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Original scientific paper

We have obtained the Lie point symmetries and the reduced ordinary differential
equation for the Poisson equation. Some of the conservation laws are also deduced
by the help of the technique of differential forms. These conservation laws are
useful for studying the interaction and evolution of soliton like waves in the system.

Analysis of Lie point symmetries for various non-linear equations gives im-
portant clues regarding many properties of the equation. Reduction to Painleve
class in certain cases also gives an indication regarding the complete integrability,
of late many such equations have been analysed in this outlook. Here we report
of an analysis of the nonlinear Poisson equation through Lie symmetry. We also
deduce some of the conservation laws associated with the equation through the
use of the differential forms, which are useful in discussing the interaction of soli-
tary waves.

The equation under considcration reads
P, - 2¢x¢xr - (l - (ﬁ:) q)xx = 0, (1)
Let us consider the transformation

=Dt eq
*=x+¢el )

t*x=1r+¢e7.
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and demand invariance of (1) under (2) which yields
C=2xA+u
T=tl+v @A3)

n=®PA+ 2t + h.
The Lagrange equations

dte: dx do
—_—— ==, 4
T 4 7 )
upon integration yields
_ A+ 4
and
At _h—v ().t—{-v)
where Q is an arbitrary function.
Substituting (5) in Eq. (1) we observe that O thought of as function of
3 =;“ +
X +
satisfies the following ordinary first order differential equation:
dx
xd—5f1 @& +xfa(®)+1=0 (6)
where
1@=02+8&)¢
() =010 —§% @)
x=0Q &2,
Hence the generator of Lie point symmetry can be written as
X=0Ux+ )a-i-(}.t-i—v)a—i-(q)l-}—h-{-h 9 ®
=t Mg 2 T

From the form of Eq. (6) it is not immediately clear that it is of Painleve type.
However, it seems that by some special transformation, it will be possible to solve
it. We next proceed to obtain some non-trivial conservation laws which are useful
in absence of a Lax pair for study of the interaction of solitary waves.
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The equation under consideration can be written in the following form
g+ 2pp — (1 — p?) p: =0 9
if we define the auxiliary variables (g, p) through
p=Px =9 (10)

for the purpose of putting it in the language of differential form. It is easily seen
that

ay =dd Adt —pdx A d:
f1 =d®d A dx — gde A dx. (11)
=dg Adx +2pdp Adx+ (1 —p?dp A de

yields the equation set under proper sectioning. The search for the conservation
law now proceeds through the construction of forms

o =Fdx+ Gd..
F=F(p,q,D,x,¢) (12)
G= G(P’q,¢ax:t):

such that the exterior derivative dw belongs to the closed ideal generated by «;,
fi> vi and by w itself. Written mathematically, this means

do = (fa; + 2By +Fvy) + (adx + bdo) A o. (13)

Equating coefficients of the basic two forms dx A dz, dx A d9, etc. on both sides
of Eq. (13) we get equations for F and G (which for the present we assumié not to
depend on x and ¢ exphculy) Solving these we obtain

F=a®+pp+r+a G=ulp— 327 19

Other forms of F and G can be generated by applying the same consideration to
the differentiated version of Eq. (1). Let us differentiate Eq. (1) with respect to
t, so that we obtain:

Dyye + 292, + 20, Py — (1 — ) Dy + 20,D,. D, = 0. (15)
We define extra variables
Z=p,or g, and S=p,, u=gq,
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so that:the basic set of forms are
e, =dd Ade —pdx Ade
B1=d®d A dx — qdc A dx
y1 =dg Adx +2pdp Adx+ (1 —p3)dp A de
cap=dp Adx —Zde A dx
Ba=dp Ade — Sdx A de
y2=du Adx 4 (222 + 2pSZ)de A dx +2pdZ Adx+ (1 —p2)dZ A de.
Proceeding as before we get

F = au+ Bp* + g + 2aZp

3

6=p(p-5) - arz

which is linearly independent of the previous one.
The same considerations also applies if we differentiate Eq. (1) with respect
to x. The result is:
F=aZ+ Bp* + fg + 2apS

3
G =i (p - %) — ap?S.

In the above paragraphs we have discussed the symmetry structure and conser-
vation laws associated with the nonlinear Poisson equation. Since until now no
Lax pair is known for this system it seems that such considerations are the only
means to study its properties.
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ZAKONI SACUVANJA I LIEVA SIMETRIJA ZA POISSONOVU
JEDNADZBU
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Originalni znanstveni rad

Dobili smo Lievu simetriju i reduciranu obi¢nu diferencijalnu jednadZbu za Pois-
sonovu jednadZbu. Neki zakoni saduvanja izvedeni su pomocu tehnike diferencijal-
nih formi. Ovi zakoni sauvanja Kkorisni su za studij medudjelovanja i evolucije
solitonskih valova u sistemu.
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