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It is shown that the familiar connection between spin and statistics holds for mas-sive particles carrying a noo-localizable charge. 
1. Introduction ·

Since its first formulation more than forty years ago, the spin-statistics theo­rem 1 > has undergone a number of refinements which have largely clarified its phy­sical foundations, cf. Ref. 2 and the references quoted there. A conceptually very satisfactory derivation has been given in Ref. 3. There it was shown that particles carrying a localizable charge, such 2s baryon number or strangeness, can only be (para-) bosons or fermions. Other statistics are excluded by the principle of locality 
of observables. Moreover, it was found that there exist local field operators (with riorµisl spacelike commutation relations4l) which generate the particle states from the vacuum. Using the methC'ds developed in Ref. 5 it was · then possible to esta-blish the familiar relation · 

(- 1) 2s = sign A 
between the spin s and the statistics param�ter l of these particle-;.
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It is a remarkable fact that these results can be derived from first pt inciples
withot•t any a priori information on non-observable quantities, such as charge­
-carrying fields. The assµmption that the particles carry a localizable charge is, 
however, crucial. This requirement restricts the range of application of these re­
sults to the cases which were already covered by the classical arguments. 

It is the aim of the present note to extend the spin-statistics theorem to par­
ticles carrying a non-localizable charge ( e. g. a global gauge charge or a topologi­
cal charge). In order to avoid unsettled infrared problems*> we will restrict our
attentior to theories with a completely massive particle spectrum. It is then rea­
sonable to assume that the single particle st3tes arc described by vectors in the 
subspace of some irreducible representation of the Poincare group or its covering
group, respectively, and that the mass hyperboloid of each particle is· separated
by a mass gap from the rest of the energy-momentum spectrum in its super-selec­
tion sector. 

Using the latter assumption and the spacelikc commutativity of observables
it was shown in Ref. 7 that single particle states are local or string-like excitations
of a vacuum state. A string-like localization is exactly what one expects from a par­
ticle carrying a gauge charge or a topological charge; in view of the results in Ref. 
7 this is, on the other hand, the worst possible dislocalization. We mention as an aside
that charged states with such localization properties have recently been constructed
in a Z2 lattice gauge theory with matter fields8>. 

The string-like localization of particles established in Ref. 7 still allows one
to determine the statistics of these particles and to construct collision states with
the appropriate symmetry properties. As in the case of localizable charges only

- (para-) Bose- or Fermi statistics can occur7>; the so called infinite statistics, which
was left open as a possibility in Ref. 3, has been excluded in Ref. 9. So both the
left hand and the right hand side of relation ( 1 . 1 )  are intrinsically defined for mas­
sive particles carrying a nonlocalizable charge. Hence what remains to be done is
to establish the equality sign in this relation. 

This task is facilitated by recent developments in Ref. 4 which make possible
a translation of the results in Ref. 7 into a field-theoretic setting. For later reference
we state the properties which are relevant to our analysis.States : The physical states of interest are represented by vectors in some Hilbert
space :Yfl. On JI' there exists a continuous, unitary representation 

(a, A) -> U (a, A) ( 1 . 2)

of the Poincare group 9'1, or its covering group a't, and the translations U (a) : =
= U (a, I )  fulfil the relativistic spectrum condition (positivity of the energy).
The (unique) vacuum state is represented by a vector !J which is invariant under 
Poincare transformations U (a, A), and to each particle type t there corresponds a 
subspace :K, c .YI' on which the unitaries U ( a, A) act as an irreducible representa-
tion of &'l with mass m, and spin s,. 

