (! has the limit 

lim ,p = 0 (3. 1 2) 
g2-0 

(see (3.9)). Accordingly we need only study bounded solutions 11' of (3. 1 1) with
bounded f!· A regular version of (3. 1 1) is obtained if in the expressions U and S
the variable e (also occuring through ). = g2

(!) is ·replaced by 

if 

and 

if 

"' b 
(! = !!o - Ci 11'- 1 + In g2 = !! 

I l 
'I' < !In g2 J + r or tp > 1In g2 J - r
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(3. 1 3)

(3. 1 4) 

(3. 15) 

(3. 1 6) 
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r > 0 is arbitrary with the bound 17 in (3. 1 3). chosen such that 
ln g2 < -r implying 

jln g2 J + r > 0.

Then e is a bounded function of g 2 in (3. 13) since 

if 1/J satisfies one of the inequalities (3. 14). With e substituted for e we obtaina differential equation 
d1p _ N" 

d g28 - D''

for which the right-hand side satisfies a Lipschitz condition in a rectangle 
0 � g26 � 17', 111' I � C, rj', C > 0.

Hence there is exactly one solution 1/J" with 
lim 1/J" = 0. 

gZ-0 

We want to show that there is also only one solution 1/J' of (3. 1 5) with 
lim 1/J1 = 0 and e 'bounded. 

g2-.0 

The differential equations (3. 1 1) and (3. 1) imply 
d 
;e = 0 at g2 = 0 (for bounded 1/J1 and e), 

d ,,d:28 = 0 at g2 = 0 (for bounded w").
Combining this with (3". 19) and (3.20) we get 
or 

· lim 1/J' In g2 = 0,
g2-.0 

lim 1/J" In g2 = 0, 
g2-0 

(3. 1 7) 

(3. 1 8) 
(3. 1 9) 

(3.20) 

(3.2 1 )  
(3.22) 

(3.23) 

(3.24) 
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respectively. With this information it becomes possible to prove that ·a solution 1P' of (3. 1 1 )  with (3.20) also solves (3. 1 7) with (3. 1 9) and vice versa. Let 1P denoteone of these solutions. Negative values of TJJ imply (3. 1 6) so that e = e .  For 1P � 0we use (3.23) or (3.24) which also imply ("'3. 1 6) for sufficiently small rJ in (3. 1 3). Hence in any case the right-hand sides of (3. 1 1 ) and (3. 1 7) are identical and so are the solutions 1P' and 1P" with the properties (3.20) or (3. 1 9). This completes the proof that there is precisely one solution 1P of (3. 1 1 ) with the property (3.20). As aconsequence there is one and only one solution of ( 1 . 1 ) for which T is unboundedwith bounded (!, We finally show that the solution e with unbounded T allows for a power se­ries expansion. To this end we introduce the remainder G n by 
and set (! :.:_:. (!o + (! 1 g2 + . . .  + e,, - 1 g211 - 2 + '1,,

b I 
(] - - -------n C 1  T,, 

+ In g2 • 

The functions T and T,, are related by 

W c are interested in the solution of ( 1 . 1 ) with
lim IT,, I =--c oo which implies g2-0 

lim "Pn =-= 0 for 1/'n :-cc r;; 1 • 
g2-0 

1J),, satisfie� the differential equation 

(3.25) 

(3.26) 

(3.27) 

(3.28) 

(3.29) 

- e ( 1 + g: S) 1;;, = f!- g2(n-•l (I + 'Pn In g2) 2 U - }  g2( 1 - •l ,p. ( 1  +

in the notat ion of equation (2.8). From this and (3.29) 
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lim _1J'n = 0
82_ .. 0 g2(1 - s) 

(3.30) 

(3.3 1 ) 
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follows. This information may be used to start an inductive procedure for deter­mining the weak coupling behaviour of 1/J,,. In terms of the variable g2 the differential equation (3.30) takes the form 

