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For the first time, an exact model potential calculation of the structural energies of Li, Na, Be and Mg is carried out without using any form of interpolation to avoid any possible error. The influences of using different model potential para­meters and of applying effective mass approximation are examined. The observed HCP structure is found to have the lowest structural energy in all cases. Calculated and observed axial ratios are in good agreement. 

1. Introduct£on
The structural energy per ion Esu i. e., the structural dependent part of the total energy, is calculated at T = 0 K using the optimized model potential of Shaw 1> (OMP) and second order perturbation theory. Est is calculated at a constant vo­lume, the experimentally observed one, for the three common crystal structures FCC, BCC and HCP with ideal and variable axial ratio c/ a. Est is the sum of the electrostatic energy Bes and the band structure energy Ebs, through which the crystal potential is presented 2> 

FIZIKA 19 (1987) 1, 17-28 

( 1) 

17 



RADWAN AND SALEH: STRUCTURAL ENERGIES OF LIGHT METALS 

Ebs is a summation in k-space over the energy wave number characteristic F ( q)multiplied by the square of the structure factor S ( q) : 
Ebs = 1; 1S (q)f 2 F (q). (2) 

q#=O 

The results are usually expressed as the dimensionless coefficient a = 2r 0E/ Z2, where r O is the radius of the atomic sphere of volume VO and Z is the effective valence. In literature abs is usually calculated by interpolating the tabulated F ( q) to find F (g,), where g, are the reciprocal lattice vectors of the crystal structure under consideration. However, interpolation is always associated with some inaccu­racy regardless of the interpolation scheme used. This can lead to erroneous results since the relative energies L'.IEbs of the different crystal structures are usually very small. L'.IEbs are highly sensitive to the crystal potential used 3>. That is why calcu­lations of Est and hence determination of stable crystal structures represent a very critical test of the crystal potential. To remove any possible uncertainty due to interpolation, F ( q) and hence Ebs are calculated exactly at the reciprocal lattice vectors g1 in the present paper. Contrary to all existing calculations, this is the first paper where no interpolation schemes are used at all. Another feature of the present calculation is the treatment of exchange and correlation of F ( q ), which differs from that of Shaw4>. Our approach 5> is based on the diagrammatic representation of the many electron interactions and takes into account the screening of h ( q), which was not done by Shaw4>. The model potential parameter$ used in the present calculation of Ebs are those of Shaw 1 > (SH), Ese and Reissland 6> (ER) and Appapillai and Heine 7> (AH).The effective mass approximation 7> was also applied (in AH potential only) forsake of comparison and is denoted by AH*. For Li and Be a second value7 > of mk (AH**) was obtained by modelling both l = 0 and l = 1 components of the potential using the scheme suggested by Evans8>. 
2. Convergence of band structure energy

The calculation of the very small structural energy differences between .FCC, BCC and HCP needs a well-converged sum in Eq. (2). A critical test of the conver­gence of abs in k-space was carried out for Li, Na, Be and Mg (Figs. 1 to 4). The summation was calculated up to the very long range q = 12 kr (Li, Na) and q = 
= 16.5 kr (Be, Mg) to ensure a good convergence of at least six decimals in asr for all crystal structures. This was achieved at qfkr = 8.4, 11, 14.3 and 14.9 for Li, Na, Be and Mg, respectively. This extraordinary long range summation is essential to obtain accurate quantitative values of a.r because the convergence of Eq. (2) is very slow. In literature the summation is terminated usually at q = 1 to 8 kf, which gives correct qualitative results only . .  A great deal of care was given to the Gauss numerical integration involved in the calculation of F ( q), especially at q close to 2kr, because of the logarithmic singularity at q = 2kr. In the present calculation, we used N = 20 to 32 Gauss points for q close to .the singularity and N = 10 to 12 otherwise.
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Fig. 1. Convergence of structural coefficient «.sr for BCC., FCC and ideal HCP structures.
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Fig. 2. Convergence of structural coefficient a,, for BCC., FCC and ideal HCP structures.
Na (ER-potential). 
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Fig. 3. Convergence of structural coefficient as, for BCC, FCC and ideal HCP structures. 
Be (ER-potential). 