* Note that the fundamental problem of defining the spin and statistics of infra particles is
still open, cf. Ref. 6 and the references quoted there. 
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Fields: For each particle of type t there exists a family of linear spaces �' (9') of(bounded) operators on .Yf which are labeled by the spacelike cones*> .9' c: R 4• The operators ,p e �, ( .9' 1), called fields, have the following commutation and co­variance properties i) If 9' 1 and f/ 2 are spacelike separated and if 11' 1 e �,  (. C/' 1 ), ,p 2 e � 1 ( .9' 2), then
* . , * 11'2 , • 11'1 = sign 11., • 1/'t  • 11',. , ( 1 .3) 

where )., is the statistics parameter of the particle in question. Thus sign l, = 1if the particle is a (para-) boson and sign l, = - 1 if it is a (para-) fermion.
ii) If ,p e �, (f/), then

U (a, A) 11' U (a, A) - 1 e �' (a + A ·  9'), ( 1 . 4) 

where a + A . .9' is the Poincare-transformed region f/. We may assume (if necessary, after a regularization) that the operator-valued functions (a, A) -> 
U (a, A) 1P U (a, A)- 1 are smoth, i. e. C00

, in the norm topology.iii) Let E (L'.1), L1 c: R be the spectral projections of the mass operator on .YI'. Thenwe have for each spacelike cone .9'
and there exist non-zero vectors in E ({m,}) �' (f/) Q. Moreover,

E (LI "- {m,}) ,p !J = 0 for some open neighbourhood LI of m, and all w e �. (9'). 

( l .5) 

( 1 .6) 
iv) The vacuum has the Reeh-Schlieder property in the following sense: if 9' 1 , f/ 2 are arbitrary spacelike cones, then 

( 1 .7) 

i. e. the fields in a fixed cone generate all states of a given charge. Similarly, one hasfor the »charge-conjugate sector«
( 1 .8) 

where � ,{9')* = {tp* : 1J' e �. (9')}. 
* A spacelike cone .9'CR4 may be visualized as a string which fattens. It can be represen­

ted in the form .9' = a + U ;,  · (!}, 
A>O

where a e R4 and � c R4 is some open double cone whose closure lies in the causal complement 
of the origin. 
Notation: if .9', !1'1, !1'2 are subsets of R4 and ). E R  we set ). · .9' = {i. · s : s e .9'} and !1'1 ±± !l':z = S1 ± {s2 : St E .9'u S:z E .9',.}. 
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We recall that the existence of the fields 1P follows from the fundamental prin­ciple of locality of observables and the assumption that the mass hyperbol_oid of the states in Yt, is isolated from the energy-momentum spectrum of all other states in the same superselection sector4• 7>. This result may be regarded as the solution of the »one-particle problem<< of collision theory 10> . As we shall see, the locality and covariance properties of the fields 1/J provide enough 11analyticity in momentum space<< so as to establish the connection ( 1 . 1) between the spin and statistics of particles carrying a non-localizable charge. Thus, as far as the kinematical properties are concerned, there is nothing exotic about these particles. This raises the question of how these particles can be distinguished from their localizable counterparts in collision processes. What immedi11tely comes to mind is that the analyticity properties of the corresponding S-matrix should differ from the one established for localizable particles 1 u. At first sight this possibility does notlook very attractive, because it deviates from the view that the analyicity of the S-matrix agrees with the indications of perturbation theory. But on tht other hand it is conceivable that a less stringent analytic structure of the S-matrixemight allow one to avoid some no-go theorems, without coming into conflict with the principle of locality of observables. (For speculations in this direction see the conclusions in Ref. 7). It would therefore be desirable to gather more information about the struc­ture of the S-matrix of particles carrying a non-localizable charge. 
2. The two point function in momentum space

We begin with an investigation of the two point functions of the fields 1/J· It our aim to establi�h certain specific analyticity properties of these functions in is momentum space. In order to simplify the subsequent geometrical discussions we fix a Lorentz frame and consider a special set of spacelike cones. Namely, let :Z c R 3 be any open, convex, salient cone in the time t = 0 plane of Minkowski space R 4 and let .9 = ft.'' be its causal completion . Then .9 is a spacelike cone (cf. footnote on page 33 1 ) with apex at the origin of R4 • Since we will only comider spacelike cones .9 which are obtained in this way we can identify them with their »base<c .9. We will also deal with the dual cone � of .9, i. e. the set*> -
.9 = {q e R4 : q_ • ! > 0 for all ! e .9 " {O}}. (2. 1 )  

Note that the dual cone of a salient cone is open and nonempty. Now let .9 1 , 9' 2 be cones such that .9 1 , 2 : = .9 2 - .9 1 is salient, and let1/J, e % (.9,), i = 1 ,2 be fields satisfying the conditions· ( 1 .5) and ( 1 .6) .  (We omit theparticle index t in the following). Then we consider the functions on R4 
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w.+.2 (x) = (Q, 1/J� U (x) 11'1 D) (2.2) w�.2 (x) = sign A • (Q, 1/J1 U (-x) 11'! Q),
. . 

