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Original scientific paper
We have analysed the formation and modulation of solitary waves for the new
nonlinear equations — the non-local Kadomstev'— Petviashvillee equation, with
the help of multiple-scale Fourier transform technique. This equation is a generali-
sation of both the BO equation and KdV equation in three dimensions. We have

obtained the equation satisfied by the modulated amplitude and hence the corres-
ponding solitary wave solutions. )

1. Introduction

In a recent communication Dobrokhotov!’ has deduced a new nonlinear
equation in three dimension from the equation of hydrodynamics. This equation
reads -

I RCS S

w =28 HD?%ut + 2uDu + 462 Du
with
Du=u, — u,

where H denotes the standard Hilbert transform integral.
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As § -0, this equation reduces to the Kadomstev-Petviashwillee equation.
So we can consider this equation as a generalisation of both the Kortweg-de Vries
equation and Boussinesq equation in three dimensions. It is still not known that
this equation possesses a Lax pair. But the existence of the Hilbert transform like
operator makes a direct approach for solitary wave solutions impossible. So we
have applied the technique of multiple scale Fourier transform?’ to study the for-
mation and modulation of stable wave forms since, for this equation, a direct appro-
ach is impossible.

2. Formulation
Let us start by writing the equation in the form
u; = 2a D? H(u) 4+ 2u Du + 4n Du N
where the constants ¢ and # are defined as
a=(id)"!

n=406"2
and

H@=—P f 4G gy,

As usual the Fourier transform of u (x, y, ) is defined by
u(x,y,t) = _f u (k, g, t) el>+) 4k - dg, 2
In the approach of multiple scale we define the scaled variables
X, = &" * x3 Yn=2¢"*y; ta=¢&"+1
and the extended function
(%0, Y5 £0> X15 Y15 15 ---)

whence the corresponding Fourier transformation is defined through

i f § (Bnsntanim)

4 (X0, ¥0s Los X1> V15 E15 onn) = f“(km qos Los Bas Gus £y 000} e"0 II gk, dg,
3
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ku gn denoting the corresponding wave numbers. Using Eq. (2) we first convert
Eq. (1) into the form
f(k q) =4a(k* + ¢°) —4n(k —q)

ou(k, q,t)

o +if(k’Q)u(k’q’t)=i(k—q) J-J.u(k": gt)uk—k,q—4¢1)

- dr'dq'. - (4)

It is then easy to extend Eq. (4) when the extended function u (x, y;, ;) is used.

We simply get

(ato + eatl + "‘) u(.kO’ dos tO) kl’ q1> ty '-') +

4 if (ko + ek & s go + 8g1 + ) u ko Gos tos Rirgus by 10) =
=1i{(ko + ek, + ...) — (o + &4, + )} X II (ko> os Los ---) # (ko — kgy 90 —
— g, ---) I A&, dq;. (5

By expanding each of the functions according to

flko+ eky + ...xgo + €91 + ...) = f(k0s40)+8{kxm+41af}+

! 2 + — 2 -+ + — = L +
& |k2 1: aq° 2 kl 3k’ qul 3k aq 2 % aq: o (6)

and collecting different powers of ¢, we can obtain equations for the amplitude
modulation in various order. But our main intention is to obtain an equation which
governs the slow spatial — temporal variations of the amplitude of the wave train
not in the Fourier space but in the physical space time. But by taking recourse to
the Fourier transform we were able to convert the original integro-differential
equation into a sequence of partial differential equations. Taking inverse Fourier
transform of (6) we get

r

N
Xe"-L, (ko: Qo)u(km do> Lo Ry, gy Ly, ) =

n=0
. N n a a ’ ’ ’ ’
=1 (ko - qO) —"Ele (’a—xn - a_yn) Iu (k;‘ do> Los kp q, ---) X

x “(ko - k:,s gl) h g;! kl - k;s ) dkc: d'Q; (7)
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with

d .
Ly =37; =+ if (o> 90)

’ s . 2
L, =5E+f (ko:‘IO)aT‘Ff (ko:%)a—: (7a)

L +'(af_ 2 | af ) (32)' 32+32f'£)_
*=3n "\ W T gk aat g 7

. 3zf a2 )
_‘(ako-aqa ax, -yl (70)

For effective computation in asymptotic perturbation we expand the nonlinear
field as

U= Eu; + 82u2 + “er (8)

Substituting (8) in (7) and equating like powers of ¢ we obtain, in various order
of &, the governing equations for the expansion coefficients u,.

