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Original scientific paper

One-particle solutions describing collective motion of electrons in the Coulomb
field of nucleus are investigated numerically. General character of motion and con-
ditions at which the motion is periodic (electron trajectories are closed) are estima-
ted. The class of closed trajectories which may represent the two-electron atomic
shell, and particularly the shell of the helium atom, are determined.

1. Introduction

Twenty years of successful application of classical atomic collision theory to
quantitative description of atomic collision experiments! ~2 has shown that in ato-
mic systems (atoms, molecules) nuclei as well as electrons can be with a good accu-
racy considered as point particles carrying a point mass and a point charge, in ot-
her words — that the atom (molecule) can be considered as a collection of point
particles the behaviour of which is in the first instance governed by the Coulomb
interaction law and the Newtonian dynamics. Not long ago it was suggested that
small, velocity dependent periodic perturbations, having the origin in gyromagnetic
(spin) properties of the electron, can explain »quantization« of electron energy in
the atom! . In view of all the above we consider the atom with localized electrons
moving along definite orbits as a physical reality. Deciphering the details of this
reality appears to be at the moment one of the most important problems of atomic
physics.
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The first attempts in this direction were done by Bohr and Sommerfeld at
the very beginnings of atomic physics!!'12), Unfortunately they made some mis-
takes which influenced strongly further development of the research. At first, Bohr
by the unjustified elimination of the zero angular momentum Kepler orbit arrived
at the wrong model of the hydrogen atom — see Fig. 1, and having the erronous
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Fig. 1. Two slternative models of the hydrogen atoms. The circular model proposed by Bohr
at the beginnings of atomic physics, and the free-fall atomic model proposed by the author. The
latter was found to be consistent with spectroscopic observations and with atomic collision
experiments.

model as a basis he was unable to make any progress in construction of many-elec-
tron atomic model. His circular model of the helium atom for instance — see Fig.
2, had, among others, evidently wrong magnetic and spectroscopic properties. On
the other hand, Langmuir!? trying to develope the model of many-electron atom
had overlooked the whole class of collective orbits (those will be discussed latter)
and proposed the model of the helium, as shown in Fig. 2, which could not explain
the observed value of the binding energy.

Almost fifty years later the present author undertook the problem again and
as result of a careful analysis of the huge experimental material in the field of ato-
mic collisions and spectroscopy, proposed the atomic model, so called free-fall ato-
mic model!4-!%), see Figs. 1 and 2, which was deprived of the defficiences of the
models mentioned above. Moreover, the free-fall atomic model was found to be
consistent with a large number of atomic collision experiments!%-1%), and was
succesfully applied to quantitative interpretation of atomic energy level shifts and
radiation line intensities!®, and enabled quantitative description of diamagnetic
properties of matter2?,
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Fig. 2. Three different models of the helium atom.

It was obvious, however, from the very beginning that the free-fall atomic
model, describing relatively precisely the hydrogen atom — the latter was succes-
fully used by Grujié¢ et al.2? for description of scattering of low energy electrons,
in the case of multi-electron atoms may be considered as a rough description of the
real situation only. There were two at last reasons for that.

Flrstly—because of magnetic spin propernes of electron bemg neglected (in the
immediate vicinity of the nucleus the magnetic spin interaction of electrons plays
an important role), secondly — because of the evident mechanical inconsistency
(exactly radial free-fall trajectories cannot form the many electron shell configura-
tion). There were, moreover, the other facts — like the quadrupole character of
small angle scattering of slow electrons from noble gases '?> — which suggésted that
electron orbits in many electron atoms are not so simple and the more sophlsucated
two or three particle motion takes place.

It is the aim of the present paper, still neglecting magnetic properties of the
electron, to investigate collective motion of electrons in configuration which might
represent the atomic shell.