*> For a, b e  R4 we set a · b = a0b0 - _g • ! and a2 = a · a.
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and the commutator function 

C1 , 2  (x) = ,zo:.2 (x) - r.u�.2 (x). (2.3) 

The Fourier transforms of ·wt:1 are measures which (because of the spectrum 
condition) have support in the forward and backward lightcones f;\ and V _ ,
rcspecthtely. Bearing in mind the spacelike commutation relations ( 1 .3) of the fields 
and the covariance properties ( 1 .4) it is clear that C 1 • 2 (x) vanishes whenever x e 
e (9'2 - 9' 1)' = -9'� .2 • Thus C1 , 2 has support in the region 9' 1 .:2 + t\ u V� : 
Next we decompose C1 , 2 into an advanced and retardcc;i part, setting 

a 1 , 2  (x) = fJ (-x0) • C1 . 2  (x) 

r1 , 2 (x) � -8 (xo) • C1 , 2 (x). (2.4) 

Since supp a 1 , 2 c �� • .  ; + V_ and supp 1· 1 • 2 c � 1 • 2 : v; it follows that 
the Fourier transforms a 1 , 2 (p) and r 1 , 2 · (p) arc boundary values (in the sense of 
distributions) of two functions which are analytic in*> {k =--= p + iq : q e V + n .¥1 , 2} 
and {k = p + iq : q e V _ () 9' 1 , 2}, respectively. The same is true forthe amp�ta-

ted functio�s 2
1
ni (p2 ......, m2) a1 , 2 (p) and 2

1
ni (p2 - m2) r 1 , 2 (p). Now since -a\ .2 (p)

- ;: 1 ,  2 (p) = c· 1 • 2 (p ), these amputated function� coincide in the region

{p : p 2 < O} U {p : J/ P2 E LI, Po > O} (2.5) 

because of the spectrum condition and the fact that the mass hyperboloid of the
partic�e is isolated, cf. relations ( 1 .5) and ( 1 .6). So the corresponding analytic func­
tions are actually branches of a single function lt 1 , 2 which is analytic in th� · domain 

(2.6) 

where LJ 2 : = {µ2 : µ e LI}. This can be proved either by using the Jost-Lehmann­
-Dyson representation 1 2> or by a direct geometric method (cf. the remarks below).

Taking into account that the opcr2tor-valued functions (x, A) �
U (x, A) v, I U (x, .:'1) - 1 are smooth, it can also be shown that h1 , 2 (p + iq) has a C00 

boundary value as q �  0. ,Thereforc, if VP2 e .J, one obtains for the Fouder trans­
form of the commutator function the representation 

c. , 2  (p) = h1 , 2 (p) 15 (P2 - m2), (2.7) 

* We reserve the letters p, q for elements of R4 and the letter k for elements of C"".

FIZIKA 17 (1985) 3, 329-343 333 



BUCHHOLZ AND EPSTEIN: SPIN AND STATISTICS . . .

and consequently (because of the spectrum condition) 
(1P2 !J, U (x) E ({m}) tJJ 1  !J) = f d4 p 8 (Po) t5 (p2 

- m 2) h 1 , 2  (p) e•px (2.8) 
(1p'f !J, U (x) E ({m}) 11'! !J) = sign � · J d4 p e (Po) " (p2 

- m2
) h1 , 2  (-p) e1P·�. · We note that the existence of antiparticles can be derived from this resut 7 •9> :namely, if the first function in (2. 8) , is different from 0, the same is n·ue for the se­cond one because of the analyticity properties of h 1 • 2 • Hence if the vector 1/J !l has a nonvanishing component in the single particle space :ff, then the charge-con­jugate vector 1/J*!J has a nonvanishing component in some single particle space .Yfc with the same mass as :ff. We will see below that the states in %c have also the same spin as the states in .if". We conclude this discussion of the two point fw1ctions with a description of the domain of analyticity of h 1 • 2 on the complex mass hyperboloid k2 = m2 • Accor­ding to (2.6) this domain is given by 

