
YU ISSN 0015-3206 
FZKAAA 17 (4) 527 (1985) 

BOUND STATE OF TWO SPINLESS CHARGED PARTICLES IN QUANTUM ELECTRODYNAMICS 
I. FINE STRUCTURE

ABDUGAPUR KARIMKHODZHAEV* and ZVONKO MARIC 
Institute of Physics, P. 0. Box 57, 11000 Beograd, Yugoslavia 

* Tashkent State University, Tasltke11t, USSR 

Received 26 March 1985 
UDC 530.145 

Original scientific paper 

The fine structUre energy levels of (n+ n-) - atom is evaluated in the framework of Logunov-Tavkhelidze quasipotential approach. 
1. Introduction

Investigation of the hydrogen-like atoms, in particular energy levels, allows high accuracy testing of quantum electrodynamics and of bound-state relativistic theo­ry. Also it gives the possibility to get supplementary information about the struc­ture of the elementary particles. The reason of such special status of hydrogen-like atoms lies in the fact that relativistic and radiative corrections to the Coulomb energy levels are so small that may be calculated with high accuracy in the framework of the perturbation theory 1 • 2 >. The well-known approach for the description of the bound state problem in quantum field theory based on the covariant Bethe-Salpe­ter equation3> used in the investigation of the hydrogen4> and positronium5>, has essential difficulties connected with the relative time variable (or relative energy). Almost in all practical applications of the Bethe-Salpeter equation the relative time variable was by some means or other integrated out. 
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This operation was most consistently carried out in the Logunov-Tavkhelidzc quasipotential approach6> . The quasipotential approach in the field theory is a highly effective method for the description of both, bound states'> und scattering problcm8> . In recent years there has been a constantly growing interest in the structure of the s. c. exotic atoms, like (n µ), (n e), (n n) atoms. Recently an experiment hasbeen proposed in order to measure the Lamb-shift in the (n /t)-atom9> produced in tl1e decay of KLo -'?- n µ 1, 1 0>. The energy levels of tl1is atom have been calculated up to the two-photon exchange approximation including the hadronic vacuum po­larization effects. Mea.cmrement of the Lamb-shift in ( n 1-1 )-atom can provide an independent determination of the pion charge radius9• 11  >. In the previous publi­cation 1 2 > it has been shown that in high energy accelerators it would be possible to create (n+ ;ic) atomic systems and to measure the life time, l'P (0) ? and theLamb-shift. As mentioned above it would be of great importance to calculate the energy levels in the (n+ n-) atom more accurately. In the present note we calculate the fine structure in the (n+ n-}·atom in the framework of the Logunov-Tavkhelidze quasipotential approach. 
2. Calculation of bound states by the quasipotential method

The quasipotential approach allows to combine simplicity and clearness of the three-dimensional description of the nonrelativistic quantum mechanics with the covariant apparatus of the quantum field theory� Common scheme of the quasipotential approach is presented in detail in the reviews7• 8>. Therefore., below we shall rewrite only the necessary formulae. Fur­ther we shall consider the boW1d state of two spinlcss particles with mass ma and 
"!b· The quasipotcntial equation in the centcr-of-mass- ·systcm is given by : 

( 1/ 1/ ··) f d3q - - -
M - y p2 

+ m! - y p2 + m: 1/!.u (;) = (2:n:) 3 V (p, q, P) "Pu (q), ( ] )

\\There M is m��s o� .the· bound · state, p and_�q are the relative momenta of the initialand final states. The quasipotential · V (p, q, P) is expressed in terms of tl1e scatte­
rinR aniplitude off mass-shell : 
where· 
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v = � c1 + a�+ , n- 1 = r :_ r a�+J r + . . .  , 

..... ... ... (2n) 3 (53 (p ... - ... q) G<+> ( P) - . 
0 p, q, -

v... 1/ -+ M �  p2 +m; - y p2 +m; 

(2)
(3) 
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P = (M, 0) is · the momentum associ?.ted with the center of mass and . the
operator product denotes the integration over thre�dimensional relative momenta.

The scattering amplitude 

(4) 

is defined by the Fourier transform of two-time Green's function in the momentum
space: 

(] (p, "-;, P) = (2!
) 2 f dp<> dqO G (p, q P); . ..

- oo  

p = (po, p), q = (qo_,q), 

projected on the positive frequency states. 
For two scalar particles system the proj !cted Green's function is given by : 

..... - - 1 ..... 1 G< + l (p, q,P) = V V G 
(p

, q, P) V , I '
2Ea (p) 2Eb.G) . 2Ea (q) V 2Eab 

(q) 

- 1/ ... 2 Ea,b (p) = V p .  + m!,,,. 

Four-time Green's function satisfies Bethe-Salpeter equation 

(5) 

(6) 

In the framework of quantum electrodynamics the quasipote{\�al may be con�trqc-
ted using the perturbation theory : · · · · ' · 

V = V1 ,, + V2,, + . . . ,

(7) 

where T11 and T2,, are one-photon e�change amplitude, including radi�ti�e .c.orrec"'."
tions and two-photon exchange amplitude., respectively. 