3. Results
Our calculated electrostatic constants aes are identical with those of Sholl 9>. To determine aes at various axial ratios cfa in the HCP structure we used the for­malism given by Harrison2 >. abs and hence ast were calculated in the three common crystal structures FCC, BCC and HCP with ideal c/a = �-8/3. In addition, the variation of ast with the axial ratio c/a in the HCP structure was examined to obtain (c/a)min at which ast is minimum. The whole procedure was carried out several times for each metal using different potential. parameters with and without effective mass approximation. We have taken the exchange and corrt"lation function of Singwi et al. 1 0>. The results are given in Table I .  The variation of ast versus c/ ain the HCP structure is shown in Figs. 5 to 8 for Li, Be (ER potential) and Mg (SH potential). From Table I we see that the energetically most favoured structure in all cases is HCP, which is also the experimentally observed structure. For Be, ho­wever, the BCC structure is more stable than FCC, while for Li, Na and Mg the situation is reversed. The theoretically calculated axial ratio (c/a)min, at which ast (HCP) has its minimum, changes slightly according to the potential parameters 
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Fig. 4. Convergence of structural coefficient ast for BCC, FCC and ideal HCP structures.
Mg (SH-potential). 

used. On the other hand the numerical values of as, increase with increasing Z, which is obvious. Comparison of AH* and AH of Table 1 shows that inclusion of effective mass approximation changes the results quantitatively in favour of HCP, however, the order of stable crystal structures is not affected. An increase of 28 % (Li), 15% (Na), 33% (Be) and 14% (Mg) in IEbsl is obtained upon in­clusion of effective mass corrections, compared to 24% (Li), 15% (Na), 26% (Be) and 11  % (Mg) as expected by Weaire's treatment 1 o. In case of Li and Be the AHh values of IEbsl are 6 %  and 15% less than AH results, while Weaire 1 1> pre­dicted 4% and 11 °;{ , respectively. 
4. Discussion and conclusions

The main purpose of the present paper is to examine the applicability of the optimized model potential and seeond order perturbation in the sensitive and criti­cal calculation of stable crystal structures for some light metals. To exclude any possible error arising from the interpolation schemes used by other authors, the band structure energy Rbs ( or abs) was calculated exactly without using any form of interpolation. This is the major advantage of our results over previous ones. 
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TABLE 1. 

Potential (c/a)m10 HCPmto HCP1d FCC BCC 

a) Li
AH* 1.635 - 1.833717 - 1.833717 -1.833635 - 1.833510
ER 1.630 - 1.826166 -1.826166 -1.8261 18 - 1.826056
AH 1.635 - 1.824983 - 1.824983 -1.824938 - 1.824869
AH** 1 .635 -1.822681 - 1.822681 -1.822643 - 1.822576

b) Na 
AH* 1.638 - 1.195512 - 1.795510 -1.795463 -1.795167
ER 1 .633 - 1.795122 -1.795122 -1.795089 -1.794847
AH 1.637 -1.795080 -1.795078 -1.795047 -1.794809

c) Be
AH* 1 .604 -1.910789 - 1.910707 -1 .900769 -1.906595
AH 1.609 - 1.882364 - 1.882313 -1.874470 - 1.878897
AH** 1.612 - 1 .869876 - 1.869837 -1.862967 - 1.866722
SH 1.61 6 - 1.851809 -1.851790 -1.847038 - 1.848657
ER 1.618 - 1 .846827 - 1 .846815 -1 .842790 - 1.843870

d) Mg
AH* 1.629 -1.802375 - 1 .802374 -1.801742 - 1.800633
AH 1.629 - 1.801223 - 1.801223 -1.800630 - 1.799607
SH 1.630 - 1.801025 - 1.801024 -1 .800426 - 1.799412
ER 1 .631 - 1.799603 - 1.799603 -1.799347 -1.798197

a .. , of Li., Na., Be and Mg in BCC., FCC and ideal HCP structures. The minimum of a .. , (HCP) 
is given together with the corresponding (c/a)m,n• 

To show the error in abs arising from interpolation, we consider abs of Mg calcu-lated up to q = 6kf using SH potential. Using 4-point interpolation with interval q/ k., = 0.05, we find :  
ar,8 (FCC) = -0.00854862 and a,,s (HCP td) = -0.00931738. 

If no interpolation is used (i. e. exact value) we get : 
abs (FCC) = -0.00827559 and ab, (HCP,d) = -0.00931633. 

