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The fine structure energy levels of (z* #~) - atom is evaluated in the framework
of Logunov-Tavkhelidze quasipotential approach.

1. Introduction

Investigation of the hydrogen-like atoms, in particular energy levels, allows high
accuracy testing of quantum electrodynamics and of bound-state relativistic theo-
ry. Also it gives the possibility to get supplementary information about the struc-
ture of the elementary particles. The reason of such special status of hydrogen-like
atoms lies in the fact that relativistic and radiative corrections to the Coulomb energy
levels are so small that may be calculated with high accuracy in the framework of
the perturbation theory!-?’. The well-known approach for the description of the
bound state problem in quantum field theory based on the covariant Bethe-Salpe-
ter equation® used in the investigation of the hydrogen*®’ and positronium®, has
essential difficulties connected with the relative time variable (or relative energy).

Almost in all practical applications of the Bethe-Salpeter equation the relative
time variable was by some means or other integrated out.
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This operation was most consistently carried out in the Logunov-Tavkhelidzc
quasipotential approach®. The quasipotential approach in the field theory is a
highly effcctive method for the description of both, bound states” and scattering
problem®.

In recent years there has been a constantly growing iaterest in the structurc
of the s. c. exotic atoms, like (7 ), (7 e), (= ) atoms. Recently an experiment has
been proposed in order to measure the Lamb-shiftin the (% x)-atom® produced in
the decay of K;o—+ 7 4 v'?. The energy levels of this atom have been calculated
up to the two-photon exchange approximation including the hadronic vacuum po-
larization effects. Measurement of the Lamb-shift in (i x)-atom can provide an
independent determination of the pion charge radius®!!’. In the previous publi-
cation'?’ it has been shown that in high energy accclerators it would be possible
to create (z*+ »z~) atomic systems and to measure the life time, [y (0);? and the
Lamb-shift. As mentioned above it would be of great importance to calculate the
energy levels in the (z* z~) atom more accurately. In the present note we calculate
the fine structure in the (= * z~)~-atom in the framework of the Logunov-Tavkhelidze
quasipotential approach.

2. Calculation of bound states by the quasipotential method

The quasipotential approach allows to combine simplicity and clearness of
the three-dimensional description of the nonrelativistic quantum mechanics with
the covariant apparatus of the quantum field theory:

Common scheme of the quasipotential approach is presented in detail in the
reviews”'®, Therefore, below we shall rewrite only the necessary formulae. Fur-
ther we shall consider the bound state of two spinless particles with mass #:, and
L™

The quasipotential cquation in the center-ot-mass system is given by:

- d3 —~ - —
( M— V?” + i — VF + mﬁ)'l’n )= f zﬁ% V(p, ¢, P) py () (n

wherc M is mass of the bound statc, p and“!é are the relative momenta of the initial
and final stateé; Tﬁé quasipotential - V(;, a P) is expressed in terms of the scatte-
ring amplitude off mass-shell;
V=T +G"T)'=T=TG T+ .., @)
where’
@)PeGp—9
M—Y# +m— V3 + m

G (p, ¢, P) = 3)
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P = (M, Q) is the momentum associcted with the center of mass and.the
operator product denotes the integration over three-dimensional relative momenta.

The scattering amplitude
T [é::”]_ 1 AGH [a,run] -1,
AGW = G — @G, (4)

is defined by the Feurier transform of two-time Green’s function in the momentum
space:

- - - 1 3
8G.0.P) = s [ 49040 G(0ra P,

p= ([’o’ 5): q= (q°,-!}),

projected on the positive frequency states.
For two scalar particles system the proj:cted Green's function is given by:

G(H(P:Q,P): = = G(P:qs P) = =" (5)
V2E, () V 28, G) " V2E @ V2mo,
oo =V 3 + mil
Four-time Green's function satisfies Bethe-Salpeter equation
G—-—G,=G,KG=CGKG,=G,KG, + ... (6)

In the framework of quantum electrodynamics the quasipotential may be construc-
ted using the perturbation theory:

V=Viy+Vi+..
Vip = Tips Vay = sz i Vu- 5’:,” Vn- + oo @)
where Ty, and T, are one-phaton exchange amplitude, including radiative correc-

tions and two-photon exchange amplitude, respectively.
It is convenient to separate explicitly the Coulomb potential

- - . . 2
Vip= Ve A Vi VR = = 828 4 _ & o 6=z (3
B2 . 4n
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where Z is the charge of the particle b (nucle: of the atom). The equation (1) in the
nonrelativistic limit reduces to the Schrddinger equation

(W— 2:7) v(@) = (e#fd’q V(pa W)y (@)

o= e, W M= m, — ©)

For the first approximation one takes the exact solution of the equation (9) with
the Coulomb potential
_ (Zay?

