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In a plasma acted on by an intense laser field, one encounters the problem of rela­tivistic nonlinearly-coupled electromagnetic and Langmuir waves. Previous works on this problem consider one of the two coupled waves as a driven wave and con­sequently consider a highly specialized subclass of solutions. In this paper, we use a generalized perturbation theory to exhibit general nonlinearly-coupled wave solutions that exist and provide a unified framework for previously known specia­lized solutions of this problem. 
1. Introduction

An example of nonlinearly-coupled plasma waves arises with the nonlinearpropagation in a plasma of an electromagnetic wave which is strong enough to drive the electrons to relativistic speeds. Two nonlinear effects which arise in this context are : (i) Relativistic variation of the electron mass;
(ii) Excitation of space-charged fields by strong v x B forces driving electronsalong the direction of propagation of the electromagnetic wave.The first effect leads to a propagation of the electromagnetic wave a normallyoverdense plasma (recall that according to linear theory of propagation of electro-
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magnetic waves in a plasm.a, an electromagnetic wave with a frequency less than the plasma frequency cannot propagate in the plasma). The second effect leads to a coupling of the electromagnetic wave to the Langmuir wave. This problem hasbeen considered by Akhiezer and Polovin °, Lunow2>, Kaw and Dawson3>, Maxand Perkins4>, Chian and Clemmow 5 > and Decoster6>.However, in most of the previous works dealing with the latter problem, one of the waves is treated as a driven wave (i. e. of constant amplitude) and as a con­sequence, one picks out for investigation a highly specialized subclass of solutions. In this paper, we use a generalized perturbation theory to exhibit general nonlinearly­coupled wave solutions that exist and thus put older specialized solutions in the proper perspective. We will show in particular that the known results for a non­linear relativistic longitudinal wave (Akhiezer and Polovin °) and a nonlinear re­lativistic transverse wave (Sluijter and Montgomery 7>) are recovered as specialcases of the general nonlinearly-coupled wave solution. 
2. Relativistically-coupled electromagnetic and Langmuir waves

Most of the previous works on this problem are concerned with obtaining exact analytical solution for some special cases like purely transverse waves and purelylongitudinal waves. DeCoster6> considered the general case, for which he gavesome approximate solutions. However, DeCoster's procedure does not allow for amplitude modulations of the coupled waves, and is therefore restricted in scope. Actually, DeCoster's calculation will be invalid if the system of coupled waves in question exhibits internal resonances with the concomitant modulations in the amplitudes of the coupled waves. We give here a generalized perturbation theory that allows for both amplitude - and phase modulations of the coupled waves. This theory can therefore, successfully deal with internal resonances if they arise in the system in question. This theory also recovers results of the known special cases in the appropriate limit. 
2A. Basic equations Consider an intense electromagnetic wave propagating along the x-axis in a plasma. Under the action of this wave field, let us assume that the electrons form a cold fluid (i. e., their directed speeds are much larger than their random speeds) undergoing nonlinear oscillations, whereas the ions which cannot respond to these high-frequency oscillations make up an immobile neutralizing positive­charge background. The basic equations describing the propagation of this electro­magnetic wave coupled nonlinearly to the Langmuir wave in the plasma are 
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'v · E = -4ne (n - n0) 

'v · B = 0
ap e - + (v · 'v)  p = - eE - - v  X B
at C 

mv p = -;====V 1 - v2/c2

(3) 
(4) 
(5) 
(6) 

where E and B are the electric and magnetic field components of the wave, v is the electron-ft uid velocity, n is the munber density of the electrons, and p is the relativistic momentum of an electron. Note that the equation governing the charge conservation is contained in Eqs. (1)-(4). Following Akhiezer and Polovin 1>, let us consider stationary unidirectional. propagation, and seek plane nonlinear wave solutions which depend on z and t. in the form 
"P'" (z, t) ="P'° {17), 17 = z - ut. (7) 

