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Original scientific paper 

The purpose of this paper is to give a theory of Langmuir solitons when the fon­nonlinearities (which become important when the Mach number of the soliton approaches unity) are included. When a charge-neutrality in the low-frequency plasma response 1s assumed, one obtains two models - with the low-frequency electron-density perturbation satisfying, respectively, a Korteweg-de Vries equa­tion and a Bous·sinesq equation and the ponderomotive · force acts as the driving term, while the Langmuir field obeys the nonlinear Schrodinger equation. The Boussinesq equation· model is shown to admi� only a single-humped soliton solu­tion while the Korteweg-de Vries equation inodel is shown to admit only a double­humped soliton solution. A Lagrangian fo�malism is given. for both models: 
1. Introduction 

Modulational instabil ity of Langmuir wave arises through local depressions in density and corresponding increases in the energy density ·of the Langmuir· field; and leads to Langmuir solitons (Zakharov0). The density depressions are produced by the low-frequency ponderomotive force on electrons expelling them (and henceions as well· through ampipolar effects) from the region of ·strong fields. Mathema­tically, these solitons are localised stationary solutions of a nonlinear Schrodinger 
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equation for the Langmuir field with an effective potential proportional to the low-frequency electron-density perrurbation. The latter in turn obeys an equation for non-acoustic waves driven by the ponderomotive force. Specifically, one has for the high-frequency Langmuir field E and the low-frequency electron-density perturbation n, 
ie E, + � En = ; E ( 1) 

(2) 

where we have nondimensionalised the various quantities using the ion-plasma period w;:, the Debye length Aoe, n with respect to the unperturbed value N, and E using 4 J ';KNTe, Te being the electron temperature and e = 1 ·me/m1 • 

The system of Eqs. ( 1) and (2) has the stationary soliton solution 
E = 4 JI (�2 

- ea) ( I  - M2
) sech [JI;  (�2 

- ea )  (x - Mt) ] x
. ( Mx ) 

X e '  ' T - ea 

n = - 4 (1 - M2)
(3) 

where <1 is a frequency shift which is a free parameter. This solution moves faster but becomes smaller and narrower as M increases, and disappears when M � I ,  i. e., when the soliton moves with a speed close to the ion-acoustic speed. Makhan­kov2> and Nishikawa et al. 3> pointed out that the ion-nonlinearities become im­portant for the latter case . .Makhankov2>  and Nishikm.va et al. 3 > accounted for theion-nonlinearities by assuming a charge-neutrality in the low-frequency plasmaresponse and the low-frequency electron-density perturbation then obeyed, res­pectively, a Korteweg-de Vries equation and a Boussinesq equation with the ponder­motive force as the driving term, while the Langmuir field continued to obey thenonlinear Schrodinger equation. Rao and Varma4> considered a fully-nonlinearsystem of equations without any assumption of charge neutrality in the low-frequen­cy plasma-response, and gave a solution which shows a smooth transition from asingle-hump soliton solution of Zakharov 1 > to a double-hump soliton solution ofNishikawa et al. 3 > as the Mach number of the soliton increases. In the presentpaper, we first make further studies of the Boussinesq equation model and theKorteweg-de Vries equation model. The former is shown to possess only a single­humped soliton solution which is valid both for M � 1 and M R:: 1. The latter isshown to possess only a double-humped soliton with somewhat different parame­ters than the ones given by Nishikawa et al. 3 >. This solution is valid for M f::::t 1and not for M � 1 .  Then, a Lagrangian formalism is given for both sets of modelequations.
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2. The model equations of Makhankov

Upon including only the nonlinearity arising from the Boltzmann distribution of the electrons, one obtains 
n,, - nxx - nxxtt + (n2

),, = ! (1Bf 2)x,-• (4) 
Observe that the equation given by Makhankov2> has a sign error for the fourth term on the left-hand side. It can be seen from the following that this sign error, unless corrected, wil l not lead to the existence of soliton-solutions of Eq. ( 4). 
(i) E.1eact solutions 

Look for statiomu-y solutions of the form,

where 

. . (11Mx )E (x, t) = 8 (E) e 1 -3- -o r  
n (x, t) = n (�)

� = X  - Mt. Then Eqs. ( 1) and ( 4) give 
2 (82M2 ) n 

8" -
3 

-3 - - e<1 t.i' -
3

8 = 0 

1 (M2 - 1 ) n - M2n" + M2n2 = - 112 4 
where primes denote differentiation with respect to E. 