Wen= — 52

s m=1,2,3, ... (10)

¥en (p) is Coulomb wave function. The corrections to the Coulomb levels are
obtained with the aid of ordinary perturbation theory:

W=W,+4W
l - - - -
AW = (n |4V |n) = ———fdspd’qw; D) AV (6,9 W)pea (). (11)
27
In the following, we need to use the value of the quantity

(Zap)?

zT nd

Wen (7 = 0) |2 = 8105 (12)

where / is orbital quantum number.

3. Fine structure levels of the (=*=~)-atom

The general expression for the one-photon exchange quasipotential in the
-> -
scattering approximation has the following form (in the center of mass p, = — p, =
- - - -

=P e = — Qo = Q5 Mg = Ma-y My = Mas):
V., (;’ ;) — Ze-z Ij:m (Pafga)-. D (K) Pb:(be ab) _, (13)
V2E6)V2E.G) V2E.()V2E, @)
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where

Tan (Pas 9a) = (Pa 1 @u)u €a (&),
Tou (6s @) = (D5 + 90)e 05 (R?),
k=00 =0 Pl =e®h 2os=2us (@)
0.0 (B2 =0) = 1.
For the (n* =~)-atom Z = 1. But we shall keep Z as a variable in order to

take into account the difference between radiative and relativistic corrections.
It is convenient to chose the photon propagator in the Coulomb gauge

Doo (k) = — %2_), D% (k) = D' (k) = 0,

d (k%) 'k ..
Wk = — g — ="\ 4ij=12,3,
DY (k) 5 (6 % ) i

d(k? =0)=1. (14)

The quantity d (k2) describes the vacuum polarization effects and g, , (k2)
describes the structure of the particles. As the average values of the momenta in

the atom (;2) =24 |W,,| are small, it is possible to expand the quasipotential

V1, (13) in the small parameter p2/m?. Keeping the first order terms in this parame-
ter we obtain:

VI‘}’=VC+AV1P’ AV|Y=V0+V3, (]5)

2 4 BRI ai_an2
Vo =2 o) e a (B @240, (16
B2 ¥y 41, m, k2
Zet

Vs =— S [0, (k%) ap (R d (R?) — 1], R* = —F2. (7

kz

Besides, there is a correction to the kinetic energy associated with the expansion
in p2/m? of the square root in the equation (1):

[, .3 -
Ve = = s (1 = o my) @926 = D (18
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Now we shall discuss the physical meaning of the different terms in the expression
(15). Sum of the potentials'V, and Vy,, gives the fine structure splitting of the
Coulomb energy levels (10). The potential ¥y, together with second term in the
correction (18) give rise not only to the general shift, depending on the principal
quantum number 7, but also the S-ghift characteristic for the scalar electrodynamics,
mentioned for the fiist time by Todorov*?,

The potential Vs reflects the correction associated with the structure of the
particles and with vacuum polarization and gives riss to Lamb-shift.

Let as now calculate the fine structure. At first as a potential in the equation
(1) we will take V, + ¥V, without the terms which take into account the radiative
corrections, vacuum polarization effects and the structure of the particles. This
means that we “will put:.

d(k’) =1, a (%) = 0, (k%) = L.

The equation obtained in this approximation is identical with Breitequation?- 3
(in the center of mass system):

2 w(“m

Equation (19) gives the correct result only in first order perturbation.

[W——+ 3 )]w(p)=(—27lz)—3 [ vt Vazv@. 09

Let us rewrite equation (19) in the configuration space, usirg explicit expres-
sions for potentials.

@« P\, B[ _ 3
{W+(_1:—' 2;¢)+8;i3\1 m,,+m,,)+rm,,mb [‘D +
irp L)
-+ r—,—;_r—,]}w(r) =0, (20)

p=—iV, L=rxp.

Using explicit expressions for average values of powers of r and of the opera-
tor p in Coulomb wave functions, we obtain the corrections to Coulomb levels, i. e.
the fine structure

. (Za)*p[3 B ] (Za)“,u’lfg 1] m, my

7, 8o 21
A Wys n3 (8 21+1 +(m,,+m,,)n3|_ ! 8n]’ Lol Ty + my @1

*Finally, we note that the-limiting form of (21) when one mass (say ‘m,) appro-
aches infinity agrees with the energy level formula for the Klein-Gordon particle
in the Coulomb field.

. ' (Za)*m,[3 - 1 ] 5
A Wf, ("I[. —> 00) ' na E; —_ *21—-*- l (-2)
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VEZANO STANJE DVIJU NABIJENIH CESTICA BEZ SPINA U KVANTNO]J
ELEKTRODINAMICI
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Originalni znanstveni rad

Fina struktura energetskih nivoa (z+ #~) atoma izracunata je u okviru kvazipoten-
cijalnog pristupa Logunova i Tavkhelidzea.
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