It is worthy to note that great effort towards the construction of the advanced
many electron atomic model is nowadays observed — see for instance: Dnmtrl]evnc
et al.22, who investigated the synchronous and asynchronous free-fall'motion of
the two electrons, Harcourt2® who proposed to introduce some modificatiohs into
the Bohr atomic model of helium, Leopold et al.24:2% and Conveney and
Child2®, who have investigated the classical two electron systems from the point
of view of general quantization rules. Recently . Dimitrijevi¢ and Gruji¢2?-2® ap-
playing semiclassical quantization procedure have reexamined the Langmuir’s model.
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Unfortunately, neither of these calculations has led to conclusive results and the
problem of the model of the helium atom is still open for discussion.

2. Mathematical formulation of the problem

Approaching the discussion on the structure of atomic systems one must keep
in mind two firmly established facts: firstly, that properties of atoms and molecules
do not change in time, and secondly, that properties of atoms (molecules) of the
same kind are identical (the last statement represents simply the definition of atom).
This means that for the given set of differential equations postulated for description
of the atomic system only stationary solutions may represent the atom, and that the
solution which pretends to represent in the detcrministic approach the particular
atom must be uniquely identified.

In the actual work we will assume, having in view that on the appreciably
greater part of the electron orbit the Coulomb interaction dominates and electron
velocities are appreciably smaller than the velocity of light, that the interaction bet-
ween atomic particles (nuclei and electrons) is purely electrostatic and the motion
is nonrelativistic. The behaviour of electrons in thc atom, therefore, has to be con-
sistent with the following set of equations:

=1,2,:n, (l)

.dz;'.‘ (Zez 1 » e’) ]
”’.'Ti_t,f.+v' 7y 2511y, =0

where n is the number of electrons in the considered atom and Ze is the charge
of nucleus. The above set of equations has practically uncountable number of so-
lutions, but only among those describing relatively simple stationary motion we
should search for the real ground-state electron orbits. But even then our atomic
problem is too widely formulated to be effectively solved — it is almost identical
with the problem of the solar system stability, which being intensively investigated
more than two hundred years still remains unsolved. Fortunately, the preliminary
confrontation of theoretical estimations with somc experimental facts has shown
that the situation in the atom is much simpler than in the solar system, i. e. the dis-
tribution of electrons around the nucleus is highly symmetrical, the motion of all
atomic electrons is synchronous and the system as a whole does not possess the an-
gular momentum. The requirement of symmetry is the factor, which makes theore-
tical analysis possible (recently on the grounds of very general considerations there
were derived some relations describing stable periodic solutions for collectively
moving Coulomb particles — Davies et al.2%).

The assumption that there exists in the atom the perfect symmetry in distribu-
tion of electrons-and the motion is perfectly synchronous is consistent with the well
proved concept-of the atomic shell according to which all electrons of the shell
are exactly equivalent. From the point of view of electron orbits this means that all
electrons in the-shell move in an identical way and that in the case of the one isola-
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ted shell the many body problem can be reduced to the one particle problem with
the following simple equation of motion:

; )

a*’r __ ((Z—o (7)) e?
™ 42 V( T )

where the screening factor o () represents electrostatic interaction between elec-
trons. Keeping in mind the fact that the angular momentum of the atomic system
being in the ground-state is zero, distribution of electrons in the shell and their
velocities should all the time satisfy the following relation:

gmxm=m 3)

where n, is the number of electrons in the shell.

Previously we have discussed a very particular case of the problem i. e. when
the motion is perfectly radial (r, X v; = 0). In this case ¢ (#) is all the time a cons-
tant quantity

o (¥) = const ="/,

and the free-fall Kepler orbit is the solution of the problem.

In the free-fall case the basic shell parameters, i. e. the radius of the shell
(identified with the extremal distance of the electrons from the nucleus) and the
shell frequency, are respectively:

e =E 0N @
L @ Wy
o= Z —oi) - & V p— (5)

where W is the binding energy of the electron in the shell. This energy can be cal-
culated from the total energy of the shell, which is equal to the sum of successive
ionization potentials of the shell:

M=W%=§(mp 6)

Dynamics of the shell, that is the radius of the shell as a function of time, is
in the ff-case simply given by:

1 2r YT
t=c_u{_f[arcc°s(l_?ﬂ_)_l/l—(l_ﬁf_) ] ™
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Approaching the analysis of the more general case of the collective motion of
electrons in the field of nucleus one must specify first the form of the screening fac-
tor ¢ (#). The latter, for the particular distribution of electrons in the shell, can be
easily derived from the potential energy formula.