It may be noted that the bidirectional wave propagation leads to some resonant wave-wave interactions. On introducing, 
p e = -, me 

u P = -,
C 

we can derive from Eqs. (1)-(6) (Akhiezer and Polovin 1 >) 
(8) 

d2ex + ro; flex = 0d112 c2 cp2 - 1) [PV.1 + e2 - e::1 (9) 
d2eJ' + w; /Je,, = 0 (10) d172 c2 (/J2 - 1) [fJ V I + e2 - ezld 2 

2 ( R ,I 1 2) + OOP (!:: - 0 (1 1) d172 �ez - V + e c2 [fJ V 1 + (!2 - e::1 -
n being the unperturbed value of the number density. Let us consider the electro­magnetic wave to be linearly polarised so that e>' = 0. On introducing, 

� = Jlpz - 1 Q:o 1'£' = /Jez - V I + e2

E = W p 
17 

C V fJ2 - I (12) 
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we obtain from Eqs. (9) and ( 11) 
d2x Px dET + (p2 - 1 + "2 + .!'l'2) 11 2 = 0
d2.!'l' P!Z dE2 + (p2 _ 1 + "2 + .!'l'2) 112 + 1 = o.

(13) 
(14) 

Eqs. (13) and (14) are the basic equations for investigation in the first part 
of this paper. We exclude from the following the case P = 1 since Eqs. (13) and( 14) do not constitute the right system to treat this case. 
2B. Generalized perturbation theory Let us now assume that the coupling between the electromagnetic wave and �he Langmuir wave is weak, and for bookkeeping purposes, let us introduce a small parameter s which may be considered to be a typical wave amplitude. Let us put 

X = BX, .!'l' =  - 1 + ez. (15) 

Eqs. ( 13) and (14) then give on expansion of the radicals 
!� + x = - s(;2 xz) + ;;. [x• + ( 1 - J.) xv] + o (e') (16)

d2Z ( 1 ) [ 3 ( 1 ) X2 ] e2 [( 6 dE2 + 1 - p2 z = -e 2P 1 - p2 z
2 + 2/J2 + 2p2 1 - p2 + 

+ ;.)v + ( 1 - ;2) x2z ] + o (e'). (17) 
Note that X corresponds to the electromagnetic wave, and Z corresponds to the Langmuir wave. e turns out to be a kind of coupling parameter. 

Let us seek solutions to Eqs. ( 16) and ( 17) of the form 

where, 

310 

Z = A2 (E1 , E2) cos <{)2 (Ei, E2) + ev 1 + e2v2 + . . .  
<p1 (E i , E2) = E - tJ1 (E1 , E2)

'P 2 (� . , �2) = JI I - ;2 � - 82 (�. , �2) 

E 1  = eE, 

(18) 

(19) 
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The motivation behind the prescription ( 1 8) is the expectation that solutions 
of Eqs. (16) and (17) for e :/: 0 (but for small e) are very nearly simple harmonics of the form A 1 cos q; 1 , A 2 cos q;2 which they would identically be if s = 0. The perturbations induced by the terms with s :/: 0 on the right hand side of Eqs. ( 1 6) and (I 7) are then expected to be reflected in slow changes (characterized by the slow scales � 1, �2) in the amplitudes A 1, A 2 and phases 8 i , e2 of the near har­monics and in higher harmonics through the u' s and v' s. This is a slight generaliza­tion of the method given by Struble8>.Using (18) and (19), we obtain from Eqs. (16) and (17) 

(2sV I  - 1/ P2 A 282e1 + 2s2 VI - 1/ P2 A 282e2 + e2 A 28ie1 + 

+ s2A 2eie1) cos q;2 + (-2s V I  - 1/ P2 A 2e1 - 2s2 YI - 1/ P2 A 2e2 + 
+ 2s2A 2e182e1 + s2A 282M1) sin q,2 + 

+ • [vlfl + { l - ;2) ., ,] + • (2.,,111 + '1121f + { l - ;.) '112 + . . .  =

= - • [2;2 { l - ;.) A! cos• <p2 + 2�2 A: cos• <p,] + 

+ s2 [- {2;2 { I - ;.) A 2 cos <p2 • ., ,  + ;2 A 1 cos <p ,  · u , }+ 
1 {( 6 5 )  A3 3 + 2p2 1 - [J2 + p4 2 cos 9'2 +

