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Original scientific paper 

An attempt is made to derive a generalized expression for the Einstein relation ofthe diffusivity-mobility ratio of the carriers in n-channel inversion layers on Kane­-type semiconductors under magnetic quantization by using the three-band Kane model. Besides, the oscillatory dependence of the same ratio on reciprocal magne­tic field has also been theoretically investigated taking n-channel InAs as an example. 

1. Introductum 

It is well-known that the Einstein relation for the diffusivity-mobility ratio of the carriers in semiconductors (hereafter referred to as DMR) is a very useful one since one can determine the diffusivity from this relation by knowing the mobility and vice-versa. Besides, this is more accurate than any of the individual relation 
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for diffusivity or mobility which are considered to be the two most videly used pa­rameters for carrier transport in semiconductors. Furthermore, in recent years, the connection of DMR with the velocity auto-correlation function 1>, the modification due to non-linear charge transport2> and the different modifications of the DMR for degenerate semiconductors under various physical conditions have been exten­sively investigated in the literature3 - 10>. Nevertheless, the DMR in n-channel in­version layers of Kane-type semiconductors under magnetic quantization has yet to be theoretically worked out for the more difficult case which occurs from the use of 3-band Kane model 1 2> since, in recent years, the inversion layers on non-para­bolic semiconductors are being increasingly studied for their peculiar physical cha­racteristics 1 1 >. In what follows, we shall first derive the electron statistics for n-channel in­version layers on Kane-type semiconductors according to three-band Kane model by including the effects of spin and broadening, respectively. This will make ouranalysis a generalized one since one can obtain the corresponding results for n­-channel inversion layers on parabolic semiconductors by equating the non-para­bolicity parameter to zero. It may be stated in this contex that the various transport phenomena and the derivation of the expressions of many important physical pa­rameters are based on the appropriate electron statistics in such materials. We shall then use the same statistics for the evaluation of the DMR in n-channel inversion layers on Kane-type semiconductors. We shall also derive the DMR in bulk speci­mens of Kane type semiconductors under magnetic quantization by including both spin and broadening effects for the purpose of comparison. Besides, we shall in­vestigate theoretically the magnetic field dependence of the DMR, for bulk &peci­mens of InAs and also taking n-channel InAs as examples. 

2. Theoretical background
The density-of-states function of the electrons in 2D inversion layers on semi­conductors in the presence of a quantizing magnetic field B along z direction can beexpressed 1 1 >, taking into account the broader..ing of Landau levels, as 

( ) 1/2 
[ ]g,, e B 2 nmax 1 2 N2D (E) = -- - L - exp - - (E - s ±)2 2 17, Ji 17, n=O I' p2 n, ( 1 )  

where g,, i s  the valley degeneracy, e i s  the electron charge, Ii = h/2 n, h i s  Planck's constant, n (= 0, 1, 2, . . .  ) is Landau quanrum number, I'is the width of broadenedLandau levels, en,± are the unperturbed Landau energy levels including the effects of electron spin 11> and E is a band-structure dependent parameter. For three bandKane model the dispersion law under magnetic quantization can be expressed 1 2> as 
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in  which m! is the band edge effective electron mass, 
e ( e + E0) ( e + E9 + A) (E9 + -} LI }y (e) = 

( 2 } ' E0 (Eg + Jl) e + E0 + 3 A 
E0 is the band gap, A is the spin-orbit splitting of the valence band, 

w0 = 
e �, g (e) = 2 [ 1 + ( 1 - m� } A (3 e + 3 E0 + 2 A) - 1] ,  
mo . mo 

m0 is the free electron mass and µ0 = e li/2m0• 

Putting kz = 0 and e = en, ±> from Eq. (2) we get
y (•.,±) - ( n + ; } Ii coo ± ; µ0 B g (e.,±) = 0, (3) 

Combining Eq. (1) with the Fermi-Dirac occupation probability factor the genera­lized expression of the electron statistics under ·magnetic quantization in n-channel inversion layers on Kane-type semiconductors accorcling to 3-band Kane model can be expressed as ( 2 )  1/ 2 
nma:ic no = C ks T - :r e1 (I')- 1 

11: n=O 

in which C = g0 e B/h, k8 is the Boltzmann constant., T is the temperature., 

e-e = n iq)+ (J) + :£ (/)_ (J)] - (Vn/2a) {I  - erf (b)}],
Jr:::sO J-0 

E F is the Fermi energy in the presence of magnetic quantization, 

(4) 

and erf denotes the error function. Thus, since the DMR of the electrons in semi­conductors can be expressed 5 > as
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We can combine Eqs. ( 4) and ( 5) to obtain an expression of the same ratio in n-chan­nel inversion layers on Kane-type semiconductors whose energy band structures 
are defined by three band Kane model as 

where 
and 

00 CO C1 = [exp (-b2) + E "P+ (J) + E 11'- (T)]
J=O 1=0 

11'± (J) = [L1 (V'i) {1 =F erf («'±)} a- 2 (8:1:.) - (a- 2
) LJ -

- b (v,i) exp (8t) Li { 1 =F erf (8:1:.)}]. 

