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The symmetry breaking of B-E gas in 3 4 1 dimension has been investigated using
autonomous normalization. Phase transition for different cases have also been
investigated. Comparison has been made with previously published results.

1. Introduction

In recent years GEP (Gaussian Effective Potential) approach has been applied
to various problems of quantum field theory!=1®, It is argued that GEP, essen-
tially a non perturbative method, has several advantages over loop expansion
method and contains one-loop as well as 1/N expansion results in limiting cases
for scalar fields.

However in GEP itself there are two different approaches of normalization in
3 + 1 dimension!~3:5:6)] one being the usual precarious version and other is
autonomous version. In this paper we derive from first principle the finite tempe-
rature Gaussian effective potential for an ideal and interacting Bose gas with a
net background charge. Of the two different approaches of normalisations men-
tioned above, we choose autonomous versions-11:12)_ As already discussed in Ref.
12 and references therein that the precarious version becomes trivial in 3 4 1
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dimension and has some strange properties at finite temperatures. Autonomous
theory on the other hand does not face triviality problem and exhibits SSB (Spon-
taneous Symmetry Breaking).

Here the autonomous Ap* theory has been applied to a system having a net
bacglgro-und charge. The phase transitional aspect of the system has also been
studied.

For interacting Bose gas with O (N) non-Abelian symmewy the chemical po-
tential can be introduced only to mutually commutating generators. So for even
N, the maximum number of commutating charges is Nj213:14, For the sake of
simplicity we introduce a single x in the present case. However, the generalisation
to many u case is straightforward. Since we have considered a single u, the system
will be invariant under O (2) X O (N — 2) and not under the full O (N) symmetry.

In Sect. 2 the derivation of FTGEP (Finite Temperature GEP) from basic
principle is presented. While doing so we have followed the method syggested by
Hajj and Stevenson!?., The phase transitional aspect (B-E condensation) is analy-
sed in Sect. 3. Section 4 is kept for discussion and remarks.

2. Derivation of p-dependent FTGEP for 0 (N) symmetric ¢*

The O(N) X O (N — 2) symmetric Lagrangién for our case is given by

1

l . ) *
L =5 09s00; — 5 mgpsPy — Ap (9))* — i1 (P19 — P291) +

. 1 -2
+ 5 2 (9i +92) M)

where j is summed from 1 to N.
The corresponding Hamiltonijan is given by

1 1 .
H=’§‘zq’3 +-—2"Z(V‘PJ)2 +'§'m§z¢i + s X (¢)* +
] J . J 7
.. ) 1
Tip (@192~ $2 1) — 5 #* (91 + ¢2)- )

Following O (N) symmetric theory suggested by Stevenson et al.!?> we choose
a coordinate system in which (p,); points in the j = 1 direction, then writting
@) = (®o); + @, and taking (po); = ¢, we have,

¢’=¢§+2¢o$1+2€0§ 3)
where
@5 = (po); + Rj (@1...054_,)9(R;) and ¢, = |¢Po|‘
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and
4 222 N as 3 A LR
(¢2)2=9’o+4¢ +2‘poz llz J|2+4¢oq’1+4¢0¢1§‘p1' (4)

As already mentioned, owing to the existence of a net charge, the system
will be invariant under O (2) X O (N — 2) and in general (¢o); and (po); will
not be equal to zero and we choose (tpo). =0 for : = 3,4, ..., N. However for
the sake of simplicity we take (¢q), = 0 i. e., we take all (¢o); = 0 excepting j =
= 1. We have attached trial mass 2 for radlal field and tmal mass w: for transverse
fields. .

To compute g.,<0] H|0)g, and finite temperature s — dependent GEP we
follow quasxperturbauve approach of Hajj and Stevenson!?. The Hamxltoman
H (Eq. (2)) is written as

H=H, + Hln_t . : . (5)
with
1 . Az Ay . . o
Ho =5[> + (Fp)> + Q2 £ ¥ + 0 X ¢ + 214 (9192 — P291) —
— 42 (@ + 92 (52)
and

1 " . 1 R
Hy = — 5 [2° T 0+ %oy + u il +5 mp(po +9)* +
+ 4s (@0 + §)* (5b)

where a=1,2, ' =3,4,..,N.

