YU ISSN 0015—3206
FZKAAA 17 (4) 421 (1985)

DIFFERENT POTENTIALS AND MULTIPLE CORRELATIONS IN THE
ATOMIC SPHERE MODEL OF LIQUID “He

SRECKO KILIC and MERCEDES ZAMBARLIN
Department of Civil Engineering, University of Split, 58000 Split, Yugoslavia

Received 27 June 1985
UDC 538.94
Original scientific paper

It has been shown that the two-body correlation function which minimizes energy

5
. . . a .
has, for small interatomic distances, the form u; ~ —In r2 4 (7-) , in the low

density limit in the approximation of the hard spheres. Furthermore it has been
established that in the same limit the Wu-Feenberg-Ljolje two-body function yields
minimum energy for the Maitland-Smith potential and in comparison with Len-
nard-Jones potential is better for 9%. It has also been found out that the influence
of the triplet correlations in this model is negligible, and that the three-particle
potential gives a contribution greater than zero and smaller than 0.6% with regard
to the two-body potential.

1. Introduction

The ground state of the liquid “He has been intensively studied so far on the
base of Feenberg's function:

. .
»(1,2,...N) = FU0.2,..N) o

where N is the number of atoms in the volume @, and

D=—=Zu(pr)— B th(rursr)— @)

iy f=fak
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The functions u, are real. Two-body correlations, so called Jastrow correlations,
are described by the terms u,, the triplet correlations by u, etc. For this purpose
various techniques were used: the Monte Carlo method, molecular dynamics met-
hod, hypernetted chain and other cluster theories. Mainly all these methods belong
to the cathegory of the semi-free gas model (SFG) of the liquid “He"’. In this mo-
del the two-body particle correlations at small distances are determined from the

Ljolje’s equation
du, (”))2_ m
(49) =zvo

®)

r—0

where V (1) |,.0 is a two-body potential between the atoms at small interatomic
distances. In the remaining space the particles move freely. For example, the so-
lution of equation (3) for the Yntema-Schneider potential has the following form:

u,(r)=Be 77 4)

where for the atoms of “He B = 359 and y ='4.717 - 10~ m~!, For the Len-
nard-Jones potential the solution has the form

a

S
we =(2) @
where @ = 2.523 - 10~ 1°m.

Only functions #, describing at the same time the long-range correlations do
not belong to the SFG model. They are according to Ref. 2 the functions whose
asymptotic behaviour for large r is u, ~r~2,

Originally in Ref. 1 the semi-free gas model was combined with the appro-
ximation of hard spheres which was used to reduce the n-dimensional integrals
(n > 1) to one- and three-dimensional ones. With this approximation the SFG
models gives, in a simple analytic manner, the quantitative behaviour of the ground
state of the liquid “He.

During the past few years numerous new potentials have been used to descri-
be the interaction between the helium atoms. In addition, the influence of many-
-body correlations, particularly the triplet one, has been intensively studied.

The object of this paper is to analyze the influence of various potensials
and many-body correlations of the semi-free gas model on the ground-state of the
liquid helium in the approximation of hard spheres.

2. Energy of the ground state in the approximations of hard spheres

Consider the system of N atoms of “He in volume £2. The ground-state energy
E, satisfies the relation )
E,<E=<YHI®

v 3
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where. H=T+V,
RN
T= _andl’

V= V2+V3.

Potentials V', and. V; are two-body and three-body potentials of interaction- and
are determined in the Appendix.

Using the relation
Itpdvpdr-:-—_f?%ﬂ'v’ﬂdf (6)

satisfied by functions y because of their asymptotic behaviour, it is possible to form
three forms of the operator of the kinetic energy

A~ [ypdydr,
B->—[vy-vedr

C—*%I(Mw:—vw-vw)dr-

All the three forms should yield the same results if the computation is correct.
Taking into account the terms with %, and «; functions of the Feenberg’s function,
in case B we have

% =T;+ Taz+ Tas+ Vs + Vis @)
where
_ 1 h? 2 [duz (1'12)]2 i~ -
T, _IE'(N— 1) Z:J w3 (1,2, ... N)| [ - dry ...dry +