(6) 

It may be noted that the general forms of the electron statistics and the D.MR, res­pectively, in n-channel inversion layers on parabolic semiconductors, including both spin and broadening effects, will be given by Eqs. ( 4) and ( 6) where 
(7) 

The use of Eq. (2) leads to the expressions of the electron statistics and the DMR, respectively, under magnetic quantization in bulk specimens of Kane-type semicon­ductors whose energy-band structures are defined by three band Kane model as 

and 

where 

90 

e B  nmu no = 2 2 Ii E [G± (n, BF, I') + Y± (n, BF, I')]
:n; n=O 

(8) 

(9) 
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g, (B,, I') a  2 [ 1 + { (3 B, + 3 B, + 2 .A)2 + 9 t• r ( I � ::::) .A (3 B, + 

y2 (B,, I') =  [cB. (B, + A) {r• + (E, + B. +  ; A nr I' [ (Bi - I'' +B! + 
• • ' I ' 

+ E, .A+ 3 E, E.) (E. + ; A) + (3 B, + rn,> �, (B, + E, + i A)+r•} ] ,

g2 (EF, I') a  -6 I' [ I +  ( 1 - ::) {(3 B, + 3 B, + 2 A)2 
+ 9  rf ' ] ,

1 d 2r 

Y± (n, BF, I') = E 2 (ks T)2r (1 - 21
-

2
") C (2 r) d E2, [G± (n, Ep, I')],

r=l F 

T is the set of real positive integers, C (2r) is the zeta function of order 2r and we 
have used the notation ;!F [f (Ep)]=f' (Bp) where/ (Ep) is any differentiable func­
tion of BF. 

For Eu � oo, as for parabolic energy bands the forms of the above equationsremain unchanged where 

in which 
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In the absence of spin and broadening effects together with the condition BF< <Eu Eqs. (8) and (9) assume the well-known forms6> 

nma,e 1 [ ( 
3 ) 3 ]no = Ne eo l: ---= 1 + 2 a bo F _1- (17') + - a ks T F.!... (17') 

n=O V ao 2 4 2 

N, "" (2 (2 n m: ks T/h2), a = 1/E,, b0 =' ( n + � )  /i ro0/a0, 

and FJ (11') is the Fermi-Dirac integral of order j as defined by Blakemore 1 6>.
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Fig. 1. Dependence of the normalized DMR of n-channel inversion layers in InAs on a quantizing
magnetic field in the electric quantum limit is shown in plot A. The plot B corresponds to n-chan­

nel ' inversion layers on parabolic semiconductors. 
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3. Results and discussions
Taking n-channel InAs as an example and using Eqs. (2) and ( 4) the appropria­te equations together with the parameters5> m: = 0.026 m0, g0 = 1, A =  0.43 eV,E0 = 0.36 eV, I' =  5 x 10-4 eV, T = 4.2 K and F, = 5.6 x 106 V/m, we haveplotted the normalized DMR versus 1/ B as shown in Fig. 1 in which the plot Bcorresponds to the same dependence for · n-channel inversion layers on parabolicenergy bands. In Fig. 2 we have plotted the normalized DMR versus 1/B for bulkspecimens of n-InAs in which the plot B corresponds to parabolic energy band. It

appears from the both the figures that the DMR is an oscillatory function of themagnetic field. The oscillatory dependence is due to the crossing over the Fermilevel by the magnetic sub-bands in steps resulting in a successive reduction in thenumber of occupied Landau levels as the magnetic field is increased and it maybe noted that the origin of the oscillation in D MR is the same as that of the Shub­nikov-de Haas oscillations. Though the DMR exhibits an oscillatory magnetic fielddependence for bulk semiconductors, the magnitude of oscillatory spikes are muchsharper for the 2D electron gases in inversion layers on non-parabolic semiconductorseven in the presence of broadening. The peaks in both the figures would increasein number with decrease in amplitude if the spin-splitting term were included inthe numerical computations. We must note that equation ( 5) is true for the specialcase of gradual channel approximation as stated in the literature7• 8>. Besides, we 
have neglected the magnetic field -dependence of I' and considered also the electric 
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Fig. 2. Dependence of the normalized DMR in bulk specimens of n-InAs on a quantizing 
magnetic field is shown in plot A where the plot B corresponds to parabolic energy bands. 
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quantum limit. However, since most of the. carriers oc�py the lowest electric sub­-band at low temperatures 1 3 > for which the effects of magnetic quantization become3pronounced, it is �ciently ac�ate for such temperatur.es to consider occupationof only the lowest electric sub-band. Incidentally, it Ill�Y be noted that siAce the per­formance of the semiconductor devices at the device terminals and the speed of ope­ration of ·modern switching semiconductor devices are significantly influenced bythe degree of carrier d�eneracy 14- 1 5>, the simplest way of analysing semiconductordevices would be to use the expression for the DMR which in turn enables us toexpress the above features of them in terms of carri.er concentration. Moreover,since the available noise power is directly proportional to th� DMR as · discussed
elsewhere4>, the experimental results on the thermal noise of Kane-type semicon­ductors will provide an experimental check for the predict�on Qn the above ratio aridalso a technique for probing the band structure in degenerate semiconductors. Be­sides, the general features of the effect of magnetic quantization on the DMR as discussed here would also be valid for most of the small gap semiconductors. Final­
ly it may be noted that though in a �Qre rigorol,l.S treatmenfthe· ·many: -body effects�the hot-electron effects and the formation of band-tails should qe considered, 'along
with a self-consistent procedure, this simplified analysis ·exhibits ·the _inajor'· qua.li�­tive features of th� PMR in n-channel inversion layers . on Kpn�type seipiconduc.:.. 

tors under �gnetic quantization with reasonable accuracy. _ · · · 
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UTJECAJ KV ANTIZACIJE MAGNETSKI.M. POLJEM NA EINSTEINOVU 
RELACIJE U n-KANALNOM INVERZNOM SLOJU U POLUVODICIMA 
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Originalni znanstveni rad

Koristeci trozonski Kaneov model izvedena je generalizirana Einstenova relacija za omjer difuzione konstante i pokretljivosti elektrona u n-kanalnom inverznom sloju u poluvodicima Kaneovog tipa. Na primjeru n-kanalnog poluvodica InAs teorijski je ispitana oscilatoma zavisnost Einsteinove relacije o reciprocnoj vrijednosti mag­netskog polja. 
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