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Successive layers of conserved Q charges are studied in general relativity. The
external metric can be written as a combination of these charges to serve as a probe
for such configurations. A simple two layer model is used to illustrate the general
approach.

1. Introduction

Global symmetries in nature reflect the presence of conserved quantum num-
bers which are not always easy to probe because they do not lead to the corres-
ponding gauge fields that can be probed in particle experiments!’. A classic exam-
ple of this is the recently hotly debated nature of the fifth force which could be a
manifestation of the gauging of baryonic charge which was normally thought to
be a global charge?:3, Lepton number is another example of such a global charge
whose spontaneous breakdown could very well lead to the correct prediction of
Majorana neutrino masses along with the existence of neutral scallar particles me-
diating generation changes called »majorans« as described by the Gelmini-Ron-
cadelli model#:%). In response to these issues, Coleman has invented the generic
name »Q Ball« to symbolize the state of matter stabilized by a globally conserved
quantum number that acts much like an angular momentum which gives rise to
orbital stability by preventing the collapse of the orbit of a circulating particle®.
Applied to configurations of fermions and scalar fields the notion of an L ball has
led to stable objects that decay only slowly by fermion emission at the surface”.
In a previous note we have discussed the general relativistic stability of O matter
in general relativity with the result that for a crude model with Higgs-like poten-
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tial the Q ball will be stable providing it does not get too large®. We have also
discussed this problem within the context of the bimetric theory of gravitation and
shown that Q balls are also stable in this alternate theory of gravity having prior
geometry?’. This seems to be a relevant issue since such a theory prevents black
hole formation and it seems of relevance of whether or not it admits bound objects
with a globally conserved charge. These investigations suggest that we ask another
relevant question, can Q matter lead to a domain-like structure with alternating
maximum and minimum of the relevant potential of the scalar field. The point
of this investigation is to discuss such a configuration, wherein the potential expe-
riences max and min where the boundary conditions (B. C.) on the scalar field
for each region are sufficient to insure the conservation of the relevant Q charge
within each domain.

2. Domain-like structure of Q matter
To begin we write down the Lagrangian for a SO, scalar doublet with Higgs-

like potential, ¢ = ("v')
@2

T 2
P = ooy _A4s q,fq,_f_l V=g 2.1)
) 3 4,

which is invariant under dp, = —& @1, 02 =€ @,.

If we impose the B. C. for two constructive layers as indicated in Fig. 1, we

have
(=0, r=0
d";ﬁ') =0, r=R,, (2.2)

p() =0, r=R,.

We have a conserved charge within each domain given by

j J f (3% Tt a:f 5?’2) dr d6 dF 2.3)

since the boundary values of the spatial integral vanish by the B. C., when we
integrate
d (0% Jd [ 0%
W(&pl'.; 6 ) + 3x“ (3(p 4 6")2)

over drd@ d¢ (2.9)

for dp, = —ep,, dp, = ep,.
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Fig. 1. Value of spatial part of scalar field; ¢ (r) =0atr =0; ¢ (r),, =0atr; =Ry ; p(r) =0
for r = R,

This gives

Ri+1

(l-—v
0, = 47::“" f|,p‘ M|2e & r2dr (2.5)

for dp, = —&@,, dp; = £p,, where

_ (94 (r) cosw;t ,
o (1, 0) = (‘p: 0 sn w:t), 2.5

(Note in Eq. (2.3), Eq. (2.4) that ¢,, ¢, denote components of a scalar doublet,
while in Eq. (2.5) ¢, refers to izh domain) to represent the solution for the SO,
doublet with separate w;, ¢; (*), Ry, R;+, for each domain.

The equation for the scalar field in each domain is found from the Lagrangian
equation (2.1)

v - 2 2 Aty
%= [e <p, (r)w e (;Jl’r) _ %_ <(¢‘ ") — %) ] rie 2sin O,

(e ) (r)w, )r e;.:'— A, o0 (7) ((‘Pi ) — %")T e“z“

c?

(v—7)
((‘Pu r) r’e 2 ) =0. (26)
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Note the time dependence cancels out of equation for scalar field after using Eq.
2.5).