2 -— Endd
W=D =25 [ s (12, yp 2l delud tans g

dT1v2 drisriarys

- -
«dry ... dry,

2
Ty = 20N = DN =2 ] s (1,2, N2 [Ha 02 P (o2 D)
Iy Zm dry;

67‘12

dus (r12) 2 (1, 2, 3) tﬁtl_%] dFy o B+ 2N DN ~2(N =3+
drys iy Tzt &
du, (r42) ous (1, 3, 4)_;:L’_-';—3—-d71 d;';n €©))

dry, 0rys 1273

;iz
: FHJ‘ |"/’3 (1,2, ... N)’z
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1 k2 0u3(1,2,3) dus (1,2, 3
Ty = TN'(N"' (N — 2)-2-';1-f|'P3 (1,2,...N)|? [ “sgrm ) “3grls )

Fatis | (1,23 0us (L2 = =
: ..d
T12713 + ory, or, J v +

L _ h*J‘ [us (1,2, 3)us (1, 2, 4)
+7;(N HN—=2(N=3)7 bes (1,2, ... N)) 7, e

8u3 (1,2, 3) du3 (1,2, 4) r,z 114 Tie ,
or1, orys T12714

ous (1,2,3) duy (1,2, 4) 7ia Ppa] = o~
+ Or1s Oria 113 1'14] dry . drw +

+ 4N DN =N =N — &) 2 [y (1,2,.. N[
T zi | 195 (2

duz (1,2, 3) dus (1,4, 5) ry2 714 - -
. arlz arl4 ;:;-1—4 drl aen drn, (10)

1 - -
Via = 5 (N 1)f s (1, 2, oo N)|2 V7, (1) 5 .. di v an

l - L d — rad -—
Ves ='ﬂ;(N -1)(N—- 2)f [ (1,2, ... N)|? V3 (rys rp5r3) dry ... dr g, (12)

In = (ps I'Ps): (13)
- .L}] “3(:[.-;}) - *l— L nus {;. -r.J -r:)
yy=e 2i 6 rhx P (14)

In the approximation of hard spheres!*® the expression for energy, after taking
the relative coordinates, has the following form

E
WB=9118+92 Izs+93 Iig+ 0% Iy (15)

where

1,.,=2nfe_2"’°°(—u ~v, (t))x dx, (16)
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co 1
I 4: zf J‘“J' —2u3 (x) — 2u2 () = 2u2’(x — y)—2u3 Cx, 3, lx-yl)
28 =497

00 -1
L le@uoi+2um(GR+ )+ [(3“3) 1ot ,)

+—3‘ Vs (x, 9, I;—;D} x2y3dxdyde. 17

With regard to the use of the approximation of hard atomic spheres and the ob-
ject of this paper, we shall consider only the first two terms of the expansion
(15). Therefore we do not state the explicit forms for I3, and I,z The other two
forms for the operators of kinetic energy lead to the expansion (up to the second
order)

E
'A—'Z=Q1u+92 I, (18)
Ec
N =9I, c— 0*Isc (19)

where

—2u3(%) h
I, —ZnJ. [u +5 u, — u, ]+V;(x)} x2 dx, (20)
0

0 o |

—2u,(x)— 2uz(.a)—2uzclx—yl)—2ua(x.:v.lx-.vl)
124—47'5 fff
0 -1

{——[u @), (9) ¢ + 24 (%) (a“’+a“’ )+qu=3+:x;; +%%’—

au33u3 (auS)] } -
14} - 1
L + 2 Va(®%y 1x—y) (x2yrdxdyds,  (21)
m-zuz(x) 52
IIC = 27’_’.6 [ (u2 —_— ;) + V2 (x)] xz dx’ (22)
0
e - = - -
Izc=4n2ifJ‘J‘e—an(x)-Zuz(y)—2u;(|x—yl)—zua(&yaf"—.ﬂ).
3
00 -1
Vs (%3, & — 3«2 ¥ dx dy de. (23)
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It can be seen that three different operators for kinetic energy lead to different
expressions for energy. This result is the consequence of the approximation we used.