Inserting (3. 3 1 ) on the right-hand side we find 
lirn 11': = 0 for n > 1 ,

gl-•O g-

(3.32) 

if (3.29) holds. Using this result again on the right-hand side of (3.32) an estimate for 1J',,/g4 is found. By induction we finally arrive at the converging limit 

implying I. 1p,, C1 1· U1m 211 = - -
b

., nn 
g 2-•0 g 1l - g2-.0 

tp,, = 0 (g2"). 
Since ,i can be chosen arbitrarily large in the form 

- + 2 + + 2n- 2 b V'n !! - !!o !! t  g · · · !?n- t g - - I + I i
of (3.25) we find an asymptotic series 

!! = l: (}J g2J 
j=O 

C1 1/Jn n g  

for the solution of ( 1 . 1 )  with T diverging in the weak coupling limit. We summarize the results by the following theorem: 

(3.33) 

(3.34) 

(3.35) 

Theorem 3. If the charactedstic exponent e vanishes all solutions of ( 1 . 1 )  with bounded ratio A/g2 are of the form 

322 

i. ( 2) - 0 2 - b g2 . g - _ o g 
C1 T + ln g2

lim 't' = To, To finite or lim j't' I = oo.
g2-0 g2-0 

(3.36) 
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For every finite value of -r0 and for diverging T there is exactly one solution defined on some interval 

o � c2 
� C, C > o. (3.37) 

For diverging T the solution possesses a power series expansion 
). (g2) = (!o C2 + l: (!,, g2n + 2. (3 .38) 

11= 1 

(ii) Case E =ft 0In case of integral non-vanishing E a  fom1al expansion of !! = ).fg2 was deri­
ved in Ref. 1 which also involves logarithms: 

l.; 1 - 1  f! = f!+ + l: !2 +1 C2J + d+ g?J.;: ln g2 + . . .  if � < 0,i= I 
i; ! - 1 f! = f!- + l: !!-J g2J + d_ g2; In g2 ,+ . . .  if � > 0.
j= l 

(3.39) 

The remainder T defined by 
IE l-1 {! = !!+ + :£ !!+J C2J + d+ g2!;1 ln g2 + g2 iEI T if � < 0, (3 .40) 
j=I E- 1 (! = Q- + l: {!-J g21 + d_ g2E Jn g2 + g2� T if � >  0
j= I 

satisfies a differential equation of the form 
dT N d g2: = D ' 0 < e < I ,

+ g2Cl.:l + l-e) p (1 2 _ C g2(1- e) S,
<1 = d± 1n g2 + T,
D = b e + e g2 S 

with functions S, V as in (2.9-10). R is of the form
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where Ro, . . .  , R1;1+2 are functions of g2 with all derivatives existing near g2 = 0.R1;l +3  depends on g2 and }. = e g2 with all partial derivatives existing. near A == g2 = 0. Il0 is a polynomial in g2 • P and fl1 are polynomials in g2 and the varia­ble (2. 1 3) .  The right-hand side of (3.4 1 )  satisfies a Lipschitz con4ition in a rectangle (3.7) so that the existence and uniqueness of solutions is implied in a rectangle (3 .7) with r/ replaced by 17 > 0 with ·YJ � r] ' . This covers all solutions which stay bounded for g2 -+ 0. As in the previous cases unbounded solutions -,; have the property 
1im !1: I =  oo (3.42) 

g2-.. 0 so that <p = -,:- 1 (3.43) has the limit 
lim <p = 0. (3.44) 

g2-.0 As in the case of non�integral · I� ! > 1 it can be shown that the limit (2.27) holds.Then lim 7: = 00 if � > 0,
c2-o 

lim 1: = -oo if � < 0. (3.45) 
g2-.0 

Instead of <p the function x defined by (2.29) is introduced for which (2.30) holds. 
If � >  0, we need only consider solutions 1. in a domain (2.3 1 ) .  x satisfies the diffe­rential equation 

dx N e g2Ct;-e) - = -<p2 - - - --- (� > 0).dg2e D e e + - e-
(3.46) 