(2.9) 
We shall prove that I'1 , 2 is an open simply connected subset of the complex hyperboloid. Choosing proper coordinates, we may assume that the vectors q = (qo, q 1, 0, 0), q 1 > 0 arc elements of Y 1 • 2• Then we consider the Lorentz transformations/Je , e e R acting on k = (ko, k 1, k2, k3) according to 

,i le • k = ( COS €J ' kO -1- i Sill fJ • k 1, COS €J ' k 1 + i Sill @ kO, k 2, k 3). (2. 1 0)
If p e H+ ,  where H± = {p : p 2 = m 2, ± Po > 0} (2. 1 1 ) 
are the positive and negative shells .of the mass hyperboloid, respectively, · it follows immediately from (2. 1 0) that Ae · p e I'1 .2 if O < e < 1t ; 'moreover, An · p e H_ . Conversely, if k' = p' + iq' e I'1 , 2 and q' = (q'0, q' 1 ,  0, 0), q' 1 > 0 one finds bya straightforward calculation a unique p e H+ and e, 0 < e < 1t such that110 • p = k'. Changing· the direction of q = (qo, q1 , 0, 0), q 1 > 0 by rotations cne obtainsin this way a complete description of I'1-, 2 • In ·particular one obtains a contraction of I'i . 2 onto H+ (by letting· e decrease to 0) or onto H _ (by letting e tend to 1t),thus I'1 , 2 is simply connected. We note that-this description of I'1 , 2 allows a simple direct proof of the asserted analyticity of h 1 • 2 •

3. Single particle wave functions

In the next �tep of our analysis we examine the wave functions of the single particle states E ({m}) 1P [1 in momentum space. We begin with some notation. 
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We denote by L! and L+ (C) the covering groups of the conne'-1:ed real and complex Lorentz groups, respectively. As usual, the group L+ (C) is identified with
SL (2, C) x SL (2, C) and Lt with its subgroup consisting of the elements 1J : = 
= (A, A) e SL (2, C) )<'. SL (2, C). If p e R4 we set 

£ = po • <10 + !! · � and p = po · a O - I}_ • �' (3. 1 )

where a0 is the 2 x 2 unit matrix and <1,, i = 1 ,  2, 3 are the Pauli matrices. For:l :  = (A, B) e L + (C) we define .d · p by
({!p) : = A p BT.

Since p · !!, = p2 <10 this implies ,.,, ,.., (3.2) 

(3.3) 
According to our assumptions the vectors E ({nz}) 1J' !1 are elements of the given subspace % c :Yt' on which the unitaries U (a, A) act as an irreducible re­presentation of �l with mass m and spin s. We may therefore identify :K withthe Hilbert space L2 (H + , s) of c 2s+  1-valued functions <p = {cpcx}cx= -� • • . ,s on H +which are eql;J_ipped with the scalar produc� 

(<p i , <p2) = :E J d4 p e (Po) � (p2 - m2) 'P1 cx  (p) !r� (p) <fip (p). (3.3') 
cx,IJ 

Here �s is a well known representation of G L (2, C) which satisfies 
for AI e GL (2, C). Setting 

qs (4) :  = �s (A) if 4 = (A, B),

the irreducible representation U1 ofP7'! on L2 (H + ' s) is given by 
( U1 (a, ii) 'f)cx (p) = :E e

l11a • .9�/1 l..•l.) 'I'P (A - l p).
{l 

(3.4) 

(3.5) 

(3.6) 

The identification of :YI' with L2 (H +, s) is established by a unitary V, map­ping .;t'" onto L2 CH+, s), such that 
V U (a, 11) t % = U1 (a, /1) V.

In order to simplify notation we write 
( VE ({m}) 'P .Q)cx (p) = :  ('f/' D)cx (p) a = -s, . . .  s.
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In view of the fact thnt the field operators 1/-' transform smoothly under Poin­care n·ansformations, it is clear that the wave functions ( 1J' D)a. (p) are smooth on H + .  I t  is our aim to extend them analytically to certain specific domains of the complex mass hyperboloid. To this end we choose fidd operators tpp, fJ = -s, . . .  s such that for all Lo­rentz transform;.itions A in some neighbourhood of the identity 1 e I! 

