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Original scientific paper 

An efficient &nonperturbative<< method for solving the Hill equation of a certain class is discussed and applied to the problem of degaussing in n � n oscillationexperiments. 

1. Introduction

As an alternative to grand unified theories which require the proton decay, a class of left-right symmetric theories 1 > leaves the proton stable and predicts the neutron-antineutron oscillations, n +t n. While the proton decay experiments aresimple by themselves, the neutron oscillation experiments face an additional techni­cal difficulty. In fact, the earth's static magnetic field B0, interacting with the anomalous magnetic moments, pushes the neutron and antineutron states away from each other. The predicted transitions, caused by the fundamental baryon mixing force, are damped in this way by a factor of 1000 or so. However, the oscillations are still there and the idea is to introduce an additional oscillatory magnetic field B 1 (t) with properly chosen amplitudes and frequenciesand drive the oscillations as much as possible. Since anything that oscillates in nature may be driven and enhanced, the question arises to what extent this can be done in this particular case. The main task is then to determine the free para­meters of the driving field B (t) as to optimize the growth of the antineutron pro­bability starting from Pn (0) = 0 at t = 0.
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2. The underlying system of linear diff erenti"a/, equations with periodic
coefficients 

In the rest frame of the neutron beam where, besides the fundamental baryon 
mixing force, also a z-directional magnetic field is applied, the time evolution of
the neutron ( antineutron) wave function is governed by the self-adjoint system of
linear differential equations with periodic coefficients 2 >, 

dn (t)/dt = -iw 8 (t) n (t) - im,,, n (t),

dn (t)/dt = -iron, n (t) + iro B (t) n (t),
(1) 

where we have used the units c = Ii = 1 , ru,,, is the fundamental frequency charac­
terizing the baryon mixing force, ro 8 (t) is the time-dependent frequency of the
external magnetic field, while n and n are the neutron and antineutron wave functions,
respectively. 

We will assume the applied field frequency of the form 

w 8 (t) = w 8 (1 - r sin wt + s cos wt), (2) 

where co 8 is given by the earth's static field, while the amplitudes r and s and the
driving frequency ro are free parameters. The minus sign in front of r is for con­
venience. One may, of course, use higher polynomials of sines and cosines and
different driving frequencies in different terms; however, the form (2) is simple
enough, so that all steps of calculation may be carried through analytically in a
fairly simple way. 

With the notations 

(n (t)
) X (t) = n (t) ' A (t) = -i 

(w B (t)
m,,, 

the system ( 1) assumes its canonical form

dX (t)/dt = -A (t) X (t).

co,,, ) 
- (t) 8 (t)

3. The corresponding Ht"ll equation

(3) 

(4) 

Since A (t) is an antihermitian periodic matrix, the corresponding second-order
differential equation is a Hill equation, 

50

d 2 n (x)/d.x2 + Q (x) n (x) = 0,

Q (x) = l;. + ).i (x) - idl s (x)/d.x,

.i..111 = w111/w, A8 (x) = co 8 (x)/w, x = wt.

(5) 

(6) 
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The neutron wave function n (x) is the solution of the corresponding complex conjugate equation. According to the Floquet-Lyapunov theorem 3> the general solution of Eq. ( 5) has the form
n (x) = f (x) ectx + g (x) e-=, (7) 

where f and g are bounded periodic functions whose periodicity is the same as that of Q. The generally complex characteristic exponent a determines the stability of the solutions. Its determination is very difficult. The standard method of infinite determinants does not work here since Q is neither a real nor a symmetric function. 
Let us first. show that in our particular case the characteristic exponent is purely imaginary. As one sees from the definition (3), the matrix A is antihermitian, 

At = -A, and this ensures t�e conservation of the total probability, Pn + P,; = 1:

:t (In (t)l 2 + I ff (t)l 2
) = :t I X  (t)l 2 = :t (X (t), X (t)) = 

= (X (t), X (t)) + (X (t), X (t)) = ((A + A +) X, X) = 0. 
For the Floquet-Lyapunov solution with periodicity -r, 

X (t) = f (t) e1Xt,this implies that 
(X (t), X (t)) = (X (t + i-), X (t + i-)) = exp [(a + a*) -r] (X (t), X (t)),

arid therefore 
a + a* = 0, a = iy, y real. (8) 

The solution is double oscillatory. Trivial periodicity is that of the matrix A (t), 2n/w, where w is the frequency of the driving magnetic field in the definition (2) .  As  i t  will be  seen later, it has to  be of the order of  the static field frequency w B•For the earth's magnetic field of 0.5 · 1 0- 4 T, we have Ws � 104 s- 1 and there­fore (m/w) � 10- 4 s. In the zero-field limit, the exact solution of the system (1 )for the antineutron wave function is 
n (t) = -i sin wmt, (9) 

and we, therefore, expect that the characteristic exponent should be of the same order of magnitude, y � Wm . According to the estimate used in Ref. 2, w m � � 10- 4 s- 1 and, therefore, (2n/y) � 1 04 s. The nontrivial periodicity due to 'Y is very slow in comparison with that which is due to w, (2n/y )  � (2n/w). 
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4. A >>nonperturbative<< approximate solution

