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The limitations of the nonrelativistic quark model are considered in order to build
a unique quark model for mesons. By using the two-particle Dirac equation the
basic properties of the energy spectrum of bound states are analyzed. For various
forms of couplings the lower limits for masses of composite mesons are determined,
and the character of the dynamics is clarified. 

1. lntroducti"on

After the discovery and study of meson families tp (cc) and Y (bb) it has be­
come clear that naive quark model can be successfully applied to the systems of
heavy quarks 1 >. All such models are characterized by an interaction described by
a Coulomb plus linearly confining potential, in conformity with QCD. 

In the sector of light quarks (u, d, s) the nonrelativistic potential model be­
comes inappropriate, and it gives only a qualitative understanding of light quarks
dynamics. In an attempt to understand completely the quark model such a situa­
tion leads to an investigation of limitations of the nonrelativistic treatment of
quarks. This question is also important for a better understanding of other aspects
of hadronic structure2>. It turns out that for a successful and unified description
of both old and new meson mass spectrum, it is essential to use relativistic quark
model 1 , 3 , 4>, 

The question of the consistency of the nonrelativistic quark model has been
considered in the literature. Horwitz6> analyzed the case of quarks with equal
masses and vector type interaction, and showed that the JP = o- mesons have
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a lower mass limit which is given by (2 J/2/3) 2mq. The characteristics of the spec­trum of bound states of fermions has been studied in Ref. 7 by using the one-par­ticle Dirac equation. When quarks have different masses, Koide8 > found that the me�onic mass cannot be higher than (m 1 + m2)/2, independently of the typeof interaction between quarks. It is found that quarks with equal masses and V-A interaction can produce very deep bound states 9>. In this paper we shall study the limitations of the quark model by using the wo-particle Dirac equation (2). Although noncovariant, this equation contains he relativistic kinematic .. and spin 1 • 3 • 4>. We will try to find out the basic charac­teristics of the standard coupling (S, P, V, A, T) and their combinations (3) by assuming that the interaction is described by a spherical well potential. We shall also limit ourselves to the lowest j = 0 states.
2. The energy spectrum of bound states

As we mentioned above, the energy of the bound states of a quark (m 1) and an antiquark (m2) is determined by the relativistic, two-particle Dirac equation

( 1 )  

where M = m 1 + m2, m = m 1 - m2, and v is the differential operator with
-+ -+ ... respect to the relative coordinate r = r 1 - r2 • For the standard interactions, which will be discussed here, the r<c> matrices are given by 

(2) 

The wave function <P (:;) is 16-component quantity, and for j = 0 it describestwo different parity states, 

370 
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The angular momentum eigenstates Xff! can be obtained in a standard way, withthe help of Clebsch-Gordon coefficients. Dirar's matrices are taken to be in the standard representation 6> . The radi� part of the wave function for 1 SO state satisfies the equation 
2df +fdr + mg_ - Ee+ = - Voc+ mg+ - Eg_ = - Voc-2 (d/dr + 2/r) c+ - Mf _ + EJ + = - Vof +-Mf+ + Bf_ = - Vof- (4) where / ± = / 1 ± / 2, g ± = g 1 ± g 2, and the scalar ( S) interaction is representedby the spherical well potential, 

V (r) = - V0 for r < ro, V (r) = 0 for r > r0• 

From Eq. (4) one obtaines the following relation for the energy of bound states6> 

E - m2/E E - VO - m2/(E - V 0) 
1 - ipr

0 1 - <Xr0 ctg <Xr0 The parameters <X and p are defined by 
4ix2 = [(E + Vo)2 - M2] [(E - V 0)2 - m2] (E - V0) (E + Vo)

(5)

(6) 

For other types of interactions (P, V, A, T) the right-hand side of Eq. ( 4) gets changed, which leads to different value for ix, and different equation for E, as summarized in Table 1. The same kind of calculation can also be done with the wave function (3b) for 3 PO state. These new equations can be obtained from ( 4) by the replacement -; � -� m +-+ M, and also V � -V for S, P and T interactions. Thif meansthat a potential which is attractive in a certain state, becomes repulsive in the corres­ponding state of opposite parity. As a consequence, A and T types of interaction do not have bound states, as opposed to the P state (Table 2). In Table 3 we have considered the cases S ± P and V ± A, S ± T + P,which often appear in the literature9>. 
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TABLE 1 .