In writing H,,. we have used the fact that {(¢,> = 0. Using standard thermo-
dynamical relations we have,

F 1
Ve (9o, 2, w, 1) =7= - ﬂ_Vln Zo + {Hue)r . (&

where F is the free energy, ﬁ- = Zo = Tr e=fHo and {Hyne)r is the thermal

kT’

average of H;,,. Now minimisation of free energy F under the condition {¢) = @,
gives the effective potential, viz.,

Vo = ming, Ve (9o, 2, w, ). Q)
Now
Ho |7l1, Ny coey ﬂ;, ﬂ; -..> = I1 |4 + nyw,y + n, Wy + ...

+(N=D LV +n,0+nw,+..] @)
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where In,, na, .. ,nx,n,, ...» represents the elgenstates of H, corresponding to
n, and n; quanta in the z-th mode and taking into account the contribution from
each mode we get the vacuum energy I,V and I, V as follows

dr kw,‘ _ Jde w,,‘
Lv= Vf x ad Lv=v oo 9)

The introduction of chemical potential results in two values of frequencies w;
of the s-th mode (K2 + 022)1/2 L y (as can be verified by solving coupled Klein-
Gordon equation) unlike single value (K2 + £22)/2 in the case with 4 = 0. The
upper sign corresponds to a particle with charge +1 and lower sign corresponds
to a particle with charge —1. The factor (N — 2) in the bracketted term on R.
H. S. of Eq. (8) arises from the (N — 2), u-less transverse quantum fields with
the same mass parameter w. Writing explicitly the trace appearing in Z, where
summation is extended over all modes and corresponding occupation number
corresponding to each mode #; and », it can be shown that

Zy=2Z,(Z)-2 (10)
with

Zy=e v [ £ etmm] [ B eoum] = etV [I(1 —e~00)=t (1)

ny=0 n3=0
and

z; =V [§ e § e M) =AY I — )t (12)

nl-o n

=0

’
2

Again since two values of @, (as mentioned earlier) are independent of each other
we have

Z,=e—FIw I (1 — e=Fwn)-1 IT (1 — e—Flowa)-1, (13)
Now defining

Fr=1(Q)+ = —W-mz (14)

and replacing 3 by Vf d—E,;k 3 we get from (13) and (14)

B= % J‘ (2 o [In (1 — e~8=1) 4 In (1 — e—Flwm] =

&k
ﬂ @y
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where E = (K? + 22)2 and I, (2) is given by

I, (.Q) éz)’f ;(w,., + ) = f M(Kz Q2 (16)

Following the same process we get

If = ﬂ ((21 )’:1 n [1 — e—AK2+wi/2] 17)
and
Lw=[gss, (18)

where w, = (K2 + w?)1/2 and I;f and I' (w) are same as that of Hajj and Steven-
son!? and Roditi?. Starting from the definition of thermal average one obtains
easily

PDr=BT=I,(Q+ I¢ - (19)
with
_|ak 1
I, (@) = 2=y (R + Qz‘)iii (20)
and

= 1 1
k= 2f 27y (K2 + Qz)uz [“"E—"—"ea( o W:T]' 1)
Again IFT and I5T are related in the following way

dIET
de

- 0T (22)

Startmg from basic premises, straightforward calculation confirms the result
(P&t = 3 {H*>} (up to volume suppressed term) of Stevenson et al.!?. After
obtaining contributions of all terms of {H,,,)>r and using Egs. (3), (4) aid (6) and
keeping in mind that the system is invariant under O (2) X O (N — 2) symmetry

we get VG Henceforth for convenience we write IFT as I, and I}T as I, and si-
milarly IT and IfT as I; and I,,, respectively. Fmally we have

— 1 ’
Vo= [t + 3= 0L | + N -2 [1 + 3 —an ] +
+ Mgk Angh + As BI + (N2 — 2N)IP +2(N = D) [o I, +

+6I,0; +2(N —2) I, 93] — -—-#’ @3- (23)
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Now minimisation of Vg (¢o, 2, w, 1) with respect tof2 and = and ‘use of results
dIy/dQ = 2N — 1) QIy_, and similar results for I yield the coupled equation
for £ and w. Denoting the optimum value of 2 and w by £, w we have