It is clear that interpolation causes much greater en-or in abs (FCC) that in a,,8 �HCP") of Mg. Refs. 10 to 24 represent the most important papers using different forms of pseudo and model pot�tials in the calculation of strucwral energies of light metals. Hafner and Heine2 5 > gave a qualitative discussion of the structural trends of the elements, however, they did not attempt to calculate Esr• In Li, Na, Be and Mg there are no d-electrons and these metals are considered to be ideal from the point of view of pseudopotential theory. This is demonstrated clearly in the successful prediction of their stable crystal structures using model or pseudopotentials 1 2 - 2 4> , Calculated and observed axial ratios are given in
22 FIZIKA 19 (1987) 1, 17-28 
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TABLE 2. 
a) Li
Ref. 12) 21) 14) 18) 16) 19) Present 17) Obs., 20), 22) 
c/a 1.597 1.62 1.623 1.627 1.63 1.633 1.63, 1.635 1.636 1.637 
b) Na
Ref. 12) 15) 21) 17), 18) 14), 15), 22) Ohs., 20) Present 
c/a 1.58 1.625 1.63 1.632 1.633 1.634 1.633-1.638 
c) Be
Ref. Ohs. 16), 18) 12) 19) Present 21) 17) 14) 20) 
c/a 1.568 1.585 1.592 1.599 (1.604-1.618) 1.61 1.614 1.621 1.633 
d) Mg
Ref. 19) Obs. 12), 18) 14), 23) Present 17) 24)
c/a 1.618 1.623 1.625 1.630 (1.629-1.631) 1.631 1.633 

Calculated and ohserved,axial ratios of Li, Na, Be and Mg. 
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AE.s, for B e  and Mg. H owev er , we th ink that the re liab ility of their es timates is 
q uesti on ab le, si nce th ey gave the sam e values for b oth B e  and Mg. A q uantitativ e  
comparis on b etween theore tical and exper imentally es ti mated s tr uctur al ener gy 

TABLE 3. 
a) Na (V0 = 255.19  au) 

Ref. 27), 28) 22) 24) 18) Present 1 5) 24) 
Exp. GPT ER AH AH* LMT 

BCC-HCP 0.055 0.05*> 0.065 0.071 0.081 0.083 0.108 17**> 0.30 
*> calculated at volume = 1.07 V0 
**> calculated at volume = O. 75. V 0 

b) Be (Vo = 54. 70 au)

Ref. 29) 30)
Exp. ER SH 

Present 20) 12) 19)
AH** AH AH* 

12) 20) 

0.40 0.76

16) 18)

FCC-HCP 1 .48 4.02 7.54 9.27 13.93 15.76 20.2 8.0 8.30 12.57 36.3 44.5 
BCC-HCP 0.351 5. 1 1  5.52 6. 12 6.36 6.92 8.45 8.4 9.45 8. 18  12.6 20.7 

c) Mg CVo = 156.8 au) 

Ref. 29) Present 24) 31) 30) 19) 18) 17) 16) 12)
Exp. ER SH AH AH* GPT LMT 

FCC-HCP 1.48 0.35 0.83 0.83 0.89 0.6 0.7 0.9 0.5 1.8 1.6 0.4 1 . 1  1 . 8  
BCC-HCP 3.51 1.94 2.23 2.26 2.46 2 0.9 2.5 1 .7 3.2 3.1 1 .8 5.4 4.2 

Structural energy differences L1E.u expressed in mRy (1 mRy = 0.0136 eV). 

differ ences is giv en i n  Tab le 3. D ue to lack of experi mental data, no such compar i­
s on was possib le for Li. 

Th e r esult of S mimov et al. 2 2> for N a  i n  T ab le 3 is ca lculated at a volume 7%
lar ger than V 0, thus its agr eement wi th th e experi mental value is not j us tifi ed. 
H owever ,  LJE.s, of McMahan a nd M oriart y24> usi ng GPT and of Williams and 
Appapillai 1 8> usi ng OMP togeth er with our ER r esult all h av e  r eas onab le agr ee­
m ent w ith experi ment. 

The quan ti tativ e agr eement of theor eti cal r es ults wi th th e experi mental es ti­
mates for B e  ar e not s atisfactor y  (Tab le 3 ). I n  th e pr es ent paper and R efs. 1 6, 
18 and 19 th e BCC s tructur e is clos er to the HCP , wh er eas in the ex per imental 
es timates and Refs . 12, 20 and 3 0  the FCC s tr uctur e comes in s econd place aft er 
HCP. 