Type Bound states Parameter 4a 2 

s E E - V
1 - iPro 1 - aro ctg aro 

E
� :: [(E + Vo)2 - M2] 

p E E - V0 

1 - iPro 1 - ar0 ctg aro 
E2 - V� - M2 

V a ctg aro = iP E [(E + 4Vo) (E - 2V0) - M2]E - 2Vo 

A a ctg aro = iP E [(E + 4V0) (E + 2V0) - M2] E + 2V0 

T E E + 2Vo E (E2 + 6EV0 - M2)1 - iPro 1 - ar0 ctg aro E + 2Vo 

The form of the bound state equation and parameter a, for five basic types of potentials - 1 S 0-state.
TABLE 2.

Type Bound states Parameter 42 

s E - M2/E
· t - i/Jr0 

V E - M2/E
1 - iPro 

E + V0 - M2/(E + Vo)_ 
1 - ar0 ctg aro 

E - M2/(E + 2Vo)
1 - ar0 ctg aro 

E + 4Vo [E (E + 2V0) - M2]E + 2Vo 

3P0-state.

3. The case of equal quark masses

We shall now analyze the dependence cf the energy spectrum of bound states
on the quark mas�es, the interaction radius (r0) and strength (V 0). It is convenient
to introduce dimensionless quantities

,..,, ,..,, 
E = E/(m 1 + m2), Vo = Vo/(m1 + m2), (m1 + m2) ro = A. (7)

The energy of bound states satisfies the relation

(Sa)
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Type 

S - P 

S + P 

V - A

V + A 

S + P + T  
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TABLE 3. 

Parameter 4a2 m = O

[E (E - 2V0) - m2] [E(E + 2V0) - M2] Bi = - Vo +
E (E + 2 Vo) + V 1 + vf

[E(E - 2Vo) °- m2] [E(E + 2Vo) - M2] Bi = - v� +
E2 + J/I+ VJ

(E2 - m2) (E2 + SEVo - 1\,/2) Bi = - 4Vo +
E2 + V 1 + 16v�

[E(E + 2 V0) - m2] [E(E - 4V0) - M2J E1 = 2Vo +
E2 + V1 + 4V� 

[(E ± 2V0)2 - m2] [E (E ± 4V0) - M2] Bi = ± 2vo + 
E (E +  2Vo) + �·1 + 4V� 

m ¥= 0 

'ff2 = Vo + 
+ VvJ + «52 

'i12 = Vo + 
+ Vv� + ii 

E2 = d 

E2 = I Vo + 
+ Vv2 + di

The lower limit of the spectra at is0 state for some combinations of the potentials, d = m/M.which steems, for all five interactions, from the finiteness of the wave function at the origin and infinity. Besides, as Eq. ( I) mixes positive and negative energy states, the physical solutions should satisfy lim E 1 (Vo) = m 1 + m 2 Vo-+O {8b) 

where E 1 is the solution of the equation C( 2 = 0. Therefore, the energy of theboune states must lie above ( C( 2 > 0) the curve E 1 ( V 0) .  These limiting curvesare shown in Fig. 1, giving the basic insight into the spectrum of the 1 SO states.These minima can be reached asimptotically when quark masses ( or the interaction radius) tend to infinity. For the scalar interaction and sufficiently heavy quarks, m4 � 10 GeV/c2 (r0 ,_, 0.1-1 fm), there exist arbitrarily deep bound states for VO � mq, but theydisappear for VO � 2m11• In the case of the vector interaction (Figs. 2 and 3) the bound state appears on a certain depth of the potential VO ; when VO is increased it goes through the mi­nimum, and then disappears. The absolute minimum E = 0.942M appears for
V0 = 0.117M, and it represents the lower limit of the (O-) meson mass. Since,here, the binding energy is small, the vector interaction cannot produce bound states for A � 4, i. e. for light quarks. For A and T interactions, which depend on the spin of quarks, one can find, asymptotically, arbitrarily deep bound states, Fig. 4. If the quark masses are suffi-
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Fig. 1 .  The lower limits of the energy in the case of five basic potentials.