It is convenient to separate explicitly the Coulomb potendal 

· -+ .· 4.n Z a e2 
V1 ,, = Ve + LI V1,,, Ve (K2) � - ... , a =  -

4 
., e0 =; -e, e;, = Z e, (8)   K2 · .  ·. . .n; 
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where Z is the charge of the particle b (nuclei of the atom). The equation (I )  in the
nonrelativistic limit reduces to the Schrodinger equation 

( -;,2 ) _.. 1 J - - -
W - 2µ 1P (p) = (2n)3 dlq V (p, q; W) 1J' (q),

(9) 

For the first approximation one takes the exact solution of the equation (9) with
the Coulomb potential 

(Za) 2 

Wen = - 2 n2 µ, n = 1 , 2, 3, . . .  (10)

"Pen (i,) is Coulomb wave function. The corrections to the Coulomb levels are
obtained with the aid of ordinary perturbation theory : 

W =  Wen + L1 W 

1 J 
... - - -+ 

L1 W � (n I L1 V I  n) = '.(2n) 6 d3p d3q 1J':,, (p) L1 V (p, q ; W) 'Pen (q).

In the following, we need to use the value of the quantity 

where l is orbital quantum number. 

(Z a µ) 3 
11 

3 u,o, n n  

3. Fine structure levels of the (n+ n-)-atom

(1 1 ) 

(12) 

The general expression for the one-photon exchange quasipotential in the 
scattei:ing approximation has the following form (in the center of mass p11 = - p: = 
= p, q,, = - qb = q, m,, = m:i-, mb = m11+) : 

. 530 

v., (p, 'il = V ze• r •• 
V
"' qJ /)I" (K) V 

r •. (p
v 

q.) ' (13) 
2 E11 (p) 2 E11 (q) 2 Eb (p) 2 Eb (q) 
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I'b,.. (Pb, qb) = (Pb + qb)u (!11 (k2),

k = (0, P -q), P�.b = e�.b (p), q�,b = Ba,b (q),

ea,b (k2 = 0) = I.

For the (n 1- n-)-atom Z = I. But we shall keep Z as a variable in order to
take into account the difference between radiative and relativistic corrections. 

It is convenient to chose the photon propagator in the Coulomb gauge 

noo (k) = - d 5:2

)'  D01 (k) = D10 (k) = 0,
k2 

D'' (k) = - d k�') ( a11 -
k�� 

)
, i,j = I, 2, 3,

d (k2 = 0) = I. ( 14) 

The quantity d (k2) describes the vacuum polarization effects and ea,b (k2)
describes the structure of the particles. As the average values of the momenta in 
the atom (p2 ) � 2µ I Wen I are small, it is possible to expand the quasipotential
V1 ,, ( 1 3) in the small parameter p2/m2 • Keeping the first order terms in this parame­
ter we obtain : 

( 1 5) 

( 1 6) 

( 1 7) 

Besides, there is a correction · to the kinetic energy associated with the expansion 
in p 2/m2 of the square root in the equation ( 1) :

p
"' 

(' . 3 µ 
) 

- -
V1c1n = - -8 3 I - + . (2n) 3 q (p - q).

µ "'" mb 
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Now we shall discuss the physical meaning of the different terms in the expression 
( 15). Sum of the potentials · VO and V kl,, gives the fine structure splitting of the Coulomb energy levels ( 10). The potential V 0, together with second term in the correction ( 18) give rise not only to the general shift, depending on the principal quantum number n, but also the S-shift charac..teristk for the scalar electrodynamics, mentioned for the filst time by Todorov 1 3 >. The potential V s · reflects · the correction associated with the structure of theparticles and with vacuum polarization and gives rise to Lamb-shift. Let as now calculate the fine structure. At first as a potential in the equation ( l) we .wilJ tJ1ke Ve + Vo whh9ut. the t�rm$. which take into acc;o�t the radiativecorrectio�� vacuwn polarization_ effects and the strtJC!!:Lre of the particles. 'rhismeans · that ,ye·. will put : .. 

The equation obtained in this approximation is identical with Breit equation 2• 1 3> (in the center of mass system) : 
[ 

p2 p4 ( 3µ 
)] 

_ I 
J 

3 -W - 2µ + 8µ3 1 - ma + mb 1P (p) - (2n) 3 d q ( Ve + Vo)�-; 'I' (q). (19)

Equation ( 19) gives the correct result only in first order perturbation. Let us rewrite equation (19) in the configuration space, usir.g explicit expres-sions for potentials . 
. . (··W (Za · p2) +· j,4 ( l  3µ ) _. Z_a ·

[

- 2 + · + -;- - -2,-., . 8µ3- - ma + nib 
+ r ma mb P 

i ;;  z2 ] }  -
+ - - - '1/J (r) = 0,r2 2r2 (20) 

Using explicit . expressions for average values of powers· of r and of the opera-­tor p in Coulomb wave functions, we obtain the corrections to Coulomb levels, i. e. the fine structure 
LI U'' = (Z a)� [2- �  · 1 ] · : (Z a)4 µ2

· [� 0 � ._!_] , t ==  ma mb . (2 ] )fs n3 8n 2 / + 1 (ma + mb) n3 ' 8n I 
f1la + mb ·:finally, ·we note that the -limiting' form of (21) when one mass (say ·mb) appro­aches infinity agrees with the energy level: forn1ula for th� Kle.in-G��d_on particle in the Coulomb field. 
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(Z a)4 ma [ 3 · · I ] LI· W,.1 (m,. � - oo) - -- - ----.--:- n3 8,i 2/ + 1 · (22) 
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VEZANO STANJE DVIJU NABIJENIH CESTICA BEZ SPINA U KVANTNOJ ELEKTRODINAMICI I. FINA STRUKTURA
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Originalni znanstveni rad 

Fina struktura energetskih nivoa (n+ n-) atoma izracunata je u okviru kvazipoten­cijalnog pristupa Logunova i Tavkhelidzea. 
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