U (0, !1) tpp U (0, A)- 1 e � (9"). 
Moreover, we a3sumc that the (2s + l ) x (2s + 1 )  matrix 

lJf r41 (p) : = (1pp rJ)a. (p) a, fJ = -s, . . .  s
(3.9) 

(3. 10) 

is invertible in a neighbourhood of some point p<0> E H + . (That such field · opera­tors exist follows from relation ( 1 .5) an4 the Rceh-Schlieder property ( 1 .7) of !J). Similarly, we choose field operator.; 'f/Jp, {J =: -s, . . .  s, localized (in the sense of relation (3.9)) in the opposite cone --.9", such that the matrix lJ';p (p) is also inver­tible at p<0 >. Then we consider the matrix-valued function 
'P' (p)* f!}S (p) rp (p). (3. 1 1 ) 

It follows from the results of the previous section that this function can be analytically continued to the domain 
I' =  {h = p + iq : k2 =----= m 2 , q E -9'}, (3. 1 2) 

and it has C00 boundary values 0:1 H + and H _ ,  respectively. It is an immediate consequence of this fact that 'P (p) and 'P' (p) are invertible at almost all points p<0> of H + (with the possible exception of some closed set of measure zero) . The information about the analytic properties of the products (3. 1 1) is suffi­cient to equip the wave functions 1P with the structure of a (trivial) analytic vector bundle over I', i. e. the wave functions. are analytic apart from some possibly non­-analytic, but universal factor. Using also the transformation properties (3.6) un­der Lorentz transformations it will become clear that the wave functions themselves can be analytically continued to I'. To verify this it is convenicnt5> to consider the functions <J.> (L1) = �s (.!l) • 1Jf (.,1 - 1 pCO>), A E Lt (3. 1 3) and <P' (constructed analogously from 1P '), r�pectively ; p<0> e H+ is kept fixed in the fcllowing. Note that </Ju.{J (/1) = (U (0, A) 1/-'{J u (0, A) - 1 D)a. (p<0>) = : Y?AIX{J (p<0>), (3. 14)so for J1 sufficiently close to l these functions are the >>intrinsic wave functions<< of operators in J_(9'), and similarly for <P'. Taking into account that for 11 e Ll
.---!!jS (A)* !»s (p) �s (A) = 9s (!1 - 1 p) (3 . 1 5) 
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(cf. relation (3.2)), we obtain the crucial telation 
(!>'(A)* !is (p<O>) <P (AAo) = tjf' (A - 1 p<O>)* gs (A - lp<O>) q:,Ao (A - l p<O>) =·=-= : HAo (A).(3. 16) 

This relation tells us that for il0 sufficiently close to 1 the left-hand side of (3. 1 6) can be analytically continued in A to 
L (p<0>) = 0  E 4{C) : A- 1 p<0> E I'} (3. 1 7) 

with C00 boundary values 011 It and. I.;, respectively . .lvlqreover, this e.xpressionis smooth in A0, and the derivatives have the same analytkity properties in /1 as HLlo (A). With this input we can continue <P (:11) analytically to the domain L (p<0>) : let t -� J 1 (t) 0 < t <� 1 be any smooth path in L+ (C) such that 4 1 (0) e L! and �!i(t) E L  (p<0>) for t > 0. We assume temporarily that the determinant of HA0 (A) docsnot vanish along the chosen path if A0 e It is sufficiently close to 1 .  Then we havefor /l e Ll in a small neighbourhood of the initial point ::-! 1 (0) 
hence <J> (A.110) - 1 • <J> (A) can be analytically continued along this path. We cantherefore use l3, l 8) to define a flat connection (parallel transport) ou the GL (2s + 
+ I ,  C)-valued functions E which are analytic in a neighbourhood of :'.! 1 (t) and have C00 boundary values on Lt. Namely, denoting the elements of the Lie-algebra of Ll by ,i, b we obtain a covariant derivative of these functions by setting, · first for ·A e Li close to A 1 (0), 