We solve Eq. (2.6) subject to the relevant boundary conditions and in the
approximation e” ¥ e* ~ 1, we then evaluate the frequency from Eq. (2.5) in
terms of 1he relevant charge Q,.

For the energy momentum tensor we have

= 2 ¥ — T 81 5a T ﬁi T —Al :
T"p_ V__gW—a”(p 3p(P 2 a 4 30:‘7" +gl“’ 4 ((p @ Z:)
or )
"
1 =g ap— % @uorain + 2 4 (70 - ) @)
2
with
i &0’ 2 2 2, 4z 2 _4n\?
AL SIS (CIOLES I

after using Eq. (2.5).
For the 4 component of the Einstein equation we have for the metric

(ds)? =e?(dx*)2 — e*(dr)?> — r2 (dO)? — r2sin2 O (dp)>?
8= G

g;v e =1- Tir. (29)

For region I (0 < r < R,) we have upon integration

(Rye Mg =R, —

82G [
n4 ~foJ’dr

Ry
(e, = 1 -;j‘ff J T4 12 dr (2.10)

where <p(r = 0) =0, (P'(T),r =0 at r = R,.
For region II (R, < r < R,) we have

G
(Rze" Mgy =(R1 €™My + (R —R) — i f r2 T4 dr (2.11)

Ry
where

(@), =0 at r=R,
p(M =0 at r=R,. (2.12)
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In general by successive integration we can evaluate e~4 at the final boundary
and determine the mass from

e"d = —
Rp c? 3c4

where
A A2
Vepr = —4-E ((97 (7' = RF))Z - :4—:1;) .

Here Eq. (2.13) represents the metric exterior to the Q configuration and Vg recqive
represents the potential outside the last layer and is equal to the potential at the

last boundary. ,
To illustrate the above idea we construct an approximate solution as follows:
in the approximation e* ~ e~% ~ 1, Eq. (2.6) becomes in a given domain

0 @+ 20 O + 5070 0)~ a9 0007 — 2] 7 = 0. 210

For the equation without the cubic term we know that a simple power series so-
lution exists about » = 0, we thus try

() =a¢ + ayr + axr? + ayr® + agrt (2.15)

where we will retain only up to the quartic term in the power series solution. Sub-
stituting Eq. (2.15) into Eq. (2.14), we have

2
r(a,) + r? (6a; + -?3— ap — a:LAz + Aiao) +

2
+ 73 (12a, + %—al — 2a%a,4; — 6,634, + A,a.) =0 (2.16)
ay = arb.
al = 0
w2
@A, — ao (?f+ A,)

a; = 2 (2.17)

az = 0

a, = to be determined from B. C.

For region I we have p(r) =0atr =0, ¢,,(r = R,) = 0 at »r = R,; this gives
ay,=0,a,=0,a,=0, a; =0, a, =0, where we find the a, coefficient from
the B. C,, thus

(@ =0for 0<r<R,. (2.18)
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For region II we have ¢,,(r = R,) = 0, ¢ (r = R;) = 0; giving upon using the
solution Eq. (2.17) with a, to be determined by the B. C., we have

P
[a:.Az - ag ((:—2 + Ai)]R;

ag + 6 + a4R'; = 0
3 wz
2 [aoAz — ag ('CT‘}‘ Al)] R,
2 442, =0 (2.19)
eliminating a, we find from Eq. (2.19)
w2
(— + AI)R; 4 2
c* RS (]
— 1 ——2 _(—+ 4
A - 2 (c2 + 1) (2.20)
% = AR} AR}
6§ IR
with
wl
agAz — Qyp (?2—--'-141)
a, = 3
1 3 _ ﬁ
N D]

To calculate the relation of w to Q in region I we have from Eq. (2.4) using e* ~
=~ e’ =~ 1 and keeping only up to the quadratic terms in »

Rz
3 —
0= _“fcﬂ r2 [ao + (‘LA’—é‘“—A') r2]2 dr (2.21)

Ry

where we have not included the w? term in @, assuming it smaller than the other
terms. Thus

cQ
= 2.22
w R, a:,Az — aoA1 ,.z)z dr ( )

