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Original scientific paper 

A comparative study of the same generation lepton and anti-lepton scattering from 
.. . hydrogen atom in a relativistic Lorentz gauge is done. The ratio of the two differen­
tial cross-sections (a; (8), a: (8)) of electron and positron is found to be a function 
of scattering angle and energy of the projectile. However in cases of muons 
the ratio is unity. 

1. Introduction

The elastic scattering of electron from hydrogen atom is the simplest collision 
problem and is studied by numerous model approximations 102> to justify the models 
as well as to explain the various scattering phenomena. But the situation is yet not 
conclusive. We apply the technique of Feynman diagrams, working in Lorentz gauge, 
to study the elastic scattering of leptons from bound targets. The formalism is valid 
for all energies, but we present results for low energies where experimental data is 
available. This method has presently successfully predicted the cross-sections for 
charge transfer phenomena3•4> and photon scattering from bound target5>. The phi­
losophy behind the approach is to take the S-matrix expansion for the free interac­
ting particles. The S-matrix is then operated upon by the initial and final physical 
states. The bound wave function6> which is a solution of Dirac equation in Lorentz 
gauge, takes into account exchange of Coulomb photons of all orders 7>. The effect 
of binding on the amplitude comes through these bound state vectors.There is a scope 
to take the free projectile as a distorted wave in the Coulomb field of the bound 
_target. 
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2. Mathematical formalism

The amplitude for the process is determined from the sum of the three4Feyman 
diagrams with one virtual photon exchange in each case (Fig. 1, Fig. 2). At low ener­
gies proton form factor is not so important. With low target momentum the amplitude 
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Fiy. t .  Feynman diagram for electron-hydrogen elastic scattering. 
(a) Electron-bound electron direct interaction.
(b) Electron-bound electron exchange inter�tion.
(c) Electron-proton interaction.

Fig. 2. The same as in Fig. 1 for positron-hydrogen scattering. 

-is mass independent. So contribution towards the amplitude from diagrams · 1 (a) 
-and 1 (c) . . .  or 2 (a) and 2 (c) are the same. Similar, is the case for all leptons and anti-
�-leptons. Interferences.between the diagrams (a) and (b), respectively; with (c) for 
 both the cases vanish identically because of vanishing trace between odd number
· �f y-matrices involved. In case of muons; scattering amplitude ofµ + from hydrogen 
� atoms are the sum of the two diagrams of the type (a) and (c) of Figs. t and 2, respec-
tively. Eventually the cross sections are identical as the 'interference term does not 
contribute. However, in usual quantum mechanical calculations in Coulomb gau­
ge, interference between electron-bound electron and electron-nucleus (terms does
contribute, The disappearance and appearance of interference terms in Lorentz

· gauge and Coulomb gauge, respectively, may be attributed to the gauge algebra. With
higher order diagram it is worth seeing the contribution towards such interferences.
In the case of positron the exchange term corresponding to diagram 2 (b) arises from
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BHATTACHAR'YitA: LEPTONiC SCAT'l'ElqNG . . .annihilation. Contribution of the annihilation diagram is very low in the non-rela­tivistic free-free cases. In the case of bound electron and free projectile interaction, the annihilation diagram 2 (b) is found to modify the cross-section through interfe­rence with direct term where a product of exchange integral J E over bound wave function at the two vertices, and direct integral ID over bound wave function at one vertex are involved. Eventually, the direct term, with Rutherford type of scattering cross-section damped by the direct integral ID over bound state wave function in the space of transfered momentum, dominates the scene of scattering in the high energy region. In the region of few hundred electron volts, however, the elastic differential cross-sections of hydrogen target induced by electrons and positrons in the direction 8 L are related as follows : 
where 
Amplitude for elastic scattering from electron (positron) M;,<+> is given by M;,c+ >  = s;<+> - s;<+> - s;<+>.

(1) 
(2) 
(3). S;<+>, s;c+ > and s;c+> correspond to the contribution of the diagrams a, b, c, of Fig. l (Fig 2), respectively. 

2 s;<+> = - ie2 � d (E, - E.,) Ti c+> I; c+>Bia Ep 

2 
s; c + > = - ie2 _!!:_ d (E, - E.,) T; c+> J;<+>Bi. Bi, 

s; (+) = - ie2 :: a (E, - E
.,) T; ( + )  1; ( + )

M = proton mass
m = lepton mass Proton recoil is neglected. e 1., = Energy of the target electron = m,, + binding energy � m,, 

E11 = projectile energy = m + �: � m, for p � m
T; = {ii (p') fµ u (p)} {ii (0) I',, u (O)}
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r; = fi (-p') "" 'l} (-p)} {u (O) r" u (O)}
T; = {u (0) R+ "" u (p)} {u (p') "" Ru (O)}
TI = {u (0) R+ "" v (-p)} {v (-p') yµ Ru (O)}T; = { U (0) "" U (O)} {u (p') yµ u (p)} 
T; = { U (0) y,, U (O)} {v (-p') yµ v (-p)}. u and v are the Dirac spinors for lepton and antilepton, respectively. <p111 (r) Ru (0)is the bound electron wave function and the bound particle spinor at zero momentum is in accordance with Ref. 6. U is the Dirac spinor for proton taken in static appro­ximation. 

