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Quantum numbers associated with the boson-fermion-fermion group chain for
odd proton and odd neutron in j = � configurations with LJB (S) boson core is ex­
plicitly constructed and the corresponding supersymmetric energy formula is com­
pared to the parabolic rule. 

1. Introduction 

The approach to odd-even nuclei based on exploiting possible boson-fermion
symmetries 1>, or more generally, supersymmetries2> has received much attention.
In particular, when the boson part of the system is described by one of the symme­
try chains of the interacting boson model Hamiltonian 3> and the odd fermion is in 
a configuration with specific j values, the boson and fermion group chains have
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been combined into a common boson-fermion group chain with spinor groups that transform simultaneously bosons and fermions 1 • 4>. These special solutions provide a simple framework to analyze and classify the levels in odd-even nuclei. Recently, such an. approach was extended to study odd-odd nucleis - s>. In
Ref. 6 we have investigated the case with odd proton and odd neutron in j = � 
configurations coupled to SO ( 6) boson core, making an algebraic distinction bet­ween the particle-like and the hole-like unpaired nucleons in constructing Bose­Fermi symmetry schemes. 

2. Group decomposition associated with us (5) symmetry

In this paper we introduce the boson-fermion symmetry for odd-odd nuclei with odd proton and odd neutron in i = 3/2 configurations coupled to U ( 5) collec­tive core. In this case, we combine the boson and fermion groups into a common group chain 
UB (6) ® UFn (4) ® UFs, (4) 

,1. "'!ll i/ UB (5) SUFnv (4) 
,1. ,1. SOB (5) SpFnv (4) 

"'!ll JI' SpinBFm, (5)
t SpinBFnv (3) 

Spin BFnv (2) 

(1 )  

The generators of  groups labelled by Fn,. are obtained by adding the generators of proton and neutron-fermion groups, and the generators of spinor groups labelledby BF nv are obtained by adding the generators of boson, proton-fermion and neu­tron-fermion groups in such a way that they close under the commutation relations of the algebras of the respective groups. The group chain (1) contains the  total bo­son-fermion angular momentum group SpinBPm (3) as a subgroup, corresponding to integer spins. 
In the limit of group chain ( I ) the basis states are classified by the labels 

(2) 
These quantum numbers characterize the irreducible representations (irreps) of the groups U8 (6), us (5), SOB (5), SpFnv (4), SpinBFm, (5), SpinBFnv (3) and SpinBPnv(2), respectively. The quantum numbers Mn = I and M,, = 1 which label the irrepsof UFn ( 4) and UP• ( 4), respectively, are omitted from the notation, because they produce only an overall shift in energy. 
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Let us determine the allowed values of the quantum numbers which appearin (2) for a given boson number N. Employing group-theoretical methods9 • 1 °> weconstruct the representations of the subgroups in the chain ( 1) contained in theirrespective larger groups. The quantum numbers nd and v in a standard way label irreps of U8 (5 ) andSOB (5) contained in the irreps of [N] of UB (6) 
nd = 0, 1, 2, . . .  , N

v = nd, nd - 2, . . . , 1 or 0. 
(3) 
(4) 

In the product UFn (4 )  ® uFv (4 )  there arise symmetr ic and antisymmetric irrepsof SUFnv (4). In the next step we get the SpFns, (4) content (given here in the stan­dard n<;>tation of Spin (5 ) � Sp ( 4 ) )  

(1, 1, 0)0 <i> (2, 0, O )s -. [(O O ) <i>SUFnv (4) . SUFm (4) SpFm, (4) 
© (1, 0) Ja © [(1, 1) ]s (5) SpFmi (4 ) SpFmi (4 ) 

with the allowed values of the Sp (4) labels given by the r.h.s. of relation (5). Thenotations s and a stand for symmetric and antisymmetric irreps, respectivelly. The quantum numbers ('t'i, 1:2), which label the irreps of SpinBFm (5 ), arisein the product SOB (5 ) ® SpFnv (4) : 
(v, 0) © { [(O, 0) <i> Cl, O )]a (t) [( 1, I )].,} =S08 (5) SpFnv (4) 