In the low density limit the first term is dominant, so.the computation inclu-
des only two-body correlations; the boundary condition, which they satisfy in the
approximation of the SFG model, is:

4z f dex?(l—e 2 “\ — finite number. (24)
V]

We can look for this function for which the expression

2 (29)

is extreme. It is shown that the respective functionals, where instead of I, we have
Ii4, I, or Iyc, have the extreme for the functions &, which are solutions of equa-
tion¥’

W - (V20 =0, 26)

A is the Lagrange multiplier for condition (24). Equation (26) in case of the Lennard-
-Jones potential in the region of small x has the general solution

u; = —In {c1 x"%y_i:ﬁ [—i (%)5] + C, x_%N_ L [-—i (i})s]} en

where C,; and C, are arbitrary constants, and #, and N, the respective Bessel func-
tions. The asymptotic behaviour of the Bessel functions for large arguments is
valid in the region of small values of x. By a suitable selection of the coefficients it
is possible to satisfy the general correct behaviour of #, so that the expression in
braces is proportional to the Hankel function x!/2 H®, Thus relation (27) becomes

5
u; = —In x? + (—:) . (28)

This expression represents a new result. Woo-Feenberg-Ljolje asymptotic func-
tion is not a solution of the problem of the extreme in the region of densities where
the first term of expansion (15) is dominant.

The triplet correlations are described by function #;. Their general property
is that they decrease rapidly, when one of the arguments becomes large; they are
significant only when all the three arguments are small. This is the property of,
e. g. Woo-Coldwell®

B
w=(2): R=Ve+rr+ 50 (29)
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as well as®
_ C
3= I I

L@ () ", (I;‘_;D

(30)

A, B and C are parameters here.

The numerical analysis was performed first in the low density limit, where
the first term is dominant for both forms of functions (4) and (4') and for different
potentals. The results are presented in Table. The results show that function (4)
yields smaller energies for all potentials and the Maitland-Smith potential has the
minimum value.

TABLE
Potential a /] &lo A B elo
(10-'°m) | (10=23 |(10~!°m) (10-23
Jm3) Im?)
L—]J 2.38 6.746 | —5.578 4.879 363.45 | —5.678
Y—S 2.465 6.17 | —3.608 4.717 340.0 —3.757

B—McG | 2467 |6.271| —3.179 4.764 360.87 | —3.346
MDD-2 2.46 6.9 —5.602 | 4.757 363.29 | —5.774
Beck 2.428 | 6.8 —5.495 4.819 364.15 | —5.667
MS12G6 2429 |17.0 —6.045 4.809 362.90 | —6.187
ESMMSV | 2.45 6.84 | —5.478 4.778 362.48 | —5.647
Aziz 2433 | 6942 —5.754 | 4.8 367.09 | —5.905

Energy per particle in the low density limit for different potentials and for the functions #, taking
form (4) and (4'). :

The computation of the influence of triplet correlations was performed by a
numerical minimization of the energy expression which includes the first two terms
in the series (15), where the three-body potential V;, is excluded from the integral.
The Woo-Coldwell function (29) was taken as a trial function. It was found out
that the energy minimum is obtained if the contribution of the triplet correlations
tends to zero.

By a computation of the complete integral I, it was found that the contribution
of the three-body potential V; is positive and that its contributions for experimental
densities are under 0.6%, compared with the Lennard-Jones two-body potential.
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APPENDIX

Potentials of interaction of helium atoms

There are several forms of potentials of interaction between helium atoms in
literature:

FIZIKA 17 (1985) 4, 421—433 427



KILIC AND ZAMBARLIN: DIFFERENT POTENTIALS ...

1. Lennard-Jones (L-])
V.

2. Yntema-Schneider (Y-S)

V,(n) =

3. Bruch-McGee (B-McG)

ACE

s)ﬂ

r.

4
r

(Al)

o-self8)"(

e =14.108 - 10-23]

¢ =2.556-10"1m,

|

a=1200-10-1°]

—ar
ac

-Qar
ae |,

— b - r>r
LI 0 (A2)

r<ro

b=124-10""°] - m¢
c=1.89:10"997] - m8
a=1/0.212 + 100 m-t

Yo = 10—10 m.

r<ro
(A3)

r>ro

e =12.7687 -'10-23]

a=0.49413 - 10~°m

Ce = 9444.6969 - 1083 ] . 6

Cy = 37174.172 - 10-103] . 8

B = 455.674

ro = 3.6828 - 10~ 1%m.