From the linear term in ¢ we get

Lo (ko go) 41 (Rosg0) =0
or

['31;; + if(kO: gl})] 3% (kD) qo) =0, (9)

Hereafter for simplicity of expressions we will not write down the spatial and tem-
poral variables in the argument of u,. As a solution to Eq. (9) which is appropriate
to nonlinear self-modulation problem we obtain?®

1ty (ko> go) = €~1220 b (x, 31, £y5 -+) (ko —R) (g0 —q) + 0¥ (X, Y15 815 000) +
- eiwto § (ko + k) 8 (g0 + q) (10)

which corresponds to a quasi-monochromatic wave with specified wave numbers
k and ¢ and frequency  satisfying the linear dispersion relation

o =f(k q) =4a(k? +4¢*) — 4(k —q)
Equating coefficient of ¢2 we get
Lo, + Lyuy = i(ko — go) | uy Gilo gl D) s (ko — Blpql — o, ) AR5 dg, (1)
where Eq. (10) is to be used for u;.
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If we impose the non-secularity condition for #, which is

8b  3f 0b  9f 3b _

a5t o T T A B, 12

which leads to

0 ) . .
[57:; +if (kos 40)] u (kos go) = 2i (B — q) b2 e~2i®t0 § (kg — 2k) 8 (90 — 29) +

+ 2|b?| Sk * g0 + 2i(k — q) b*? e2iwt0 § (ko + 2k) (g0 +29).  (13)

Solving Eq. (13) we get:
(k—q)b>

Sk A T o)

. e=2ioto (14)

Uz (k> 9)=0

and u, (0,0) = @, (say) where @ is an arbitrary function of space-time variables
(%15915 L1, ...), sO that we can write

I Gl )L SEPY - (k—g)b*
U, = a(h = qz) e—2ioto § (kg — 2k) 8 (g0 — 29) + 32 (R F qz)
- e2ioto - § (ko + 2k) 8 (g0 + 29) + P> * ka0 * 640,0- (15)

Next equating coefficients of &3 equation for 5 is obtained in the following
form

Loty + Lyus + Lauy = 2i (ko = go) § 161 (B}, g% £0) 2 (Ro — kls 0 — 44> to)

r r 3 a F r r r !
- dk; ¢ dg, — (‘gx— = 'a-;'u) I LF (k;' gy Loy u (kg — 0 o — Gy Lo) Ay + dg;. (16)
n
Solving Eq. (16) and taking care of the non secularity condition we obtain

éb odw b  dw ab
9 Ok B9 {an
and

___ b (k—g)?
 16a% (B2 + ¢7)?

- e~3dato § (kg — 3k) (g0 — 39) +

ib = W'6(ko—2k)6(qo—2)4+¢3'ako'aqo (18)
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along with
o®, (9 @ )
oty 2 (3x1 33’1) o1 ()

Lastly we deduce the secularity condition in the variables (x;,y., ¢,) as

L{EE ke, 28 D0 94} (0 0%, Pe 2Y,

i\dt; @k 0x,  @q dy:) 2\3k2 32 ' 3¢ 3y')
_(k—q)b|y|? — .
—W-f-Zk(k q) b¢2. (20)

Defining new variables
'=t¢t—ax— fy

and eliminating @, from (20) and (19) we get

d [|.ob a2p 0%b 2] -(3_3) 2
3_E[lat+A3x2+Bay2+clbI b _Dbﬁ > 3]2,
where
E — g)2
A=4a; B=4a; C _(__Z)__ D=4k —9 @21

= 2a(kr + 73’

Eq. (21) is the required nonlinear modulational equation for the amplitude in 2
space and one time dimensions.