+ ( I - ;2) A:A2 cos2 'Pt • cos <p2}] + . . .
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We obtain from Eqs. (20) and (21), to O (e) 

( 1 ) 3 ( l 1 ) A2 2 1 Al 2 v 1ee + 1 - /J2 v 1 = - 2/12 - /12 2 cos 'P2 - 2/12 1 cos 'P 1 · 

On solving Eqs. (22)-(27), we obtain 

(22) 
(23) 
(24) 
(25) 
(26) 
(27) 

- - 1/4/12 [3 (1 l//12) Al Al] + A! 2 A!/4/12 2 
'V1 - (1 - 1/fJl) - l + 1 4p2 cos 'P2 + - (1 - 1/fJl) - 4  cos 'Pt(28( 
where the A's and €J's are constants to O (e). Thus, in general, the two waves pro­pagate without any appreciable energy exchange between them. Now, the presence of an internal resonance in the system is identified when there is a small divisor in the expressions for u's and v's. Observe in (28) that there are no small divisors in the expressions for u 1 and v 1 so that there are no internal resonances to O ( e) in the present system. This agrees with Decoster' s result that at the (2n + m - 1) thorder (m and n are two integers) there are resonances for (I - 1/ /J2) 1 '2 = 2m/n, according to which there are no resonances for the first order. Next, using (22)-(28), we obtain from Eqs. (20) and (21) to O (s2) :

A!2/4/J2 
+ A!/4/12 _ 3A: _ + (1 + V I - 1/ fJ2)2 - 1 (1 - VI - 1/ fJ2)2 - I 8
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1 ( t  3 ) A2] A [ 
A t A! A tA;/4P4 

- 4 -
p2 2 t cos 'P t + - 8 fJ4 - (1 + VI  - 1/ fJ 2) 2 - 1 

+ 

1 ( t  3 ) A A2] 1 + 2 ) + [ A t A! A tA!/4{J4 
+ + 8 /J2 

-
fJ 2 1 2 cos \'P t 'P2 -

8 fJ4 
-

(1-Jlt - 1/ fJ2) 2 - 1 

( 1 + VI - l//J 2} 2 - 1
A 2:f4fJ 4 

+ (1 - VI - l/fJ 2) 2 - 1 

+ 8;2 ( I - :, + ;4) A! + 4�2 ( I - ;.) A:] A2 cos <p, +

+ [- 8;4 ( I - ;.) A! + 8�. ( I - ;. + ;4) A! ] cos 3<p2 +

[w (1 - 1/ p2) A:A 2 
A:A 24/J 2 

+ (I - 1/ /J2) - 4 -
(1 + V1 - 1/ /J2) 2 - 1 +

+ 8�• ( I - ;.) A: A 2
] 

cos (2q, 1 - <p 2) 

from which it follows 
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A:fsp2 
+ A!/4P2 

+ A!/4P2 (1 - 1/ P2) - 4 (1 + V l - 1/ P2)2 - 1 (1 - V1 - 1/ P2) 2 - 1
-

3A; - _!_ ( 1  - 2-) A2] 8 4 p2 2 (31) 

(32) 

1 ( 3 ) ] 
[ A 1 A! A 1A!/4P4 

+ 8P2 1 - P2 A 1 AI cos (q, 1  + 2<p2) + - 8p4 -
(I _ Vi _  l/P2)2 - I 

+

314 

e,e, = 2 V 1 � l/P' (4;4 {3 ( 1 - ;,) Ai + A:} - 8;4 ( 1 - ;.) A! -

(1 + V I  - I/ P2) 2 
- I

A:/4P4 
+ 

c1 - V1 - 1/ p2)2 - i

t1,ee + ( 1 - ;,) "• = [ - 8;4 ( 1 - ;,) A! + 

+ 8�2 ( 1 - :2 + ;4) A! ] cos 3q,2 + 

[
.2_ ( 1 - ]__) A2 A sp2 p2 1 2 A2A 2/4p2 + - 1 + (I - I/ P2) - 4 (1 + V1 - 1/ p2) 2 - 1