Look for a single-humped soliton solution of the form 
tl = y sech {1�
n = a sech 2 p; 

so that Eqs. (6) and (7) give, 

(5) 

(7) 

(8) 

[- } (•:r - "') r - --} u r  - r/PJ ] + [2rP' +. � ar] canh' Pff =0

[ 
'1/ 2

] [ 
y 2 a (ivl2 - 1 )  + 2a fJ2 M2 + 1vf2 a 2 - �- + - a (M2 - I ) + 4 -

(9) 

- 8cz/P M2 - 21W2a 2 ] tanh 2 M + [6a{12M2 + M2a2 ] tanh4 PE = 0 ( 10)
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from which one obtains 
(8 2 Af2 ) a = -4 -

6
- - eu  

p2 = _, �, y2 = a [cM2 - I) + 2M2 a] .
6 4 3 

( 1 1 )  

( 1 2) 

By an appropriate choice of a, it is possible to ensure that the single-humped soliton solution given by (8) is well-behaved for both M · � 1 and M � I . In this model, as shown by (8} and ( 12), observe that the density perturbation is linearly proportional to the high-frequency electric field amplitude as M � 1 ,  in contrast to the second power of the latter in Zakharov's solution (3). Therefore, in this model, a substantial density cavity is produced by . a  relatively weak high­frequency electric field. Note that the low-frequency . shift <1 is a free parameter for the single-humped soliton solutions (as for Zakharov's solution (3)). 

Let us now try a double-humped soliton solution 
B = y sech PE · tanh {J�

n = a sech2 {JEso that Eqs. (6) and (7) give 
[-sy {J 2 + � ( 82 :12 

- s u) y + -} ay] tanh PE +

( 1 3) 

+ ( 6y //2 + {ar) tanh3 M = 0 ( 1 4) 

[a (M2 .:.... 1) + 2ap2i"12 + M2a 2] +

+ [- a {M2 - I ) - �
2 

- 8a//2 M2 -2M2 a 2) tanh 2 p� + 

+ ["2 + 6a{J2M2 + M2a2] tanh4. M = 0
from· which one . obtains 

9 (M2 - I) 
a = - 8M2 

M2 - 1 y 2 
{J2 - -

- 1 6M2 ' 4 - -
27 (M2 - 1) 2 

32M2 

( 15) 

( 16) 

The ill-behaved nature of ( 1 6) shows that Eqs. ( 1 )  and (4) do not possess double-humped soliton· ·solutions. 
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(ii) A Lagrangian formalism 
In view of the nondimensionalisation of the various quantities described be­

low Eqs. ( I) and (2) before, and the stationary propagation of the waves, we may
replace the t-derivatives in the third and fourth terms on the 1. h. s .  in Eq. ( 4) by
the x-derivativcs, redefine E suitably, and write Eq. (4) in the form 

(17) 

Introducing 
11 = 'Pxx ( 1 8) 

and proceeding along the lines of the treatment for Zakharov's equations given by 
Gibbons et al. 5>, we find that the Lagrangian for the '.system of Eqs. (1) and ( 17) 
is given by 

L = � (EE: - E*E,) + � 1Exl 1 - � 1Pxx IEl 1 + � V'tt'Pxx -

I 2 I 2 I , 
- 2 "'"" + T "'""" + T """" · ( 19) 

Using ( 19), the »momenta<< conjugate to the variables E, E* and 'I', are given by 

oL 1 n 
nip, = - =  - 'Pxx = ·-.-O'f/Ju . 2 . 2  (20) 

Using (19) and (20), the Hamiltonian for the system of Eqs. ( 1) and_ ( 17) is 
given by 

= _!_ (- � 1Exl 2 + _!_ n IEl 2 + _!_ n2 
- _!_ n2 - _!_ n3) . (2 1) 2 2 2 2 2 _ J&  3 

Using (2 1), Hamilton's »equation of motion<< is 

"'u = �H = -2 dH = _!_ IEl 2 + n + n - n2 
T 61',ip, 6n 2 XX 
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from which one obtains 

Next, 
( . Er �H 1 ( 3 n )Tl:E*)r = 16 - = - - = - - - Exx + - E 2 �E 2 2 · 2 

from which one obtains 
ie E, + � Exx = � E. 

The »constants of motion« are given by 

-oo

-oo

(22b) 

(23a) 

(23b) 

H =  � f [- ; IE,I ' + � n lEI ' + � n2
- � n! - { n•] dx. (24)

-oo 

N is called the plasmon number. The fact that the energy of an electrostatic field in vacuum is proportional to J IEe-imtl 2 dx suggest,; that N may be the zeroth-ordcrenergy of the system (Gibbons et al.5 >), whilst H is the first-order con·cctionresulting from nonzero wavenumbers of the electric field and from ion-density perturbations. P is the (linear) momentum. Using the exact solution given by (5), (8), ( 1 1 )  and ( 1 2), one may verify that unlike the case with the system of Eqs. ( 1) and (2), (for which a Lagrangian forma­lism was developed by Gibbons et al. 5 >), the >>constants of motion<( for the solution (5), (8) and ( 1 1 )  of the system ofEqs. ( I )  and (4) do not vanish as M ::::> 0.
3. The model equations of Nishikawa et al.