And so, in the case of k electrons situated on the surface of the sphere cente-
red on the nucleus the potential energy can be written in the following way :

Ze? e2 1 & 1

Ve k( r )+ r 2 ,‘?,‘ 25sin (ay/2)° ®
i#j

where a;; denotes the angle between radius vectors of i~th and j-th electrons.
Electrons can be situated symmetrically on the surface of the sphere in various
ways depending upon the number of electrons. In the case of odd number of elec-
trons there is the only possibility — electrons must be placed in the same plane at
the corners of a regular polygon. In the case of even number of electrons (#.=2k)
the simplest configuration is that formed by two identical polygons situated sym-
metrically with respect to the nucleus. In the both cases the system has k-fold axis
of symmetry. In the present paper we will confine our analysis to these two parti-
cular configurations which may represent the incomplete atomic shell (with odd

number of electrons) and the closed atomic shell (with even number of electrons).

DIPOLE CONFIGURATION

¥~ o5

Re=¢n

polar axis [ axis of symmetry)

rsnd < like »2rsin® sin (%— l)

Fig. 3. The figure shows the simplest symmetric distribution of 4-electrons around the nucleus:
the so-called dipole configuration.

If electrons are situated on the surface of the sphere in such a particular way
that they form a regular polygon, see Fig. 3, then:

sin (a;,/2) = sin 0 - sin ( T (;5——])) 9)
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and the potential energy formula assumes the form:

Van0) = —4 - (£) - 2 ~a o), (10
where:
1 k 1
o =iy £ — (1)
Sln(ﬂ-k—)
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Fig. 4. The symmetrical distribution of 2k electrons grouped into two identical subsystems (sub-
shells): the so called quadrupole configuration. In this case the two subshells can oscillate around
the axis of symmetry of the system and orbital motion is, in general, three-dimensional.

In the case of shell electrons forming two identical polygons situated symmetri-
cally with the respect to the nucleus, see Fig. 4, one has:

Vau =2 Vi+ Vi (12)

where V), represents the potential energy of the isolated k-electron polygon
(subshell) and V,, represents the interaction energy between the polygons (between
the subshells). The interaction energy of the two subshells shifted in the azimuth
by the angle 2¢, as it can be easily deduced from Fig. 4, is given by:

2 k -1/2
Vi (r,0,0) = k (-er—) + -‘li- Y, (cos2 6 + sin? 0 - sin? (%—i-{- tp)) . (13)

=1
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The potential energy of the system with two subshells, therefore, is:

2
Va ()= =2 (%) 2 ou (14
where

. & . -1y2
02 (7) =04 (0) -!—% > (cos20 + sin?0 - sin? (n-;— ~:—<p)) L)
=1
With specification of the form of the screening factor o (7) general character
of the collective motion becomes determined.

The shape of the particular orbit, however, depends upon initial conditions, that

=Y
is initial values of r and o. Specifying initial conditions for the particular problem
one must keep in mind that localization and velocity of electrons are not quite inde-
pendent quantities but are related through the integral of energy, that is they must
satisfy the following relation:

’”T"’—é[z—a(%)] =E. (16)

Equation of motion (2), Egs. (11) and (15) defining the screening factor o (7),
and the integral of motion (16) form the complete set of equations describing elec-
tron motion in the isolated atomic shell.

Unfortunately, although the integral of motion is known and equations of mo-
tion are relatively simple, numerical analysis is the only way of solving the problem.

3. General considerations

Prior to undertaking the numerical analysis of the particular case it is worth
to discuss briefly the general aspects of the problem. At first, however, by introdu-
cing the proper units of length and time it is convenient to write the equation of
motion and the energy in the dimensionless form.