47 J‘ r2(ao + g

1

for region II.
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We now evaluate the metric in the two regions as well as the mass as a function
of the O charge. From the 4 component of the Einstein equation we have for the
metric (ds)? = e*(dx*) — e*(dr)2 — 72 (d@)? — r2 sin? @ (dg)?,

8"6 Tir2, (2.23)

d
— =A = —
o (re=dH =1

From Eq. (2.8) we have for region I

82G [ A%
A =] — (L),
ei=lT5e (4A,)’

where ¢ (r) = 0 for 0 < r < R,.
By integrating between R; and R, we have, using Eq. (2.8) for T3,

R
(R2e™)pz; — (Rie™ gy = (R, — Ry) — %‘ J [%3 (p (M* + %(‘P:r)z +

Ry
+ G (eor-3)]re (224)
or
(Rae™e = Ry — 57 (31) i+ (R = R) —Wf [ @ r)® +
R
trer + 2 (eer - F) ] e (229)
or

2 3 8
€ e =1 = Ser{ag R~ R, f [262 (p 0 + + (@) +

+ % (wonr - Zi)z] r dr (226)

on the other hand for » > R, outside the O matter we have where

2

A}
VEEF_4A ,r>R2

2GM _ 8aG[ 4} ,

rc? 3¢t \4A2} (2.27)
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To calculate the mass of the system we match Eq. (2.26) with Eq. (2.27) atr = R,
to obtain

Ra
I_ZGM_SJzG A3 R‘-—l—--giG AL\ R} _ 8aG wz(tp(f)"_l_
R,c? EF(E) 2 3c% (4A2)R_2 c‘Rz_,.[ 2¢2

R,

+3 @2+ (0o =) | re

or (2.28)

A Rac? [snG(Ai \Ri | 8G j sz(tp (r)*

L,y Asf, s
2G |3 \44, R, T “R 27 T 7@ +T(("’(’)

40" .2 87zG ;| Rac?
3% 2G
where ¢ is given by @ = ao + a;r? + agr* for R, <r < R, where

2 R?- R4 2
(st )% -1 - (& )
2

6 12R®
@ = LR AR (2.29)
6 12R:

and from Eq. (2.22)

cQ
k] — a, Al)rz)zdr .

o =

R,
4n [ 72 (ao + (“" 4z -

Ry
To evaluate w we approximate

(B R
6 1R/ A4,

Ri R\ 4
Az (?—nR:)

a

e

2
(]
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3. Conclusion

We have clearly chosen a very simple example by first insisting that the power
series ¢ = ao + a,7 + a,r? + asr3 + a,r* obeys the differential equation up to
the cubic term and determined the constant a4 from the B. C. Actually if we de-
termined a, from the equation it would disagree with the results we found by for-
cing it to obey the B. C. However, since we are only dealing with an approximate
solution this model is at least suggestive. Also the calculation of w in terms of Q
we estimated by keeping only linear powers in w and taking only up to quadratic
terms in ¢ (r); a more exact analysis would involve a solution of a cubic equation
for w in terms of Q. No attempt here has been made at rigour but only the sugges-
tion that by solving Eq. (2.6) in each region and calculating each O, by Eq. (2.5)
using the appropriate B. C. that either ¢ (r) = 0 or ¢ (r,,) = 0 at each boundary,
we may by successive integration of Eq. (2.9) determine the exterior metric in
terms of the various Q charges in each layer. This is the point behind the calcula-
tion, namely that the exterior metric is sensitive to the global Q charges of each
layer.
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DOMENI SLICNA STRUKTURA O KONFIGURACIJE U OPCO]J
TEORIJI RELATIVNOSTI

CARL WOLF
Department of Physics, North Adams State College, North Adams, M A 01247, U. S. A.
UDK 530.12
Originalni znanstveni rad

U opéoj teoriji relativnosti proucavani su sukcesivni slojevi konzerviranih Q na-
boja. Vanjska mewrika moZe se napisati kao kombinacija tih naboja da bi posluZila
kao proba za takove konfiguracije. Za ilustraciju generalnog pristupa koristen je
jednostavan model dva sloja.
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