3. Solution of the equation

We seek a solution of (21) in the form
b=g (x,y) e—iQt = £ (x, y) eintx, »)—it (22)

Furthermore we assume that the amplitude £ and phase % have the simple depen~
dence

n=n(x—21y)
and

5=$(x—22y)
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so that Eq. (21) yields

D(+ 4)
=ma T ¢ @
fn = A:'f + 3153 + 0155

(24)
where

@  ,___C
A+ T AT R

1

Ax =
Ci=— Pt __. ,-_DA+A)
1T A+BR FT a0t AT By
Integrating (24) according to the usual procedure we get
= [ :
> =177 ® @)
where:

4
V(g) = Cse + 44:¢” -+ 2B,0° + - Cig™

Eq. (25) indicates that the integral involved is of elliptic type. To integrate we
are to analyse the roots of the polynomial V (g) = 0. Let the roots be g,, 02, 03, 04-
Then from the symmetric function of the roots, we can ascertain that at least one
of the roots may vanish. If we make a substitution®

2 . (02— 0a) (@1 — @4)

(01 — @3) (02 — 04) (26)
then the solution is
4C, 2 {02 — 84) (@ — @a)
V (x =42 5)= V(es — ea) (@2 — ¢a) S V(gz —g3) (0 — p4)’
If we let
aC 12
'E'{ : (01 —e3) (o2 — 94)} (x — Azy) = 8 (%, 3 (26a)
then,

2 {02, —04) (0 —@2)
5.0, 8) = (Qz —ea)(e —o4) (27)
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whose solution yields

_ 0alos — 03) S2(8, ) ~ (02 — eu) 03
e A A RO T P 28)

Eq. (29) gives the wave solution of the original nonlinear BO equation. In the
limit g, - g, and Sn~! —tanh~! we get:

_ ealg2— 0a)tanh? & — (g1 — g4) 01
4= "o, —ga)tanh?  — (02 — g4} (29)

Now from Eq. (23) we get

- 04 (e2 — ¢3)tanh? 8 — (02 — 04) @2
e = g, — gg)tanh? 8 — (g2 — @4

with
_ D(+4y)
M= 20+ Ba%y
so that
_ & tanh?® 8 (x,y) — @,
N = wytanh? 8 {x, y) — @4

@y = 1 04 (02 — 03) (30)
w; = oy €1 (02 — 04)
w3 = @2 — @3
ws = 02 — 04
On integrating (30) we obtain

Ws

= weX +7-ln 1+tanhd(xy) s In %7 + tanh 6 (x, y)

1—tanhd(xy) 20, w,;—tanhd(x,y)

@, 1
e = 1 4—0_)2
W3 W3 — Wy

where

(7))
We = —1
W3
Wq
Wq =Y —.
®3
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To get the actual structure of the solitary wave form, we make a possible simplified
choice of the constants involved. We let g; = 0 so that the roots g,, 0,, g4 are
determined from the following set of equations

Then 4§, defined by (26a) is of the form

ot (=) e

assigning some admissible numerical values to these parameters we have plotted
both the x and y section of the three dimensional static soliton. Such diagrams
are displayed in Figs. 1 and 2.

ANDLITUDE

By Py of o
T =T FZ A TP O ST1bErh MO A D AT T <t NN 210 O G AT T et

y ——— R ——

Fig. 1. Plot of amplitude vs. y.  Fig. 2. Plot of amplitude vs. x.

In our above computations we have shown that the method of multiple scale
Fourier transform can yield both periodic and solitary wave like solutions of non-
local KP equation. To ascertain the structure of these we have plotted the ampli-
tude of the x = 0 and y = 0 section of the solitary wave in Figs. 1 and 2
which clearly depict the structure of it in the form of a inverted bell shape. Finally,
we may add that in absence of any inverse problem the reductive perturbation like
approach, which we have used here is the only technique for solving such non-
linear non-local equation.
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SOLITONSKA RJESENJA NELOKALNE K-P JEDNADZBE
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UDK 532.59
Originalni znanstveni rad

Pomoéu visestruko baZdarske Fourierove tehnike analizirali smo formiranje i mo-
dulaciju solitonskih valova kod nelinearne i nelokalne jednad?be Kadomstev-Pet-
viashvilleea. Ta jednadZba je generalizacija BO i KdV jednadZbe na tri dimenzije.
Mi smo dobili jednadZbu koju zadovoljava amplitudno modulirani solitonski: val.
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