It seems reasonable to have the motion in the free-fall configuration as a stan-
dard and to use the following units:

a) the distance between the nucleus and the turning point of the free-fall orbit as
the unit of length

= _(_Z_:‘%ZL‘:’; (17)

b) reciprocal of the orbital frequency as the unit of time

—~

1. (18)

=1 =
! wf’ V
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Applying these units and introducing the following notation:

.
2= 'lTs (19)
14
T = Tl-, (20)
v
‘= Ty @D

equations of motion and integral of energy, written in the spherical system of coor-
dinates with the polar axis directed along the axis of symmetry of the electron dis-
tribution, will assume the form:

-

(Z _.&f_f) (%tu_) . ac —_ 30(29), (22)

( —ors) (fid_’:) Bty = Q—lza—aa (= (@) (23)
de\ . 1 d o

(Z —or7) (a) e =g g5 B @) (24)

2202 @ _ gn (m), (25)

where the reduced effective charge z (2) is defined in the following way:

Z—oa(0)

7 —grr (26)

z(g) =

Undertaking the general discussion of the problem it is worthy to note that
for the region of the bound motion of electrons (then sign (E) = —1) is determined
by the zero velocity surface equation:

25@) _

0
<

> 27)

which one obtains from Eq. (25).by putting # = 0. For the two particular cases, i. e.
of the one-polygon configuration, which we will call from now on the dipole confi-
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guration, and of the two-polygon configuration, which we will call from now on the
quadrupole configuration, the regions of the bound motion of electrons are shown in
Fig. 5.

DIPOLE
~CONFIGURATION

QUADRUPOLE
CONFIGURATION\\ Z // 2 BOUND ~ STATES

BOUND ~ STATES

three ~dimensional
orbits

Fig. 5. Theregions accessible for collectively moving electrons, in absence of rotation of the system:
on the top - in the case of dipole-configuration. and below - in the case of quadrupole configuration
(at three azimuthal shifts of the subshells).

Analysis of the potential energy as a function of the angle 0, see Figs. 4 and
6, shows that the potential energy in the dipole configuration has a minimum at 6
equal to =2, while the potential energy in the quadrupole configuration has the two
minima located symmetrically on both sides of the equatorial plane.
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Itis clearly seen from Fig. 6 that for identical number of electrons the potential
energy minimum for the quadrupole configuration is lower than for the dipole con-
figuration. This means that the dipole configuration with the even number of elec-
trons (n, = 2k) is energetically unstable and that for 2 > 1 there should be a tenden-
cy to splitting the configuration into two k-electron subsystems. The potential ener-

- ;. F
mm‘ 1 %‘ s —
U ‘\..-4"
six-electron
3 ‘compaund shell
(2x3 électrons)
H
2 | '
%-. t | -
= ! ’
Y|
1
IV LN e
i al of
E et
1 : interaction energy of
% i :/'mgubshells ’
/..free =fall configuration
0
- 6" -3° 0 3 & % P

DEVIATION FROM SYMMETRY PLANE

Fig. 6. Potential cnergy of 2% electrons in the case of dipole and quadrupole configurations. From
the figure the conclusion can be drawn that in many electron systems a tendency to formation
of subsystems (subshells) should exist.

gy of the quadrupole configuration, considered as a function of the azimuthal angle
@, shows a minimum when the subshells are twisted in the azimuth by the angle
¢ = =fk. One can, therefore, suppose that such an orientation should be typical
for many-electron atomic systems. The orientations which correspond to the po-
tential energy extrema are those which determine the free-fall configuration. They
are determined by:
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d0(g) _
20 =0, (28)
and
do(@) _
29 =0. (29)

If only 6 and ¢ are different from 0 ,,;, and @,,;», which define the potential energy
minima, transversal oscillations are imposed on the radial motion. Period of the ra-
dial motion and of the transversal oscillations are not necessarily commensurable
and in general trajectories are open. The motion is periodic (orbits are closed) in ve-
ry particular situation only. Unfortunately, conditions at which orbits are closed
are a priori unknown, and the latter can only be found by numerical solving of the
equations of motion.