(34) 

(35) 
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(36) 
Eqs. (32) and (35) imply that A 1 and A 2 are constants to O (s2). Solving equations(33) and (36), we obtain

A 1 A2 [ 1 1/ {J2 u2 = - 4 fJ 2 t - 2 p2 - < 1 + v i - 1/ p2) 2 - 1 +

1 ( l 3 )] cos (tp 1 - 2<p2) + A 1 A! [ 1+ 2 - fJ2 (1 + 2 J/1 - 1/ {J2) 2 
- I - 4{J2 - 2{J2 -

1 / fJ 2 
+ 1 ( 1 3 ) ] cos ( <p 1 - 2<p 2) +- c1 - v1 - 11p2) 2 

- 1 2 - P2
, c1 - 2v1 - 11p2)2 - 1 

A! [ 1/ {J2 ] + - 64fJ2 (1 - 1/ fJ2) - 4 + 1 cos 39'1
A: A 2 [ 3/4 (1  - 1/ {J2) 1 +v2 = - 4 {J2 (1 - l//J2) -4 - (1 + VI - 1/{J2) 2 - 1
1 ( 1 - �)] cos (2<p1 + 'P2) -+ 2 {J2 (2 + }/1 - 1/{J2) 2 - ( 1  - 1/{J2) 

A; A 2 [3
/4 (1 - 1/ {J2) 1 - 4{J2 (1 - 1/{J2) -4 - (1  - VI - l/(J2) 2 - 1 

+ 

1 (' 1 - �)] cos (2<p1 - <p2) -+ T fJ2 c2 - v1 - 1/p2) 2 
- c1 - 1/p2) 

A! [ 3 ( 1  - 6/{J2 + 5/{J4)- 64fJ4 - p2 + (1 - 1/ [J2) cos 3<p2. 
Using (22), (23), (25), (26), (31), (32), (34) and (35), we obtain from (19) 

rp ,  (Eu E,) = H 2�2 [ (l�/i::) {3 (I - 1/P2) A;+ A:} -
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_ A:A 2/4P2 A!/4P2 
_ 3 A2 + _ I ( l _ 3 ) A2] Ec1 - 11 p2) - 4 + c 1  + v·1 - it p2)2 - 1 s , 4 p2 2 2 

'1' 2 (� . ,  �2) = JI ! - 1/P2 H - 2V 1 � I/P' [4;4 {3 ( I - ;2) A! + A:} -

- _3_ ( 1 _ _!_) A2 _ A!/4P2 
_ 

A!/4P4 + 8P4 P2 2 (1 + Vl  - 1/ p2) 2 - 1 (1 - Vl  - 1/ P2) 2 - 1 
+ 8;2 

( I - ;2 + ;4) A! + 4;2 ( I - ;.) A1 ]  � •.

Observe in (37) that there are again no small cli\fisors in the expressions for u2 and v2 - so there are no internal resonances to O (s2) in the present system. This also agrees with DeCoster's result. It is quite possible that internal resonances may arise at higher orders. 
2C. Speci.al cases Let us now examine the results in Sect. (2B) for some known special cases.First, let us consider a quasi-transverse waY'e, i. e., A 2 = O, because then, from(12), to O (s), flz = 0. Wave-coupling still exists because now v 1 =f:. 0 (see (28)). Also, observe that now u2 f"oJ A! (the second-harmonic terms are not present and are not needed anyway for the second-order frequency shift). Then, (3 1) gives 

(38) 
The wave frequency ro ( = uk, k being the wavemunber) is then given, on using ( 19) and (38), by

a, • a, [ (9 p2 - 1) ] a, = <f> ie . 
�t = Vw2 ':_ k2c2 I - e2 16  (p2 - 1) (3p2 + 1) A! + . . . .  (39)