428
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4. Bruch-McGee (MDD-2)
Va(r) =10-23 P*(r)

2.74292 - 10 exp (—3.4573 r — 026206 72), # < 0.8919 - 10-1°m
14.839024 {exp [2C (1 — )] — 2exp [C (1 — )]}, (Ad)

* —_
e = 0.8919 - 10~1°m < r < 3.682 - 10~ 1°m
—10# (1.409907/r® + 3.819749/+8), 3.682 - 10~ °m < r
C = 6.127768
7 = 1/(3.0238 - 10-1° m).
5. Beck (B)
e B (., 27094 3a*)
Valr)=de —rray (e (A3)
a=0.675-10""°m
@ =4390 - 10°m-!
A = 640.35937 - 10-1 ]
f} = 3.746 - 1036 m~©
B = 1.392249 - 10-19 ]
6. Maitland-Smith (MS12G6)
Va(r) =& V*(r)
v =2 ()~ 2 () (A6)
n—6\r n—6\r

n=12+6(rL—l)

Fm=2967-10"1°m
e = 15.04636 - 10-23 ]

7. Farrar-Lee (ESMMSV)

Va(r) =¢f (&)
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f(x) =Adexp[—u(x— 1)),

< x

= exp {g, + (x — xp) {ay + (x — x2) [ay + (x — x)) &} X < ¥ <X

=exp[—2f(x— 1) —2exp[— ffx—1)), x<x<1 (A7)
=exp [—2f (x — )] — 2exp [ (x — 1)), 1 <x<ux;
=by + (x —x3) {b; + (x— x) (b5 + (x — x3) 4,1} X3 <x < X4
= =g~ —Cyx~? — Cipx~ 19 X, < X
C,=D,fer],
& = 14.590828 - 10-23]
B=6475 p = 5964
tm =297 . 10-1°m
A = 0343 a = 15.058
a; =3.4469 a, = —19.0218 a; = —28.0670 a, = —362.002
b, = —0.65 b, = 1.4516 by = —4.02889 b, = 4.51927
% =07 x, = 084477  x3 = 115016  x, =15
Dg=14-10""] - mS
Dg =3.78 - 1079 ] - m®
Do =13.7-10"1197 . m!O,
8. Aziz and others (HFDHE2)
Va(r) =€eV*(r)
Ve =Ae Y — [06 (’7"')“ + Cs (-’rﬁ)" + Cio (1})10] F(  (A8)

R
T'm

1 T>pD

L™

F@r) =
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¢ = 1490832 - 10-23] D = 1.241314

rn=29673 - 101°m Ce = 1.3732412
A = 0.5448504 - 10¢ Cg = 0.4253785
a = 13.353384 Cio = 0.178100.

All these potentials are presented in Figs. 1 and 2.

i '13"\

——— ESIOSY
------ Y-S

—— BRUCH-MCGEE
— e MATTLAKD = SMITH

Fig. 1. Two-body potentials between helium atoms.
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Fig. 2. Two-body potentials between helium atoms.
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In literature there is a three-body potential of interaction between helium atoms”

V ( ) A —a(rts+t) C
rst)=|—Ae
? [ T

where

] (1 + cos?, - cos P, * cos?y) (A9)

A=1336-10-16]
C = 2.1005 - 10-'10 J m°
=1.936 - 101° m~1,

v, 5, ¢ are distances between atoms, i. e. sides of a triangle whose angles are ¢,, &,
and #;. In a special case where r = s = ¢ this potential is presented in Fig. 3.

% 02 _{
Vahe?y
Ll Vy/wDs
%, o
ﬂ‘
T ——
- oa ' 1.8 3 u :
r{nf‘,’n

-0 -0,
218 -02
Liet -03

Fig. 3. Three-body potential among helium atoms.
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RAZLICITI POTENCIJALI I VISESTRUKE KORELACIJE U TEKUCEM
“He U MODELU ATOMSKIH KUGLI

SRECKO KILIC i MERCEDES ZAMBARLIN
Fakultet gradevinskih znanosti Sveucilista u Splitu, 58000 Split

UDK 538.94

Originalni znanstveni rad

Pokazano je da u granici malih gustoéa u aproksimaciji ¢vrstih kugli dvodesti¢na
korelaciona funkcija koja minimizira energiju ima, za male medudesti¢ne udaljenosti,

oblik u, ~ — In»2 + (;) . Nadalje je utvrdeno da u istom limesu Wu-Feenberg-

-Ljoljina dvocestitna funkcija daje minimum energije za Maitland-Smithov po-
tencijal i u odnosu na Lennard-Jones potencijal bolju za oko 9%. Takoder je utvr-
deno da je utjecaj tripletnih korelacija u ovom modelu zanemariv te da trocesti¢ni
potencijal daje doprinos veéi od nule i maniji je od 0.6%, u odnosu na dvoéesti¢ni.
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