ciently high, the axial interaction develops an absolute minimum (E = 0) forfinite value of the potential depth VO = 0.353M. A - T (and P) interaction ischaracterized by the absence of 3 PO state. For the T interaction, the bound states of light quarks appear at somewhat higher values of V 0, as compared to the Ainteraction. When quarks are heavier, the bound state energy decreases moreslowly with V 0. The tensor binding has the least sensitivity on the change of theparameter it =  mq r0 • The above analysis shows that, independently of the Lorentz structure of the interaction, arbitrarily deep bound states cannot be obtained for finite values of V 0. For S and V interactions, the bound states disappear with increasing V 0. Only for A and T interactions we can expect asimptotically light meson states if quarks are sufficiently heavy. Besides the five basic interactions we have also studied some of their linear combinations (Table 3). The results are shown in Fig. 5, where the lower limit ofthe energy spectrum is given as a function of V 0. One can see that V + A and 
374 FIZIKA 20 (1988) 3, 369-382 
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Fig. 2 .  Energy levels of  the bound state a t  vector's potential for  different values of the parameter 
..ll = mqro,S + P + T interactions do not lead to 1 SO states. Among the other interactions,only V - A and S + P - T can give deep bound states, in the asymptotic region(Vo -+ ex:>). 

4. The one-particle limitHorwitz6> found that the existence of very small quark mass differences can completely change the nature of the solutions of the transcendental equation, so that many informations about the energy spectrum are practically lost in the case of equal quark masses. It is therefore, interesting to study the change of the energy of the lowest bound state with the change of the mass of one of two quarks. Let as fix the mass of one quark at m2 = 0.2 GeV/c2 (light quark) and choose the poten-tial as 
r0 = 2 X 200/{100 + m 1 ) = 0.7465 fm 

V0 = V0/(I00 + m1).
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Fig. 3. The first three radiaPs levels as the functions of the depth of the potential for the vector 
coupling. 

We also introduce dimensionless energy parameter 
( 1 1)  lying in the interval [ - 1 , 1 ]. It should be noted that there are more limitations on the physical solutions here than in the case with equal quark masses. So, the ·scalar potential must lie above the curve E 1 = - VO + M, and above the line Es = VO where the polesof the parameter a: (E, V 0) are situated. Taking also into account E > E 2 = VO + 

+ m we see that the minimal value of the energy of the bound states increases with the quark mass difference (Table 4) .. In the case of the vector coupling, the singularity line Es = 2V O lies below the curve E 1 = - VO + V 1 + 9 V!, so that it does not have any influence on theenergy spectrum. For the axial coupling, however, the singularity line intersects the curve E1 = -3Vo + V 1 + v;, which significantly changes the dependence
376 FIZIKA 20 (1988) 3, 369-382 
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Type 

s 

V 

A 

T 

·o.4

2 

mq ro= 35 

200 

0.8 Va/M 1 .2 1 .6 

Fig. 4. A and T type of interactions. 

TABLE 4 .  

m = O  

0.5, 0.5 c1 + 0)/2, c1 - o)/2 

0.942, 0. 1 17 0.942, 0. 117  

0, 0.353 0.408, 0.204 

0, 00 o, (1 - 02)/6�

2.0 

of the binding energy on the potential depth. The absolute minimum of energy is now M/V6: where9s in the case of equal quark masses it was asymp�oticalJy vanishing. The tensor coupling does not have any new limitations, so that one can find deeply bound states. 
FIZIKA 20 (1988) 3, 369-382 377 



1 .0 
0. 9

0.8 

0.7 

0.6

� 0.5 
--... 

ltJ 0. 4 

0.3 

0.2 

0.1 

0 
0 

LAZAREV: RELATIVISTIC LIMITATION . . .  

I 

I 

I 

I 

0.4 0.8 1.2 
Vo/M 

1 . 6 

Fig. 5. Some combinations of the basic potentials. 