... .... 

y • rR = 1 + a y4 Trf 1 ... ....  
10 = 2 J e-iCP-P')·.Y <p111 CY) d3y, lo = I; = It q q2 =CP -p')2 = -4P2 sin2@/2, e = !!.. - eL 2 p and p' are the momenta of the projectile lepton before and after interaction. 

1-c+>  = J 'P1s (x) 'P111 (y) exp {-i ro Ix + Y I  - i (px + p'y)} d3x d3 y8 Ix + YI w = Po - p; w/c 4i 1 ,  exp (-i ro Ix =F yl)  r::::s 1. The different traces involved are listed below. These are computed taking only 1st term of R, the 2nd term gives only a correction of order a2 to the cross-section. 

where 
466 

T;*T; = 4 ( 1 + !: cos2 e12) T+* r+ r-* r- r- * r-D . D = D D = D' D' TD* TD +  Ti* TD = 4 ( 1  + !: sin2 @12) .T;* T; + T;* T»*= -4 [ 3 + !: (I +  sm• @/2)]

TB* T; = TD* Ti ;  T;* T; = 4 [ 3 + !: (3 - cos @)]fJ = @L - n/2. 
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With this we find Finally for p < m
where 
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1 + (1/2) 1- + ( 1/2) c1-)2S (fh, P) = 1 - (3/2) 1+ + (3/2) J+2
1-<+ >  = 1;<+>//» = = 4 ( I  + p2 sin2 8/2) [X{2X4 + x2 ( 1  + p4

) - 2p2} / ( 1  + p2)2 + 2 (X2 +where + p2) sin- 1 {X/( 1  + x2)1J2}1 / { X ( l  + p2)}3x = p sin 8/2 for electron
= p cos 8/2 for positron.

3. Results atul discussz"on The ratio S ( 8 L, p) is always greater than one. This shows the scattering of electron off hydrogen target is favoured more than that of the positron. But hydrogen atom does not show this difference in behaviour for the second generation leptons (µ +, µ-) for which the ratio is always one. This may be attributed to the fact that the target and projectile leptons are of different generation. Other existing results for e- and e+ also yield the ratio S (8L, p) to be greater than one. Our result is com­pared with result of Ref. 8 and shown in Table 1. In principle present calculation compares well with the existing results. However there is a scope to improve our result by including distortion of the projectile wave funcdon. 
TABLE 1 .  

Energy lOO eV 200 eV 300 eV 400 eV 

Angle ( deg.) FT UEBS BBS MO w FT UEBS FT UBES FT UEBS 

s 1 .67 2.67 3.18 3.0S 1.24 2. 19 1 .87 2.45 1.57 2.56 1 .33 
10 2.51 2.28 2.41 2.69 1 .406 2.89 1.6 2.83 1 .31  2.69 1.21 
20 1.9 3.2 2.1 1  2.67 1.66 2.50 1.36 2.74 1.23 1.94 1 .17 
30 2.25 1.69 2.05 1 .88 1.77 1 .6 1.33 1 .51 1.24 1.41 1 .18 
40 1.59 1 .64 1.6 1.75 1.82 1 .31 1 .36 1 .22 1.25 1 . 18  1.19 
so 1 .29 1 .67 l .59 l .71 1 .82 1 . 14 1.39 1 .20 1.25 1.08 1 . 18
60 1 . 15 1.72 1.74 1.71 1 .81 1.06 1.39 1 .04 1 .25 1.03 1.18 
70 1.09 1.76 1.87 1.71 1.79 1.03 1.39 1.02 1.26 1.01 1.17 
80 1.06 1.70 1.52 1 .70 1 .76 1.02 1 .39 1.0 1.24 1.0 1.16 

FT = Present field theoretic method; EBS = Eikonal Born series9> UEBS = Uniterised EBS 10> ; 
MO = Molecular orbital1 1>; W = Wallace amplitude1 1>.
Ratio of cross sections S (0L, p) for scattering of electron and positron from hydrogen atom. 
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It is inspiring to note that this compact yet simple formalism gives good des­
cription of the leptonic elastic scattering processes from bound targets. Extension of 
quantum field theory in Lorentz gauge to atomic physics has its own intrinsic appeal. 
It reveals effect of charge conjugation on lepton-atom elastic scattering in a most 
elegant form. 
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RASPRSENJE LEPTONA NA VODIKOVOM ATOMU - PRISTUP 
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Originalni znanstveni rad 

Nacinjena je usporedna analiza rasprsenja iste generacije leptona na vodikovom 
atomu uz Lorentzov uvjet. Nadeno je da omjer diferencijalnih udarnih presjeka 
(a;(@)., a:(@)) elektrona i pozitrona ovisi o kutu i energiji projektila. U slucaju 
muona taj omjer jednak je jedinici. 
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