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We extend the investigation of the supersynunetric hydrogen atom, to the case of a central potential using the factorisation property of a three-dimensional one­particle Ham,iltonian HCO>. By introducing the >>spin<< operator into the space offermions, we show that the total angular momentum operators, Jk = Lk + Sk � and S2, commute with the supersynunetric Hamiltonian and can be used to classifyits eigenstates. We also show that the matrix Hamiltonians H0> and H<2> can bewritten in the form which exhibits the structure corresponding to the motion of two spin ; particles in central and tensor potentials. The relative strength between the potentials is fixed by supersymmetry. 
1. Introduction

The ideas of supersynunetry (SUSY) have been successfully applied not only as an extension of Lorentz symmetry in relativistic field theory 1>, but alsoas a synunetry in nuclear physics2> and in quantum-mechanical systems3> to pro­vide a testing ground for various mechanisms for breaking SUSY and to relate the spectra and wave-functions of different Hamiltonians. The SUSY extension of quantum-mechanical systems in space dimensions � 2 is most easily achieved by using the factorisation property of the Schrodingeroperator4• 5> whose spectrum is bounded from below, i. e. possesses a normalisedground-state wavefunction. 
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In this paper we extend the investigation of paper I6> and apply the factori­sation method and its subsequent SUSY extension to the three-dimensional Schro­dinger Hamiltonian with a central potential. The plan of the paper is as follows. Following I6>, in Section 2 we give a brief presentation of the factorisation method for a three-dimensional quantum-mecha­nical system and its relation to SUSY. In Section 3 we apply the factorisation method to a three-dimensional central potential. We indicate the role of the spin and show that a tensor potential appears as a natural consequence of the SUSY extension. In Section 5 we give the concluding remarks. 
2. The factorisation method and SUSY

For any three-dimensional time-independent Hamiltonian HO = � P: + Vwhose energy spectrum is bounded from below there exist three generators6 • 7 > 
Q. = 'Vz <iP, + a,xl k = 1, 2, 3

and their duals 
in terms of which H0 can be written in the factorised form4 • 5 >

1 ,.., .... H< 0> = HO - B
0 = QtQ,. = 2 Tr (Qt · Q).

(2. 1)

(2. 1 ') 

(2.2) 
Here B0 is the ground-state energy and x = -In "Po, with "Po being the normalisedground-state wavefunction of HO satisfying 

(2.3) 
By introducing a set of three fermion creation and annihilation operators A (k = 
= 1, 2, 3), with the usual anticommutation relations

Ut,ft} = o = Uk,fil (2.4) 
we can construct a supersymmetric Hamiltonian H 

h = {Qt, Q} = Qt{} + QQt (2.5) 
whose supercharges Q and Qt are

Qt = Qt!, (2.6) Q = Q,fi 
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and satisfy the algebra "' Qt2 = 0
A "I 

[H, Q+] = 0.
(2.7) 

Since the Hamiltonian (2.5) also commutes with the fermion-number operator N F = !ff,, it can be written as a direct sum, of Hamiltonians H<n> corresponding to a fixed number of fermions, n = 0, 1 ,  2 and 3:
" 3 H = EB H<11>.

n=O 

Note that B also has a more convenient form, 

which shows how the SUSY extension of H<0> is achieved.

(2.8) 

(2.9) 
Since the action of the supercharge Q changes the fermion num.ber of thestate by one, (2.10) 

we can connect Hamiltonians differing in the number of fermions by one. They are 
Q .  H<t> = H<2� . Q

(matrix multiplication is implied) 
Q Hu> - H<3>Q I lk - k• 

(2. 1 1) 

Each energy level of an intermediate Hamiltonian H<n> in the chain (2. 11)is doubly degenerate except the ground-state level of H<0>, which is singly dege­nerate because of (2.3). 
3. The central potential 

For the central potential the operators Qk become 
Q 1 (· + xk ')k = ;- 1pk - x 

J, 2 r 
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where 
x' = dr X (r).

It is easy to see that the SUSY Hamiltonian B does not commute with the components of the orbital angular momenta Lk. In fact, we find that 
(3.2) 

showing that the notion of spin is necessary. In the space of fermions we may define components of a spin operator as 
(3.3) 

They satisfy the usual spin commutation relations 
with 

(3.4) 

I\ Their conunutation relations with the supercharge Q are 
[Sk, Q] = - [Lk, Q] and [S2, (l] = 0. (3.5)

We conclude that the components of the total angular momenta Jk = Lk + S"and the total spin operator S2 commute with the SUSY Hamiltonian fI, i. e.
,.. -+ [H, S2] = 0 (3.6) 

and are therefore conserved. The eigenstates of fI can be classified according to the number of fermions which determines the total spin through (3.4) and the value of the total angular momentum J. For the central potential we can verify that the Hamiltonians H<n>, where n = 0, 1, 2, 3, have the form 

where 

264 

H<n> = � P: + Vgi> (r) + V!;> (r) S 1 2 - Bo

n 1 vio (r) = V (r) + -- (rx)"3 r 

(3.7) 

(3.8) 
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and 
�' (r) = (-)• n (\;'.n) r (;')'.

Here S 1 2 is the usual >>tensor operator<< 
(3.9) with 

Only the Hamiltonians H< o and H<2> contain the tensor potential whose strength is related to the original central potential V by 
2 (V - Bo) = (x') 2 - _!_ (rx)". r (3.10) 

The solution of (3. 10) for x is subjected to the boundary conditions 
z (O) = 0 z (co) =  co. (3. 1 1) 

These conditions are requirements that the wavefunction 'Po = exp (-x) be anormalisable ground-state wavefunction. We also note that the tensor potential disappears if x r,..J r2 • This happenswhen the central potential is harmonic. 
4. Conclusion 

We have shown that the three-dhnensional one-particle quantum-mechanical problem in the central potential can be extended to complete SUSY algebra. By introducing the »spin« operator into the space of fermions, we find that the 
-+ -+ complete set of conunuting operators is H, Q (or Q), 12, J 3 and S2 = NP (3 - Np).The eigenfunctions of fl may be sought among the common eigenfunctions of 

12, J3 and NF.We have shown that the appearance of the tensor potential in some of SUSY Hamiltonians with a definite number of fermions is a natural consequence of the SUSY extension of the central potential. To conclude, we have constructed a model of SUSY quantum mechanics which describes the motion of two spin � particles in the central and tensor po­tentials, both of which are determined by a single central potential V (r). It is interesting to note that in a similar way it is also possible to generate a SUSY Hamiltonian which describes the motion of spin - i particles in centraland spin-orbit potentials 7 • 8>. 
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The SUSY charges are then given in the following matrix form : 
" [ o o] 
Q = ; . ot o 

" [o ; . a]and Qt = 0 0 
-+ where a are the usual Pauli matrices. 
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Prosireno je istrazivanje supersimetricnog vodikovog atoma na slucaj centralnog potencijala koristeci svojstvo faktorizacije trodimenzionalnog jednocesticnog ha­miltonijana H<0>. Uvodenjcm operatora spina u prostor fermiona pokazano je da . -+ operatori ukupnog angularnog momenta, Jk = Lk + Sk i S2, komutiraju sa su-persimetricnim hamiltonijanom i mogu se upotrijebiti za klasificiranje vlastitih stanja. Takoder je pokazano da se matricni hamiltonijani n< 1 > i H<2> mogu na­pisati u · obliku koji pokazuje strukturu koja odgovara gibanju dviju cestica spina 1/2 u centralnom i tenzorskom potencijalu. Relativna jakost izmedu ovih potencijala odredena je supersimetrijom. 
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