4. Periodic. solutions-closed orbits

Since we are interested in orbits which may represent the ground-state atom
we will confine our investigations to the rotationless case. This limitation arises
from the well established fact that spins of electrons play the important role in the
formation of atomic shells and the spin-orbit coupling and spin-spin interaction
may attain appreciable values in the close vicinity of nucleus only Gryzinski!4-'s
and this region at the non zero centrifugal force would be unaccessible for electrons.
In general there is an infinite number of closed orbits. We can find them solving
numerically equations of motion. For the dipole case, then the screening factor o (3)
is given by Eq. (11), the two simplest closed orbits, that is the free-fall orbit and the
»pendulum¢ orbit, are shown in Fig. 2. The set of more complicated orbits, which
correspond to a greater number of transversal oscillation, are shown in Figs. 7—11.

Among the various closed orbits- we can distinguish the two following classes
of orbits: the class of orbits which have the zero-velocity point, as shown in Figs.
7 and 8 and thi¢ class of continual orbits, as shown in Fig. 10. Orbits with the zero-
velocity starting point, if the latter is located further from the nucleus than the
zero-velocity point of the »pendulum« orbit — see Fig. 9, we will call quasi-free-
-fall orbits. If the zero velocity point of the closed orbit is located closer to the nu-
cleus than the zero velocity starting point of the »pendulum« orbit such an orbit
we will call collisional orbit.

Initial conditions specifying the particular type of the closed orbit are for the
given value of the screening parameter uniquely determined. In the case of the zero-
-velocity starting point orbit it is convenient to define the initial conditions speci-
fying the particular orbit by the value of the polar angle of the zero-velocity point
— see Fig. 11. In general, however, it is more convenient to specify the orbit by the
value of energy of transversal oscillations. This energy is directly related to the value
of the angular momentum p, of a single electron at the symmetry of point of the
orbit. Assuming that the starting point of the electron is located at the point of
symmetry of the orbit, where v, = 0, we will have:

Po=V2m(Z —or7)e* -7 - V3o (1 — 3o)- (30)
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Fig. 7. The simplest quasi free-fall orbit.

The parameter p, defining the orbit is a measure of §-oscillations. With y, =0
or yo — 1 the amplitude of 6-oscillations tends to zero and in the limit the orbit
is a free-fall orbit, and with y, — 1/2 the amplitude of 0-oscillations tends to ma-
ximum and the orbit takes the form of the pendulum orbit.

5. sMay be« atomic orbits

Which of the closed collective orbits may represent the real situation in the
atom is an open question. There are in principle two ways of answering the ques-
tion: the one which can be called theoretical and the other which can be called ex-
perimental.

The purely theoretical way seems to be at the moment very unrealistic. The rea-
son is that the set of postulates describing the properties of the electron is too far
incomplete — we do not know for instance how far the radiation process depends
upon gyromagnetic properties of the electron!®, Moreover, the existence of various
paradoxes, like the Aharonov-Bohm effect®*? indicates that something in the elec-
trodynamics of the electron may be wrong.

All what we can do at the moment is to take into considerations spin-magnetic
interactions of electrons and to use some of the experimentally verified squantume
rules, although their causal explanation not necessarily must be clear.
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Fig. 8. The quasi-free-fall orbit of the more complicated form.
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Assumption that the electron has a magnetic moment implies, according to
the postulates of classical field theory, modification of equations of motion by adding
two terms at least. The first, which describes magnetic interactions between the
shell electrons, and the second, which describes magnetic interaction of the mo-
ving electron with the charged nucleus. All this, however, is insufficient to solve
the whole problem theoretically.

The other way, which may be called experimental, is based on a direct confron-
tation of the properties of the particular atomic model with the observed properties
of atoms. One can, for instance, calculate for the given orbit the momentum distri-
bution, similarly as it has been done for the ff-orbit®*’, and compare the latter with
the momentum distribution derived from high energy electron Compton scatte-
ring32:33, The other way of checking the model is analysis of inner shell ioni-
zation by protons correlated with deflection of the latter in the field of nu-
cleus34-37, ‘ .