In the ·following we present a fairly general method to find the characteristicexponent and an approximate solution of the problem for those cases when thefunction w 8 (x) is given by Eq. ( 4) or a similar polynomial of sines and cosines.Numerical experience with oscillatory Schrodinger problems tells us that the solu­tions always appear in the form when some sort of rapid oscillations of small magni­tude .are superimposed on slow oscillations of large magnitude. For commutative experiments, the latter type of variation is physically more interesting and, as it will be seen later, our method somehow >>smears<< the rapid variations and takes into account only the average general oscillation of large magnitude. 
Let us now concentrate on the formal ( canonical) solution of the system of Eqs. (1). In order to get rid of diagonal terms, we perform a unitary transformation 

X 

n (x) = N (x) exp [...:...i f dx' l 8 (x')], 
0 

X 

n (x) = N (x) exp [i f dx' l 8 (x')], 
0 

and obtain the simpler system 

dN (x)/dx = -iA F + (x) N (x),
dN (x)/dx = -ii. F _ (x) N (x) ,

where we have defined 

Now .we write 

X 

F±(x) = exp [± 2i f dx' l8 (x')] . 
0 

(N(x))Y (x) = N (x) 

(10) 

(I I) 

( 1 2) 

( 1 3) 

and introduce the Pauli matrices (] 1 and (] 3, so that we may rewrite Eq. ( 4) in the form 
where 

52 

d Y (x)Jdx = B (x) Y (x),
X 

B (x) = -ii.m exp [2i(]3 J dx' ii. 8 (x')] (] 1 • 

0 

( 1 4) 

( 1 5) 
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For a ,given initial value Y (0), the purely formal solution may be-found., e. g.,in any textbook on field theory, -

Y (x) = T exp [ f dx' B (x')] Y (0), - ( 16) 

where T is the time-ordering operator. 
In our particular case of spontaneous n +t n transitions we assume that atthe initial (dimensionless) time x = 0 the beam contains only neutrons, so that

n (0) = N (0) :- 1 and n (0) = N (0) = 0. Hence 

Y (O) = ( � ) . 
Let us now write the solution ( 16) in a down-to-the-earth form 

X X 

N (x) = (-ii.m) f dx1 F_ (x 1) + (-Um)3 f dx 1F_ (x1) X 
0 0 

( 17) 

� � 
X f dx2F + (x2) f dx3F _ (x3) + . . .  = � N 2ku (x), ( 18)

0 0 
k-0 

X XI 

N (x) = 1 + (-Um) f dx1 F+ (x 1) f dx2F- (x2) + . . .  = i N2k (x). (19) 
0 0 k=O 

We proceed by evaluating F ± (x) according to the definitions ( 12), (6) and (2) andobtain 
F± (x) = e=F2i« exp [±2iax/r ± 2ia cos x ± 2iP sin x], (20) 

where we have introduced the abbreviations 
a = ro 8r/ro and P = ro JJS/ro. (21) 

The trigonometric functions in the exponent are resolved by expanding them interms · of Bessel functions4> : 

e2i« cos x = � in Jn (2a) einx, 
n=-oo 

(22) 

e2i/J sin " = � 1 m c2p) ei mx. 
m= -oo 
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For the negative sign in the exponent we use the symmetry properties4> Jn ( -z) =
= J _ n (z) = (- l)n Jn (z) and obtain 

where 
F:1:. (x) = e=rli« }: in (± l)n+m  In (2a) J m (2P) exp [ix (n + m ± v)], (23) 

n;n 

'V = 2a/r = 2w 8/w. (24) 

From now on we will assume that v is an integer. This will greatly simplifyour calculation since we may now renumerate the series (23) and use the symmetry properties of Bessel functions. In this way we obtain F ± (x) in a more compact form 
00 F _ (x) = .r: (x) = e2i« l: S (a, p; v +t) eilx,

l=-oo 

where the coefficients of this Fourier expansion are defined by 
00 S (a, P; n) = (- l)n l: i" Jk (2a) J n-k (2p) .

k= -oo 

The general term in the expansion (19) now takes the form 
X 

N2k (x) = (-Um)2k L f 1x 1  e-i!J xi S* (a, P; v +t' i), •• 12 • ...• t2k 0 
Xl 

X f dx2 ei!2x2 S (a, p; v +t 2) . . .

0 

j"";;;,,_ 1 ell:i>-1 •20--1 S* (a, p; � +t ••- i ) X
0 

.:r,ak-l 

x f dx2k eil2kx2k S (a, p; v +t 2"). 