(3. 1 9) 
It follows from the very definition of this derivative that 

(3.20) 
i.e.·, the curvature is zero. We can rtow extend the action of \/ a to the functions Ein a neighbourhood of the chosen path by analytic continuation from (3. 19),' and itis obvfous that the relation (3.20) remains valid. Since· the Lie-algebra of Lt � {(A, A) : A e SL (2, C)} coincides with the Lie-algebra of L+ (C) � SL (2, C) x x SL (2, C) (as a complex Lie-group) it foHows that 'v a defines a flat connection on the functions E, as claimed. Now according to · well-known theorems any flat connection on a simply con­nected domain is completely integrable (i. e; a >>pure gauge<<) 1 3> .  This means that 
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<P (A) can be analytically continued along ,41 (t). We recall that this continuation isobtained as the solution of the system of differential equations 
(3.21) 

with the boundary value </J (.ll) on LJ. Suppose now that the determinant of H1 (.11) has zeroes along the path 4 1 '(t).Then we choose some A0 e It in an arbitrarily small neighbourhood of 1 such thatthe determinant of H1 (A · A0) does not vanish along {! 1 (t) (this is always possi­ble). The continuation of (l> (A) is now achieved by making use of the indentity 
for A e Lt close to 4 i (0). Each factor on the right hand side of this equation can be continued along {! 1 (t) (the first one according to the previous discussions) . So '1> can be analytically continued along any path in L (p<0>) starting at Lt . But L (p<0>)is a simply connected subset of L+ (C) since I' is simply connected, so by apply­ing the monodromy theorem we find that '1> can be analytically continued to L (p<0>). It is easy to see that this continuation has smooth boundary values on LJ. We can return now to our original problem, the analytic continuation of the wave functions 'P (p). For A e Lt we have1Jf (A - 1 , p<O)) = !7)S (A - 1) . fj, (A), (3.23) 
and since !7J8 is an analytic representation of L + ( C) the right-hand side of this equation can be continued to L (p<0>). Moreover, this continuation depends only on {!- 1 • p<0>, whlch shows that lJ? (p ), p e H + can be analytically continued to I'. Taking into account that </> has smooth boundary values on L; it also follows that the continuation of lJ' has smooth boundary values on H _ .  This concludes our discussion of the analytic properties of the single particle wave functions (1P !J)(% (p). We remark that these results hold also if the Poincare transformations act on the single particle space :YI' like a finite direct sum of irre­ducible representations. 

4. The spin of antiparticles 

We now interrupt our analysis for a brief digression to the question of how the spins of particles and antiparticles are related. As we already pointed out it follows from the results of Sec. 2 that the space 
:Kc = E ({m}) iS (.9')* !J (4. 1) 

is non-trivial. We will show now that the Poincare transformations U (a, A) act on :Kc as an irreducible representation of Pt with mass m and spin s. Thus the spins 
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· of particles and antiparticles are equal also in the presence of non-localizable char­ges. We begin by noting that the space :Yt c is stable under the action of the unita­ries U (a, A) as a consequence of the Reeh-Schlieder property ( 1 .8). So %c can bedecomposed into irreducible subspaces of definite spin. In order to see that in this.decomposition only the spin s appears we proceed as follows : let P,, and Mua bethe generators of U (a) and U (0, A), respectively, and let
(4.2) 

be the Pauli-Lubanski operator. As is well-known, the operator U7µ • w,, commu­tes with all Poincare transformations, and 
Wµ · WI' t :/t" = -m2 • s (s + 1) · 1 . (4.3) 

Using this fact we will exhibit certain specific field operators creating states from the vacuum which are orthogonal to all states with spin s and mass m :  if tp e � ( .9') we define 
1 �" (tp) = 2 s1.&11ea [P,,, [Mea, V'l1· (4.4) 

Since 11' is smooth with respect to Poincare transformations this expression is well defined, and �" ( 11') e � ( .91). Setting 
'I's = �,, (�'' (1/')) + m2 • s ts + 1) · 1J' (4.5) 

and using relation� ( 1 . 5), (4.3) as well as the invariance of D under Poincare trans­formations we obtain 
(4.6) 