Thus for B e  we conclude th at i nclusi on of thir d or d er ter ms in our OMP 
calculati ons may r emov e th is dis cr epancy and i mpr ove th e q uanti tativ e agr eement 
wi th b oth obs erv ed axi al r ati o  and experi mental L1Es�· H owev er , the r es ults of a
b and str uctur e  calculati on of B e3 2> carri ed out usi ng the pr esent· OMP are v er y
s atisfactor y. This is unders tandab le si nce ener gy b ands ar e far less sensi tiv e  to 
the crys tal potential and perturb ati on or der than s tr uctural ener gi es .  The fa ct
that Z plays quanti tativ ely an impor tant r ole in th e b and s tr uctur e32> is als o con­
fir med in th e pr es ent paper. This means that Z could b e  us ed as a par ameter to 
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Tab le 2. All theor etically calculated ax ial r atios of Li, N a  an d  M g  ar e in excellent
agreement with the obs erve d c/a, except thos e  of Pick1 2> for Li an d  Na. In cas e
of B e  the agreement is not as good. This c an b e  attr ib uted to the fact that c/ a = 
= 1 .568 of B e  is quite far fr om the ideal value 1 .633, while for Li, N a  an d  M g
th e obs erv ed c/a r atios are very clos e  to 1 .633. Acrually, B e  has the smallest c/a 
r atio among HCP elements. B e  has a ver y str on g  an d  non- loc al ps eudopotential 
due to the l ack of p-s tatcs in the i on- cores . Li als o has n o  p- core-s tates , however , 
its model potent ial is weaker than that of B e. T he lar ge values of as, of B e  and Li 
show that the ban d str uctUre contrib uti on to s econ d  order is large. Thus third 
or der contrib utions can b e  very impor tant for B e  and Li, as pointed out b y  Wi lli­
ams2 6>. This is ds o in agreement with the concl us ions of Mclar en an d  S hol12 0>.
T hey fo und that calcu lations to s econd order perturbati on in cas e of Li and B e  
wer e not ab le to predict th e  obs erved HCP structure, which was firs t ob tained 
when third- order terms wer e  included. 

An exp er imental value of stru ctur al energy difference LIEs, (BCC -HCP) = 
= 0.055 mRy for N a  is ob tained b y  s ub tracting the calculated BCC-HCP diffe­
ren ce in zer o  point vibrational en ergy2 7> from the meas ur ed heat of tr ansforma­
ti on2 8>. Kaufman and B ems tein29> gave thermodyn amically b as ed es timates of
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obtained theoretical results having better agreement with the experiment. However, the optimal Z for structural energy calculations might not be the best choice incase of energy band structure. As can be seen from Table 3 the quantitative agreement of theoretical results of Mg with estimated ones is much better than in case of Be. All authors obtained as stable structure HCP then FCC and finally BCC. Calculated AEst of different authors are of the same order as magnitude of experimental AEsu however, those of Refs. 18, 19 and 12 have the best agreement with estimated AEsr. However, it should be kept in mind that the experimental estimates for Be and Mg are based only on extrapolations of thermochemical alloy data2 9> and are of unknown relia­bility .. Our conclusion for Li, Na and Mg is that second order OMP calculations are capable of reproducing excellent qualitative and fair quantitative agreement with experiment for Na and Mg. In our opinion, the third order contribution in case of Li will improve the quantitative agreement of AEst with experiment, leaving the stable HCP structure and axial ratio calculated in second order practically unchanged. The conclusions of the present paper are consistent with those of previouspapers dealing with band structure calculations of Li and Na33• 34>. This provesthe adequacy of the optimized model potential to the calculation of some electronic properties of Li and Na such as band structure and total energy. 
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Originalni znanstveni rad 

Po prvi puta je proveden egzaktan racun modelnog potencijala strukturaih energija za Li, Na, Be i Mg bez interpolacijskog postupka. Ispitan je utjecaj izbora razlicitih parametara modelnog potencijala i primjene _aproksimacije efektivne mase. Nadeno je da opazena HCP struktura ima najnizu struktumu energiju, te da se izracunati omjeri osi c/a dobro podudaraju s eksperimentalnim vrijednostima. 
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