2.0 

The dependence of the energy of the lowest bound state on the depth of the 
potential is shown in Fig. 6 (for various values of m 1 , m 1 > m2). One can see
that for a given value m2 there exists a critical value m i , 

m�c, = 6.94 GeV/c2 •

For m 1 < m�n the energy spectrum behaves in a way similar to equal mass case
(the minimum of the energy spectrum decreases with increasing m 1). However, 
for m 1 > m�c, the spectrum intersects the limit for the lower continuum (E = - 1),i. e. the bound states disappear at VO = VO 1 , and appear again at VO = VO 2 >
> V0 1• Further increase of m 1 leads to a wider energy gap [ V0 1 , V0 2]. 

It has been shown in Ref. 7 that in the case of vector coupling, and for m 1 � 

� m2, one obtained results which are very close to the ones obtained from the
one-particle Dirac equation. This fact justifies the use of an external field approxi­
mation, i. e. the relativistic model of quasi-independent quarks. 
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Fig. 6. The dependence of the lowest bound state on the depth of the potential for various values 
of m1, m1 > m2,

5. Discussion One of the basic characteristics of the non-relativistic (N. R.) quark model is that one can obtain a bound state independently of quark masses, by increasing the strength of interaction. In the semi-relativistic (S. R.) quark model this is not so for S- and V- type interactions. Second important property of the N. R. quark model is that the whole energy of the system, including the rest-masses, vanishes for a finite strength of the potential. The relativistic case is different. The axial and tensor coupling give deep bound states only asymptotically, when quarks are heavy. The similar situation occurs for V - A and S + P - T coup­lings. In order to compare the N. R. and S. R. treatments more clearly we displayed in Figs. 7 and 8 the functions E ( V 0) for A and T coupling together with thecorresponding N. R. results. For light quarks, mq ,_, 0.1-1 GeV/c2, and r0 � 
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Fig. 7. Til.e functions E (V 0) for A and T couplings together with the corresponding N. R. result 
for m4ro = 2. � 1 fm, i. e. l = 1 -10, these energy spectra are significantly different for VO � � M. That means that the use of the naive, N. R. quark model is not well soundedwhen the quarks are light. However, with increasing l this difference decreases, so that for m 1 � 10 GeV/c2 and r0 � a few fm, deep bound states can be consi­dered as non-relativistic, specifically in the case of axial interaction with equal quark masses. If the quark masses are different, this interaction does not give bound states below E = 0.408M (Table 4). In that case, the strongest bindingcan be realized by the V - A coupling9>. 

6. ConclusionWe studied in this work the limitations on the naive quark model by using the two-particle Dirac equation. It is shown that arbitrary deep bound states can not be obtained for finite potential depths, independently of the type of interaction. 
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Fig. 8. The functions E ( V 0) for A and T couplings together with the corresponding N. R. resultfor m"ro = 7.5. For some interactions (S, A, T, V - A) there are solutions whose energy vanishes asymptotically. However, with unequal quark masses, the energy of the bound state must be higher than the quark mass difference. We also investigated the dependence of the energy spectmm on the quark masses. It is shown that for mq � 10 GeV/c2 and r0 � a few fm, the deep boundstates may be considered non-relativistic. This fact explains the success of the naive quark model in the spectroscopy of heavy meson resonances. However, the Schrodinger equation cannot be used for a unique treatment of old and new mesons. One of the practical possibility for building a unique quark model is the instant interaction of quark, with a dynamics described by the Bethe-Salpeter equation. 
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RELATIVISTICKA OGRANICENJA NAIVNOG KVARK MODELA
SVETISLAV LAZAREV 

Visa hemijsko-tehnolo!ka !kola, Sahac
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Originalni naucni rad

U cilju izgradnje jedinstvenog kvark modela za mezone, razmotrena su ogranicenja
nerelativistickog potencijalnog modela. Na bazi dvocesticne Dirac-ove jednacine,
analizirana su osnovna svojstva spektra energija vezanih stanja. Za razne oblike
kuplovanja, odredene su donje granice masa kompozitnih mezona i ispitan karakter
dinamike kvarkova.
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