Now if 11'' e � (-.91) is any field operator it follows from ( 4.6) and the analy­ticity properties 01 the two point function established in Sec. 2 that 
(1/'! D, E ({m}) V''* .Q) = 0. (4.7) 

Taking also the Reeh-Schlieder property ( 1 . 8) into account we thus arrive at 
0 = E ({m}) v,! .Q = (W11 • W" + m2 

• s (s + 1)) E ({m}) v,* .Q. (4.8) 

This shows that the vectors E ({m}) V'* .Q, 1P e g: (.91) (and therefore all states in :YI' c) have spin s.
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It :l'emains to verify that in the decomposition ·of.K and :/f c with respect tothe momentum operator P, :r = f d4 p e CPo) � (p2 - m2):£ (p) and :Yl'c = f d4 p e (Po) � (p2 
- m 2)%c (p),

(4.9) the spaces% (p) and:fc (p') have for almost all p,p' e H+ the same dimension (na­mely 2s+ I). It then follows from the well-known representation theory of B"! that U (a, A) t %c is an irreducible representation with spin s and mass m.Let 1Pa e g. (9')., a = 1 ., . . .  , r and 1/'; e � (-9'), 1: = 1, . . .  ., 1· be arbitrary fieldoperators. Then we have according to relation (2.8) 

('l/'<1 Q, U (x) E ({m}) ,v•: Q) = f d4 p 8 (p0) CJ (P2 
- m2) hl1T (p) e1px

. (4. 1 0) 

(r!* [}, U (x) E ({m}) 1J): !J) = sign ). ' f d4 p f) (Po) CJ (P2 
- m 2) haT (-p) e1P·�, 

where h(JT are analytic functions on the domain I' (cf. 3. 12) with smooth boundary values 011 11 + and H _, respectively. It is obvious that hf!T (p) is just the scalar product of the components. of E ({m} },paQ and E ({m}) tp; .O  in % (p) in the decomposition (4.9) of %; an analogous sta­tement holds for sign ). · har ( -p') and :Kc (p'). In order to see that .:t/' (p) and :Yl'c (p') have the same dimension it is therefore sufficient to show that the determinant of the r X r matrix h0-r (p ), a, r = 1 ,  . . .  ,. is different from O for almost all p e H + , whenever the determinant of � ( -p') is different from O for some -p' e H _ ,  andvice versa. But this is an immediate consequence of the fact that the detem1inant of h0"' -is an ·analytic function on I' with smooth boundary values on H + aud H _ .  So, unless it is identical to 0, this determinant can only vanish on H + (respectively H _) on closed sets of measure 0. Hence the dimensions of.'%' (p) and :Kc (p') must be equal. 
As in the case of the single particle space .YI' we will identify :Kc with the Hil­bert space of wave functions L2 CH+, ·s). We denote the canonical unitary mapping :re onto L2 (H + , s) by Ve and write

( Ve E ({m}) 11'* !J)« (p) = : ('lJ}* Q)« (p) a = -s, . . . s. (4. 1 1) 
If 1P e .� ( .9') these functions have the same analytic properties as those esta­blished for (1P Q)« CP) in Sec. 3, and again it is convenient to .deal with the matrix-va­lued functions 'P;f1 (p) : = (1J)p D)rx (p) a, P = -s, . . . s. 

We will use these ma�rices in the final step of our argument. 
5. The spin-statistics theorein

(4. 1 2) 

We are now in a position to establish in the present setting the familiar- connec­tion between the spin and statistics of particles. The proof essentially . boils down 
340. FIZIKA 17 (1985) 3, ·329-343 
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to showing that there is an antilinear relation (related to charge conjugation) be­tween the wave functions 
(5. 1 )  

of particles and antiparticles, respectively. More precisely, we will prove that the matrix-valued functions on H + 
(5.2) 

where the bar denotes complex conjugation, coincide with 'J.fc (p) up to some phase factor m. Note that we have used here the same symbol for the wave functions (<iefined on H+) and their analytic continuations to H_ . This will, however, not cause any confusion since p will, in the following, always denote an element ofH+, hence -p e H _ .  , We recall that if one replaces in  (5. 1) t he field-operators V'P by U(O, A) 1JlpU (0, A) - 1 then the corresponding wave functions transform according to 
(5.3) 