Using V x R:1 eExfm ru, we obtain from Eq. (39) an expression showing the amplitude -dependent frequency shift
z = ( 2 + k2 z) - z [ e2w;E; 8a,2 + ro; ] + 0 ( 3)QJ WP C 8 2 2 2 8 (4 2 2 8 m a, C (I) - a,P 

(40) 
which (when s is set equal to unity) is identical to the result of Sluijter and Mont­gomery 7>. The above treatment gives a systematic deduction of the latter result through a consistent treatment of the coupling of the electromagnetic transverse wave to a Langmuir wave of weaker strength. This derivation also shows that the frequency shift is actually characterized by the weak coupling parameter which 
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when e is set equal to unity may be taken to be the quantity d = eE,clmwc. The result of Sluijter and Montgomery'> is thus valid to O (d2). The above treatment also gives a systematic procedure to derive the higher-order corrections. In order to identify the relativistic effects in ( 40), let us write it in the form 
2 2 -,:;2 

( 
3 2 2

) 2 _ ( 2 + k2 2) 2 e <.or--" w - <.oP W - lO C - 8  - - • 11 2m2w2c2 4 4w2-wc ,, The first term in the amplitude-dependent correction to freqeuncy is due to rela­tivistic effects and leads to modulational instability of the electromagnetic wave (Max et al. 1 0> and Shivamoggi 1 1 )).Next, let us consider a quasi-longitudinal wave, i. e., A 1 = 0. Wavecouplingdoes not exist now to O (e2) because u i , u2 = 0 (see (28) and (37)). Then, (34)gives 

or 

3A2/p6e _ 2 (P4 _ p2). 2l2 - 16 V I - 1/P2 
The wave-frequency co is then given, on using (19) and (41), by 

()) = Wp . 
p [v1 - 11p2 - 82 2_ VI - l/P2 A2 + 0 (el)]V p2 - I 16 p2 2 

(4 1)

(42) 
which (when e is set equal to unity) is identical to the result deduced for longitu­dinal waves by Akhiezer and Polovin 1). 

3. Discussion

The generalized coupled-wave solution given in the foregoing shows that the effect of coupling is to produce nonlinear frequency shifts and higher harmonics in the individual wave solutions. The higher harmonics are of importance because of their ability to propagate into the plasma more readily than the fundamental - a useful feature from the point of laser heating of plasmas. Larger the couplingparameter e, larger will be the frequency shifts and the amplitudes of the higherharmonics. To second order in the coupling parameter e, there are no amplitudemodulations of the individual wave solutions which is consistent with the factthat there are no internal resonances in this coupled system to second order in e.Observe that the foregoing solutions are not valid when P = 1, because as mentio­ned before equations (13) and (14) are not the right system to treat this case. Itis of interest to note that this generalized solution also gives a unified treatmentof the previously known specialized nonlinear solutions for the two individualwaves.
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It remains to be pointed out that we have not obtained still the most general solution of the coupled nonlinear equations but only the stationary solutions. Further, there remains the issue of the stability of these stationary solutions. In this context, it is of interest to note that equations ( 1 3) and ( 14) may be derived from a Hamiltonian (Kaw et al. 9>) 

Thus, the coupled-wave problem is equivalent to that of the motion of a fictitious particle in a two-dimensional potential. If P > 1, the Hamiltonian is positive definite everywhere, and the motion is bounded (this is also apparent from equa­tion (17)). 
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RELATIVISTICKO NELINEARNO MEDUDJELOVANJE ELEKTROMAGNETSKOG I LANGMUIROVOG VALA 
BHIMSEN K. SHIV AMOGGI 

Department of Mathematics, University of Central Florida, Orlando, FL 32816, USA 

UDK 533.951 
Originalni znanstveni rad 

Poopcena teorija smetnje koristi se za razmatranje nelinearnog medudjelovanja intenzivnog elektromagnetskog vala sa Langmuirovim valom u homogenoj plazm.i, u relativistickom podrucju. Razmatra se problem odgovarajuceg frekventnog po­maka i amplitudne modulacije za osnovni val i za njegove harmonike. 
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