22 = mj + 4Ag 31, + (N — 2) I; + 3¢;) (24a)
w2 = m} + 445 (I, + NI, + ¢2). (24b)

Now to apply autonomous theory we first consider renormalisation of coupling
constant Ap. For this we define renormalised coupling constant

ae=l L Ve
B2 d@)? | po=o

From Eq. (24) the following equations. are obtained

02
dd—‘;, =435 [3 + 4(N + 1) A5, )/A (25a)
z .
dw?
i 4254 (25b)

with A =14 2ApNI_, +6Agl_, + 83 (N + 1) I_,I_,.
From (23) and (25) we get,

1 —8AsI_, —16(N + 1) 21,
1+ 2N+ DAl Y1 + 4251.))

AR = 2’8 ( (26)

‘where I_, = I_, (), with x = finite mass.

Now we use the following renormalisation relation for coupling constant (si-
milar to that of Stevenson et al.!1),

. Ap=a[I_{ (). where a is N-dependent number so that the numerator in
(26) vanishes i. e.,
1—8a—16(N+1)a*=0 27)
only positive root of Eq. (27) is acceptable (reasons discussed in Ref. 11).
Further we use the following renormalisation relations

mb + 4 (N + 1) AsIo (0) = m2/8I_, (x) (28a)

go=I-y()®; and p?=p)l, Q). (28b)
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The renormalisation relations for mp and ¢, have been taken from Ref. 5. x,.m,
used in the above equations are finite mass parameters and both have dimension
of mass. I_, (y) is logarithmically divergent integral. Now taking help of the fol-
lowing formulas®’
o= L@ =30 [ 1, @ + o
(29

1@ = I, () = — gz In @)

and similar relations for [I 0) — I, ()] and [I_, @) — I, (x)]. Using (28),
(29) we get,

02 — mg 4a 2002 _
@ =amt Tow lie 3 W1+
8 2mmwr - nramrv-an] - oW
— 6aQ2 — 2(N — 2) aw? + 12a®?
and
. 2
pt=. T, 4 & (InQ2fy2 — 1)+

£ I ) 16 z
+_ —;w? (lnw?fy? — 1) + I +NI,{’] — 240% — 2Naw? + 4ad2, (30b)

Eqgs. (30a) and (30b) are rewritten as

Q2 (1 + 6a) + 2(N — 2) aw? = 12aP? + &5 (31a)
202% + (1 + 2Na) w? = 4aP? + &5 (31b)
‘where ' o
1 -
&5 = m [#2 m: + 2a (322 (InQ%y* - 1) +
+ (N — 2)w? (Inw?[y? —1) + 487218 + 1622 (N — 2) If)]  (32a)
and
1 — —
8% = ETa N0 (72 mg + 2a (@2 (0 Q2[x2 — 1) +
+ Nw? (Inw?/y? — 1) 4 16221 + 16x2NIf)). (32b)
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From (31a) and (31b) we get

22 = 8a &2 + % [(1 + 2Na) ey — 2(N — 2) ] (332)
w2 = 8a®B + O (I;(x)) (33b)
-1
with
B=3+da(N+1)=—222, (34)

Taking first derivative of ¥ with respect to @2 we have from (23) and using (24)
and (28)

dre _ 1-12&@ — 8a @ — p?). (35)

Now using (32) and (33a) the equation (35) may be rewritten as

="" +a[ — (In Q2[y2 — 1)+(N ,,,lw’(lnw/x -D+

;"

d
do;

(-

4 , 1
Fan+ EN-DI]| -3 (36)
Finally GEP is obtained from (36)

8a P

Vo—p="02% PR 15 p[mie 3] (B—4)l.nB]+

+I‘{+(N—2)I‘,’——§-p:¢:=(70)°+If+(N QI — = (37)

where D is vacuum energy constant and (Vg), gives the temperature independent
part of GEP and is given by

Voo = ““b: +a? ?:33 [2 (B —2) [m 8adiy? — %] ~(B—4)In B].