Upon including both the convective nonlinearity in the equations governing the ion motions and the nonlinearity arising from the Boltzmann distribution of the electrons, one obtains 
(25) 
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(i) Exact solutions

Look for stationary solutions of the form,
. (a Mx ) 

E (x, t) = &° (E) c-
1 

-3- + o t 

n (x, t) = n (E) where, 
E = X + Mt.Then, Eqs. ( 1)  and (25) give 

2 (e2 M2 ) n 
ff" -

3 
-

3
- - E <J tf -

3
& = 0

Mn' + nn' + _!_ n'" = -8 8'
2

where primes denote differentiation with respect to E. 
Look for a double-humped soliton solution of the form 

C = r scch Pr tunh /JE 
n = a sech 2 fJE 

so that Eqs. (28) and (29) give 

[ 
2 (e2 M2 ) 1 ] -Sj' /32 + 3 .-6- - ea i' + -:f ay tanh {J� +

+ ( 6y p2 + }ar) tanh 3 /JE = o 

( -2<L{JM - 2a2/J + 8a{J 3 + y2/J) tanh /JE + (2a{JM + 4a2{J -
- 20a/J 3 - 3y 2/J) tanh 3 pe + (-2a 2/J + 12a/J 3 + 2y 2p) tanh 5 PE = o

from which one obtains 
9

a = - - M, . 20 
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(26) 
(27) 

(28) 
(29) 

(30) 

(3 1) 

(32) 

(33) 
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This solution is qualitatively but not quantitatively the same as the one given by Nishikawa et al. 3> because of different values of the parameters. Further, a ma­jor difference is the possibility of a supersonic propagation indicated by the pre­sent solution whereas the one given by Nishikawa et al. 3> shows only a subsonic propagation. A few more observations of the solution given by (26), (27), (30) and (33) are in order : 
(a) this solution is well-behaved for M � 1 , but vanishes for M => 0;(b) unlike the single-humped soliton solutions given in Sections I and 2, thissolution has only one free parameter, namely, M. However, this solution isof a special type satisfying 

� = 0, E = 0 (34J

so that the loss of the other free parameter, namely, e<1, may appear to be a · consequence of this special feature.( c) like the solution (8) given by Makhankov's model, the density perturbation islinearly proportional to the high-frequency electric field amplitude as M => 1 ,. in contrast to the second power of the latter in Zakharov's solution (3). There­fore, in this model a substantial density cavity is produced by a relatively weakhigh-frequency electric field.Let us now try a single-humped soliton solution of the form 
· C = y sech· /U, n = a sech 2 p� ·

so that Eqs. (28) and (29) give 
[ 2 (e 2 J\,12 

) I 
] ( 

1 ) - T -6- - e<1 y - -T ay - yp2 + 2yp2 + 3 ay tanh 2 M = 0

(35) 

(36) 

[2aPM - 2a2P + 1 6aP3 
- y2P] tanh M + [-2aPM + 4".2P - 40a/J 3 + 

+ y2p] tanh3 PE + (-2a2P + 24aP2) tanh5 PE = 0 (37) 
which clearly shows that a single-humped soliton solution is not compatible with the system (28) and (29). 
(ii) A Lagrangian formalism 

Introducing n = "Px 
the· Lagrangian for the system of Eqs. ( I ) and (25) is given by 
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Using (38), the >>momenta<< conjugate to the variables E, E* and 'I' are given by 
oL . E* :r E = oEt = - te 2
iJL . E :r,E* == FE* 

= te 1 . t 
oL 1 n � = - = - V':t = -. 01/'t 2 · · 2 . (39) 

Using (38) and · (39), the Hamiltonian f.or the system of Eqs. ( 1 )  and (25) is given by 
E* L l ( 3 I E  , , 1 . I EI , 1 3 .  I 2) /-I =  nEEt + :iC,z* t + :t,/,/Jt -

= -f - 2 x - - 2 n - -6. 1f +-4 nx 
. . . (40) Using (40), H�n�ilton's >>equation .of �otion<< i_s_.: ,.

· lJH 6H 1 I · I 1J), = - = 2- = - -- IEl 2 - -- n2 - - n 61Cv, �11. · 2 . 2 2 XX

from which one obtains 

Next, 
. ·c· .� .

) 
: Er . . l>H 1 ( J

° . n ). .  _ ni• ,_ = ie - = - -. - = - - - E  + - E · · · . 2. · l>E · 2 · . · · 2 . x.x 2 .
from which one obtains 

The >>constants of motion« are given by 
N = fjEj 2 dx

-co 

P = f � (EE; - E*Ex) + n2] dx
-oo 

00 

(41a) 

(41b) 

(42a) 

(42b) 

H = f ! [- � E; - ! n IEl 2 - ! n3 + ! n!] dx. (43) 
-oo 
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Using the ·exact solution · given by· (26), (27), (30) and (33), it is possible to verify
that unlike the case with the single-humped soliton solutions, the >>constants of 
motion« for the double-humped soliton solution vanish as M => 0. This further
shows that the double-humped soliton solution, though well-behaved as M => 1 ,
i s  not valid as M => 0. 
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· Originalni znanstvenirad . .

Razmatra sc ponasanje Langmuirovih solitona u plazmi uzimajuci u obzir neline­
a�ne cfekte koji poticu od iona. Prirnjenjuje se Lagrangeov formalizarn a posebno 
se ispitujc ponasanje solitonskih rjcsenja kada su odgovarajucf .Machovi brojevi 
bliski jedinid . 
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