= { [(v, 0)© (v + 1, 0) © (v, 1) © (v - 1, 0)10 © [(v + 1, l) EB 
© (v, 1)© 8v, 1 (v, 0) © (v - 1), l ls} , SpinBFqv (4) (6)

with em, 1  = { � for m { � ! . In the· next step, the two types of SpinBFnv (5) ir­
reps which appear on the r. h. s. of relation (8) are decomposed into SpinBFmi (3)contents : 

with 

2k+l 
(k, 1) = � a, [J = l],SpinBFnv (5) l=-1 

k k-2 

(k, 0) = l: [J = 2 l] Ee � [J = 2 l + 1) Er> b (k) ® c (k), SpinBFm (5) l=2 l=2 
for k <  8, 
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. {[J = 2 (k - 3)],
b (k) =r o ' 

_ {[J = 3] (£) [J = O], k = 0 (mod 3) c (k )- [J = 2], k = 1, 2 (mod 3).

(10) 

( 1 1 )

[J] denotes irrep of SpinBFm, (3) with �gular momentum J and E is the integer­-part function. Since the decomposition of irreps of Spin (5) into those of Spin (3)is not unique, in this step an extra label n" can be introduced, �imilarly as forhalf-integer spin representations in the treatment of the odd-even nuclei. 

3. The energy formula and supersymmetry

Assuming the boson-fermion symmetry associated with the group chain (l),the Hamiltonian can be written in terms of the Casimir operators of the groupchain ( 1 ), leading to the energy formula 

+ 2 P' ['r1 (i-1 + 3) + T2 ( 'r2 + 1)] + 2 y J (J + 1). (12)

The term E0 contains terms linear and quadratic in N, Mn, Mii and is irrelevant forthe considerations of a particular odd-odd nucleus with fixed values of N, Mn and M,. The allowed values of the labels nd, v, (Ei, �2), (i-1, i-2), (J ) are given by (3)­
-(1 1). The parameters e, a, p, P', y are defined in such a way as to resemble in the energy formula for odd-even nuclei in Ref. 4. In Table 1 we present the quantum numbers which characterize the irreps asso­ciated with the group chain (1). 

TABLE 1. 

us (6) U8 (5) S08 (5) Spp (4) Spin8p (5) J 

(1,0.,0.,0.,0.,0) (1.,0.,0.,0.,0) (1.,0) 

(0.,0.,0.,0.,0) (0,0) 

(2.,0.,0.,0.,0.,0) (2,0,0,0.,0) (2,0),

206

(0.,0) 
(1,0) 

(1,1) 

(0.,0) 
(1,0) 
(1.,1 )  
(0.,0) 
(1.,0) 

(1,0) 2 
(2.,0) 4+2 
(1,1) 3+1  
(0.,0) 0 
(2.,1) 5+4+3+2+ 1 
(1,1) 3+1  
(1,0) 2 
(0.,0) 0 
(1.,0) 2 
(1,1) 3+1  
(2,0) 4+2 
(3,0) 6 +4+3+0 
(2,1) 5+4+3 +2+1 
(1,0) 2 
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(1.,1) (3.,1) 7+6+2·5+4+2·3 +2+1 
(2.,1) 5 +4+3+2+1 
(2.,0) 4+2 
(1.,1) 3+1 

(0.,0) (0,0) (0.,0) 0 
(1.,0) (1.,0) 2 
(1.,1) (1.,1) 3+1

(1.,0.,0.,0.,0) (1.,0) (0.,0) (1.,0) 2 
(1.,0) (2.,0) 4+2 

(1.,1) 3+1 
(0.,0) 0 

(1.,1) (2,1) 5 +4+3+2+1
(1.,0) 2 

(0.,0.,0.,0.,0) (0.,0) (0.,0) (0.,0) 0 
(1.,0) (1.,0) 2 
(1.,1) (1,1) 3+1  

(3.,0.,0.,0.,0.,0) (3,0,0.,0.,0) (3.,0) (0.,0) (3.,0) 6+4+3+0 
(1.,0) (4.,0) 8+6+5+4+2 