In view of mathematical difficulties, incompletness of theoretical description
of the electron and limited experimental informations about atoms, the combina-
tion of the both ways — i. e. experimental and theoretical seems to be the most
pragmatic procedure towards deciphering the electronic structure of the atom.

And so one can by applying semiclassical quantisation rules as.given by OIld
Quantum Theory to determine energy spectrum of the system for various collective
orbits — as it has been done by Dimitrijevié and Grujié27-2® for the pendulum
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Fig. 9. The simplest collisionsl orbit (see text).
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orbit. Unfortunately there are some ambiguities in practical use of these rules (re-
sults depend upon the choice of system of coordinates used for calculations) and
moreover applicability of these rules to many electron systems has been never pro-
ved.

In view of the above and in view of the recently formulated hypothesis, which
relates stability of electron orbit with perturbations caused by translational pre-
cession of electron spin axis, it seems justified to use quantisation rule in the form

§m?)-d7=nh, 31)

where d is an element of the electron path along the given orbit. In this case the
binding energy of the system is given by:

W = UHB(Z — )3, 32)
where UZ is the ionization potential of the hydrogen atom and 7 is the mean value
of the screening parameter, which for particular orbit can be easily calculated:

2n
1 (ole @)
7] e dz. (33)
0

g =
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Fig. 10. The simplest continual orbit (the velocity of the electron is always different from zero).

Comparing the theoretical binding energy W, calculated from Eq. (32), with the
binding energy determined experimentally, one can estimate the real situation in
the atom.

In the particular case of helium atom we have:

ex» =_; (U, + Uy) = 39.4¢V, (34)

and, therefore, the experimental value of § is

W

P =7 — = 0.296.
o A Us 0.296 (3%

Comparing the experimental value of 6 with the values calculated from Eq. (33),
see Fig. 12, one finds that there is a class of orbits with the value of the screening
parameter very close to that experimentally measured. Since trajectories of the most
likely orbits of 8 very close to 0.296 approach very closely to the nucleus — where
magnetic interaction of electrons cannot be neglected — the final choice of the or-
bit cannot be done. Nevertheless, some class of orbits can be eliminated from fur-
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Fig. 11. Location of the zero-velocity starting points of electrons as a function of the value of the
reduced screening parameters gy,/Z for the two quasi-free-fall orbits.

ther considerations. At first, following the general requirement of simplicity we
should eliminate from considerations very complicated orbits. Among relatively
simple orbits those with appreciable transversal energy, roughly with p, > 0.3
should be eliminated too, since then the screening factor is much too large and the
magnetic interaction of electron is much too small to change the previous apprecia-
bly.

What exactly the form of the electron orbit of the helium atom is we shall try,
taking into account magnetic properties of the electron, to show in the near future.

6. Conclusions

The carried out analysis of the collective motion of electrons in the field of
nucleus shows that it is possible in principle to construct the many-electron atomic
model, which would describe correctly the observed properties of atoms. The
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Fig. 12. Values of the screening parameter 6 in the helium-like system (Z = 2 and 5. = 2) for
various closed orbits as a function of transversal oscillations (po— oscillations).

zero angular momentum collective orbits, with appreciably high energy of trans-
verse oscillations, seem to be mechanically suficiently stable to form the basis for
construction of the many-shell configuration consisting of the orbits of the similar
form. In the case of valence electrons the motion should be not much different from
the free-fall case and the trajectory should be similar to the hydrogen atom orbit.
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KOLEKTIVNO KRETANJE ELEKTRONA U KULONSKOM
POL]JU JEZGRE

MICHAL GRYZINSKI
Institut za Nuklearne Nauke, Swierk-Otwock, Poljska
UDK 539.18

Originalni nau¢ni rad

Ispitivana su numeri¢ki jednodestiéna rjeSenja koja opisuju kolektivno kretanje
elektrona u kulonskom polju jezgre. Procenjen je opéi karakter kretanja, kao i
uslovi za periodi¢no kretanje (zatvorene elektronske putanje). Odredena je klasa
zatvorenih trajektorija koje mogu da predstavljaju dvoelektronsku atomsku ljusku,
sa posebnim osvrtom na ljusku atoma helija.
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