and similarly for ipc (p). Taking into account that 
a 2 • A- 1 • <12 = AT for A e SL (2, C) (5.4) 

it follows by analytic continuation from (5 .3) that the same law of transfom1ation holds also for P (p) if A e Lt is sufficiently close to 1 .Now let f/ u f/ 2 c R 3 be any two open, convex and salient cones such that the cone f/ 1 • 2 · f/2 ....:.. f/ 1 is s.alient, and let V'i.fJ e � (f/1), P= -s, . . .  s, i = 1 ,2 befield operators localized in these cones. We denote tl1e various (matrix-valued) wave functions associated with these 'fields by 1P,, �[ff, and 1'1, respectively. As we haveseen in Sec. 2 the function 
(5.5) 

can be analytically continued to 
I'1 , 2 = {k : k2 = m2, Im k e.9\ 2} (5.6) 

with smooth boundary values on H _ , and the same is true for the individual wave functions 1l'1 (p} and 'F2 (p)* in this expression, cf. Sec. 3. (Clearly the continuationof the latter function is given by -k -+ P2 (k)* for k2 = m2 and Im k"'e 9'2).
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Now according to relation (2.8) we have
H i .2 (-p) = sign l · [P: (p)* p;s (p) P; (p)]T (5.7) 

which, in view of the above remarks, leads to 
lJf2 (-p)* [J}s (-p) 'P1 (-p) = sign l · P; (p)* !!}s (p) 'tJ': (p). (5.8) 

Using once more the- relation (5.4) and the fact that �s (-p)=(- 1) 28 
• !!Js (p) we thus arrive at 

where 
A A 17 • P2 (p)* f!}S (p) Pi (p) = P; (p)* !!}S (p) P: (p),

17 = sign A • (-1) 28• 

(5.9) 

(5. 10) 
If we could choose in this argument 1J' 1p = 1J' 2p it would immediately followfrom the positivity of both the factor of 17 in (5.9) and the right-hand side of this relation that 17 = 1 .  But in the present setting we must argue differently. We con­sider the expression (5. 1 ) ) 

provided the inverse of lJf1 (p) exists. Varying the fields "Pt ,/1 within � (.9'i) andkeeping "Pi,fJ fixed it is clear from Eq. (5.9) that co1 (p) does not depend on the spe­cific choice of the fields v,1 ,p. So if in particular the fields "Pt ./J e g: (f/'1) are such that the Lorentz transformed fields U (0, A) 'Pt ,fJ U (0, A)- 1 are still elements of g: (f/' 1) for A e Lt close to 1 ,  it follows from the transformation properties (5.3) of tpc and 1J' that 
Wt (p) = p;

s (A) C01 (A- l p) p;
s (A- 1) . (5. 1 2) 

Choosing A in the little group of p and using the irreducibility of p;s we find that co1 (p) is a multiple of the identity so that co1 (Ap) = co1 (p), i. e. ro1 is locallyconstant. But p e H + was arbitrary, so co 1 is also globally constant. It remains to show that ro 1 does not depend on the cone f/' 1 • To see this notice that co 1 does not change if one replaces f/' 1 by a smaller, respectively larger cone, provided these cones are admissible (i. e. open, convex, and salient). So, given any other cone f/' 0 one must only choose an interpolating sequence of admissible cones f/' 1 , f/' 2, -:-:-:  f/' n = f/' 0 such that either f/'1 +  1 ::, 9', or f/'1 +  1 c 9'1• Sincem1 does not change if one proceeds from f/'1 to 9'1 + 1 it is then clear that it does notdepend on the localization cone f/ 1, i. e. co 1 = ro. So we have, in particular,
lJff (p) = w • lJf, (p) i = 1 ,  2 (5. 1 3) 

and inserting this into the relation (5.9) it follows that 17 = Jw j 2• So 1J can only be1 and this, finally, proves the spin-statistics theorem. 
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Originalni znanstveni rad 

Pokazano je da poznata veza spina i statistike vrijedi za teske cestice koje nose nelo­
kalizibilan naboj. 
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