Since only non-negative solutions z are of interest, we modify the right-hand side of (3.45) for 1. < 0 by substituting 
e- t u (! = fJ- + :E e-1 g21 + d_ g21i 1n g2 + fJ (x) · ___ g __
j= t + I .,� ( ) - 1X 2 g- !! + - f! -

e (1.) = 1 for X � 0, e (x) = 0 for X < 0 (3.47) 
for the variable e, Then the right-hand side of (3.46) satisfies a Lipschitz condition.There is exactly one solution with 

x (O) = 0.
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This solution· determines the only unbounded solution -r of (3.41) with bounded (!· By (3.47) the limit of e is 
lim e = e+
g2--0 

(3.48) 

for this unbounded solution. As for non-integral � it can be shown that an asympto­tic expansion (! = e+  + L (!+n C2" (3.49) 
11= 1 holds. Likewise an asymptotic expansion 

(! = (!..,, + l: e- ,, g2n (3. 50) 
n = l 

follows if the coefficient d _ = 0. Then the coefficient 
(3. 5 1) 

can be chosen arbitrarily by taking the solution -r of (3.41) with initial value -r0 at g2 = 0. With a similar discussion of the case � < 0 the final results can · besummarized by the following theorem : 
Theorem 4. If the characteristic exponent � is a non-vanishing integer all solutions l cf ( 1 . 1 )  with bounded ratio lfg2 arc of the form 

and 

; - 1  
i (g2) = (!_ gz + l: (!-J g2J+ 2 + d_ g2H2 1ng2 +c2.:+2 1:

j= l 

lim -r = -r 0, -r O finite or TO = oo, if � is a positive integer, 
g2-,0 

lim t" = To, T0 finite or To = -oo, if � is a negative integer. 
g2-,0 

For each value of -r O there is exactly one solution defined in some interval 
o � g2 � C, C > o.
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(3.52) 

(3.53) 
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). (g2) = ('+ gl + :E (!+Jg2J+2 + d+ g2Jl+2 Jngl + g2i�!+2, 
j=I 
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For vanishing d± and finite To the solution possesses a power series expansion 
00 A (g2) = fl- g2 + � Q-i C21+ 2  if � > 0, d_ = O,j= l 
00 l (g2) = e+ g2 + � e+1 g21+ 2 if E < o, d+ = o, 

j= I 

(3.54) 
(3.55) 

with e-e = a0 or !?+ ill = a0, respectively. Thus there is a one parametric familyof solutions with power series expansions if f is a posjtive integer and d _ = 0 or � is a negative integer and d+ = 0.For diverging To the solution possesses a power series expansion 
). (g2) = (!+ g2 + � fl+ n C2n + 2o if � > 0, 't'o = ex:>, (3.56) 

n=l 
and 

00 i. (g2) = r!- g2 + � fl- n Kl n + i if E < 0, To = -CO. (3.57) n= l 
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Originalni znanstveni rad
Za modele kvantne teorije polja bez mase s dva nezavisna vezanja, invarijantnost na renormalizacionu grupu znaci diferencijalnu jednadzbu koja povezuje efektivna vezanja g i i.. U najnizem redu pretpostavljeno je da P-funkcija od g2 ima oblik bg4 sa b � 0, dok je P-funkcija od l opceg bilinearnog oblika u J. i g2 .. Za egzaktni sistem, rjesenja diferencijalne jednadzbe proucavana su u blizini singulame tocke ,t � g � 0. Odredena su sva rjesenja l (g2) za koja omjer i�/g2 ostaje vezan u granici g -+ 0. Za male vrijednosti od g dobiven je eksplicitni oblik asimptotskog ponasanja u skladu s formalnim asimptotskim razvojima nadenima ranije. 
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