0 

(25) 

(26) 

At first sight, the complexity of this e:i.::pression is not encouraging. However, it isnot quite so. We note, namely, that when the integers t 11 run from -·oo· to + O?,the product of exponential functions oscillates wildly arid averages to a value roughlyequal to zero, except for the case of a »resonant configuration« when all exponent vanish. This is the giant part of the integrals and we pick it out. As a result ofequating the exponents to zero, we get " symbols and may perform the summationover the indices t 1 ,t 2, . . .  ,t lk· If we write 
N 2k (x) = Nf" (x) + Nff (x),

54 FIZIKA 20 .. (1988) 1, 49-57 



ZOVKO: FLOQUET EXPONBNT . . .

this resonant contribution is easily found to be 
NR ( )  - (-il,nX) 2k 1S (  p · ) 12k 

lk X - (2k)! a, ' V • (27) 

This result makes the series (19) for N (x) absolutely convergent and may be sum­med up to give NR (x) = cos {lmx I S  (a,p; v)I }. (28) 

Using the same procedure, with slightly more algebra with phase factors, we also obtain the antineutron wave function, 
N R (x) = eiC2cz-:r/2) S ( a, p; v) sin [l x I S (a /J • v)I ] (29) j S .(a, p; v)I _ m ' '  • 

What remains is to see how large the nonresonant part is. 

5. Discussion 

How good are the solutions (28) and (29) and which properties of the exact solutions do they· preserve? First, we see that they are manifestly unitary, 

In addition, in the limit of zero magnetic field, characterized by. w 8 = r = s = 0in the relation (2), or consequently, a =  p = v = 0, the solution NR (x) ·tendsto the exact solution (9). This is easily seen by recalling that lmx = w,,,t and thatall Bessel functions with nonzero integer indices vanish at the origin, so that, accor­ding to the definition (26), we have S (0, 0; 0) = J! (ii.) = 1.When discussing the corresponding Hill equation ( 5), we have seen that the exact solution is double oscillatory: rapid c.o oscillations of small magnitude (whose trivial periodicity is equal to that of the function Q) are superimposed upon much slower oscillations due to the characteristic exponent y. Our resonant solutions (28) and (29) somehow smear the faster oscillations and follow the >>averaged<< func­tional dependence which is physicaUy more relevant. Whatever physical phenomenaare described by ·the system of equations of the type ( 1 ), the slower oscillations of larger amplitude contain physically significant information measured by experi­ments. In our particular case of n � n oscillations, it is the general sinusoidalgrowth of the antineutron wave fun�on (hence, the antineutron probability) and not the small local fluctuation which matters for the experiments. The value of the characteristic exponent which governs the growth of the antineutron probability starting at P,; (0) = 0 is given by
y = Am l S (a, /J; v)j .
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For the particular choice (2) of the function ru 8 (t), y may be evaluated analytically by using a theorem 5 > for Bessel functions: 
00 L eik(t>z ln- k (r 1 ) Jk (r2 ) = ein,r, ln (,-) ,

k= -oo where 

Choosing <p2 = n/2 and r = 2 (a2 + p2) 1 12 , we may apply this theorem and per­form the summation in the definition (26) : 

S ( P· ) . (-P - ia)nl ln [2 (a2 + p2 ) 112] . a, ' n  = (a2 + p2 )n12 (31) 

One may now raise the question of choosing the free parameters ( a, P and w) in such a way as to achieve the optimal growth of the antineutron probability Pn (x). This was studied numerically in Ref. 2 and analytically for the simplifiedcase P = 0 in Ref. 6. In the limit P = ·O, our solution (29) leads to the same result,namely, 
NG=o (x) = exp [i (2a - nv/2 - n/2)] sin [lm x J. (2a)] . (32) 

From the purely experimental point of view, the antineutron probability corres­ponding to the solution (29) contains one more free parameter and therefore more flexibility in degaussing the earth's magnetic field BO by applying the sine, or the cosine, or both types of the driving ma�etic field B (t). On the other hand, the utility of our computational method depends on how large NN R (x) is.The direct way to see the fine structure lost by our nonperturbative solution is to go to the limit of small times and to evaluate N (x) to the first order: 
X Nc o  (x) = ( - Um) f dx' F_ (x') = (-iAm) e2i « [xS (a, P; v) +

0 

X 

+ :£ S (a, {1; ii +t) f ei!x' dx'] = Nft> (x) + N[i� (x). (33) 
l#O 0 

Nfh (x) is just the first term of the expansion of the resonant solution (29), while the second term describes the fine wiggling around the >>resonant<< curve. Having in mind the expression (31 )  for S and recalling that the Bessel functions decrease rapidly when their indices increase 7>, this fine structure may be easily taken into account with desired accuracy. Of course, the oscillation due to the Lyapunov ex­ponent is now completely lost. 
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Predlozena je djelotvorna >>neperturbativna<< metoda za rjesavanje Hillove jednadzbe odredene klase i primijenjena na zadacu uklanjanja magnetskog polja u n .:t noscilacijskim eksperimentima. 
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