(3.,1) 7+6+2·5+4+2· 3+2+1 
(2.,0) 4+2 

(1.,1) (4.,1) �+8+2·7+2 · 6+2 ·5+2 ·5+2·4+
+2·3+2+1 

(3.,1) 7+6+2 · 5+4+2· 3 +2+1 
(3.,0) 6+4+3+0 
(2,1) 5 +4+3+2+1

(1.,0) (0,0) (1.,0) 2 
(1.,0) (2.,0) 4+2

(1.,1) 3+1
(0,0) 0 

(1.,1) (2,1) S+4+3+2+1 
(1.,1) 3+1  
(1.,0) 2 

(2.,0,0.,0.,0) (2,0) (0.,0) (2.,0) 4+2 
(1.,0) (3.,0) 6+4+2+0 

(2.,1) S+4+3+2+1
(l,O) 2 

(1,1) (3,1) 7+6+2· 5+4+2· 3 +2+1 
(2.,1) 5 +4+3+2+1 
(2.,0) 4+2 
(1.,1) 3+1  

(0.,0) (0,0) (0,0) 0 
(1,0) (l.,O) 2 
(1,1) (1.,1) 3 +1 

(1.,0.,0,0.,0) (1.,0) (0,0) (1.,0) 2 
(1,0) (2.,0) 4+2 

(1.,1) 3+1  
(0.,0) 0 

(1.,1) (2,1) 5 +4+3 +2+1
(1.,1) 3 + 1  
(1.,0) 2 

(0.,0.,0.,0.,0) (0.,0) (0.,0) (0.,0) 0 
(1.,0) (1.,0) 2 
(1,1) (1.,1) 3+1 

Let us consider the supergroup structure associated with the group chain (1 ).
In this case 

U9 (6 )  ® UFn (4 )  ® UFs, (4 ) C:: UB (6 ) ® U' (8 ). (13 )
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Alternatively, as shown in Ref. 11, it is possible to construct the generators of the symplectic group Usp (2n), giving rise to the decomposition 
U8 (6) ® UF (8) => us (6) ® SpF (8). (14) 

The appealing aspect of this chain is that it emphasizes the residual interaction bet­ween the unpaired fermions1 1 > . In this paper we consider the supergroup embedding associated with (13) 
us (6) ® UF (8) => U (6/8). (1 5) 

As an example, in the framework of such a supersymmetry, the nuclei 6 4Zn, 
6 3Cu and 6 2Cu correspond to the members (N = 4, M 11

= 0, M11 = 0), (N = 3,Mn = 1, Mv = 0) and (N = 2, M11 = I ,  Mv = 1) of the {.A' 0 = 4] supersymmetrymultiplet, respectively. 
> 
CU

2: 
0.5

• • 

2 3 J 

SUSY 
0 

• 
2 

EXP 

Fig. 1 Supersymmetry prediction for the analog of np312 11p312 multiplet and the available data 
in 62Cu. 

Asmming such a supersymmetry, we can describe the odd-odd nucleus 62Cu by using the boson-fermion parametrization for odd-even nucleus 6 3Cu from Ref. 4. In this way we obtain the lowest quadruplet, associated with the (in = 3/2, iv =__.: 3/2) multiplet in the conventional approach. The result is presented in Fig. l a, and compared to the available experimental data in Fig. 1 b. As seen, the pattern resembles a rather distorded open-up parabola, predicted in the standard particle­phonon model (parabolic rule) 1 2> for the particle-hole case. The relation between boson-fermion group structure and the parabolic rule requires further considera­tion. In conclusion, we note that the boson-fermion Hamiltonian for odd-odd nuc­lei (IBFFM) has been recently diagonalized for several realistic cases 1 3 • 1 4> . The conditions under which the IBFFM reduces to dynamical symmetries is presently under investigation, in analogy to the simpler case of odd-even system (IBFM) 1 5 > .  
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Originalni znanstveni rad 

Konstruirani su kvantni brojevi pridruzeni bozonsko-fermionskom grupnom lancu 
za neparni proton i neparni neutron u konfiguraciji j = � sa us (5) srednjicom i
odgovarajuca supersimetrijska energijska formula je usporedena s parabolicnim pra­vilom. 
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