(38)

(V)0 has the form as that of GEP of Stevenson et al.* 1, It should be mentioned
that in deriving (37) from (36) we have taken 22 =~ 8a®} and w? = 8a®j}/B since

1 . N
the term of order ———— vanishes after the removal of regularisation.

I., (0
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3. B—E condensation and critical temperature

Apart from Vg another quality of interest in the study of phase transition

is the effective mass 2, defined by d2Vs/d®2, evaluated at the minimum of po-
tential. In broken symmetry vacuum, @, = -+wv, the effective mass

d?V,
= dQ:
From (36) we get 22 ~ 8av? hence the effective potential decreases with increase

of temperature and minimum of GEP tends towards origin. The charge density
o is defined to be

2,

@o=+9v

+ po®;. (39)

3‘/40 ) T, 6)!':“

oy
]

0.06[— {c

0.04

-0.02

L

Fig. 1. Plot of the effective potential Vs against @o.

=0.045

Since I dependson 2 and hence on ®D,, the value of chemical potential ., may be

obtained from Eq. (39) for a given charge density g. The value of GEP V¢ can be
computed from (36) for given P, after obtaining x, from 39) for a given p.
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In Fig. 1 we plot ¥, against &, at different temperature, the values of the
relevant parameters are as follows (expressed in MeV) m3 = —0.1, ¢ = 0.001,
N =10, x = 1. The high temperature expansion of If and I'? are given by (see
Refs. l4 and 15),

2 T4 2 592 03 w? -
p=-rI Tw To  w I ]+o( 2) (40)

90 24 12z 6472 T2

with
=_;_-|—2(ln4n — )=~ 541
and
pe_ T TR -2  T@ ) pGR—p)
! 45 12 &= 242
3¢ [ (4aT 2] 4o 35 D4y

"'Té?F[ln( ] )_”+T]+OT’T)' S

The result shows that for mj = —0.1 the phase transition (Bose condensauon)

occurs at T = (.236 MeV. In order to make all the curves coincide at the origin
we have added temperature dependent constant to each curve. Fig. 2 shows the
variation of critical temperature with mj. It is worth mentioning that for mj > 0
phase transition occurs at T = (, which is not the case for 4 = 0, the case stu-
died by Stevenson et al. ! 2, In Fig. 3, T, is plotted against p to show the dependen-

i i
-5 =3 -4 0
g in MgV —

"Fig. 2. Plot.of the critical temperature T, against m,.
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ce of critical temperature on chemical potential 4, (here m; = —0.05). It is inte-
resting to note that the result of autonomous theory differs from that of previous
results obtained by loop expansion method!4:19), Specifically in our case there
apears no precondition that for T<T,, the effective mass of the system need to be

0.3F
(b)
[
0.2+ '
v
0.1+
0 .075 I — I3 l' — } l~ l-
0 ‘iio° “3x10° “5x10°  7XI0°
—

Fig. 3. Piot of the critical temperature T againstp.

equal to chemical potential as in the case of Refs. 13, 14 and 16. Another notable
difference is that for autonomous theory (irrespective of x = 0 and ux # 0) in
its broken symmetry phase the particles are always massless. These are expected
since the autonomous theory does not reproduce the one loop expansion result.

4. Discussion and remarks

The method adopted here has advantage over the one-loop expansion method
in the sense that latter does not give the correct high temperature behaviour!?,
Also we observed here that in the autonomous ¢* theory the finite temperature
corrections appear in simple form even for a system with a net background charge
and symmetry restoration occur at high temperature. So possibly one can claim
that autonomous Agp* theory in meaningfull and encouraging as far as finite tem-
perature behaviour is concerned. Also there is scope of further investigation for
massless, symmetric vacuum. Finally we like to add that although we have con-
sidered a single u, the present study can be extended in a straightforward manner
to a system with more than one u.
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UDK 536.758
Originalni znanstveni rad

Koristeéi autonomnu normalizaciju istraZeno je lomljenje [simetrije u Bose-Einstei-
novu plinu u 3 + 1 dimenziji. Takoder su razmotreni fazni prijelazi za razne slu-
cajeve. Rezultati su usporedeni s prije objavljenima.

284 FIZIKA 28 (1991) 8, 273—284



	Vol.23_no.3_pp273-284



