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The symmetry breaking of B-E gas in 3 + 1 dimension has been investigated using 
autonomous normalization. Phase transition for different cases have also been 
investigated. Comparison has been made with previously published results.� 

1. Introduction 

In recent years GEP ( Gaussian Effective Potential) approach has been applied 
to various problems of quantum field theory1 - 1 0>. It is argued that GEP, essen­
tially a non permrbative method, has several advantages over loop expansion 
method and contains one-loop as well as 1/N expansion results in limiting cases 
for scalar fields. 

However in GEP itself there are two different approaches of normalization in 
3 + 1 dimension 1 - 3• 5• 6>, one being the usual precarious version and other is
autonomous version. In this paper we derive from first principle the finite tempe­
rature Gaussian effective potential for an ideal and interacting Bose gas with a 
net background charge. Of the two different approaches of normalisations men­
tioned above, we choose autonomous version5 • 1 1 • 1 2>. As already discussed in Ref. 
12 and references therein that the precarious version becomes trivial in 3 + 1 
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dimension and has some strange properties at finite temperatures. Autonomous
theory on the other hand does not face triviality problem and exhibits SSB (Spon­
taneous Symmetry Breaking). 

Here the autonomous l<p
4 theory has been applied to a system having a net

background charge. The phase transitional aspect of the system has also been
studied. 

For interacting Bose gas with O (N) non-Abelian symmetry the chemical po­
tential can be introduced only to mutually commutating generators. So for even 
N, the maximum number of commutating charges is N/21 3 • 14>. For the sake of
simplicity we introduce a single µ in the present case. However, the generalisation 
to many µ case is straightforward. Since we have considered a single µ, the system 
will be invariant under O (2) x O (N - 2) and not under the full O (N) symmetry.

In Sect. 2 the derivation of FTGEP (Finite Temperature GEP) from basic
principle is presented. While doing so we have followed the method syggested by
Hajj and Steven�on 1 2>. The phase transitional aspect (B-E condensation) is analy­
sed· in Sect. 3. Section 4 is kept for discussion and remarks. 

2. Derivation of µ-dependent FTGEP for O (N) symmetric <p4 

The O (N) x O (N - 2) symmetric Lagrangian for our case is given by

It' =  � 8,,<p J8"<p J - ! m8<pJ'P� - As ('PHJ)2 
- iµ (VJ 1'P2 - tF2'P1) +

. · l .
+ 2 µ

2 (cp! + 'P!)

where j_ is summed from 1 to N.
The corresponding Hamiltonian is given by

H = ! � q,J + � � (V'P J)2 + � m:, � <pj + As � (q,�)2 +
1 1 · 1 1 

+ . c · . 
) 

1 2 ( z + 2) 1µ 'P 1  'P2 - 'P2 'Pt - 2 µ P1 'P2 ·

( 1)

(2)

Following O (N) symmetric theory suggested by Stevenson et al. 1 1> we choose
a coordinate system in which (<po)J points in the j = 1 direction, then writting
f>J = (<po)i + flJ and taking (<po) 1 = 'Po we have, 

where 

274

'P2 = 'P; + 2'fJo � 1  + :E q,� 
'P J = (<po) J  + RJ (81 . . .  eN.:.. 1) q,, (DJ) and · <po = l'Po l·

(3)
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and 

N N   N ,., : . .  : .  · 
(q,2)2 = P! + 4/>! q,� + 21! l: q,J + l :E q,j 1 2 + 4q,! 9'1 + 4/>o f1 :E q,;. (4)

l 1 1 

As already mentioned, owing to the existence· of a net charge., the system 
will be invanant under O (2) X O (N - 2) and in general (tp0}i and (q,0) 1 will 
not be equal to zero and we choose (10), = 0 for i = 3., 4, . . .  ., N� Howev.er for
the sake of slmplicity we take (q,0h = 0 i. e., we take all (<po)J = 0 excepting.j: . 
= 1. We have .attached trial mass O for radial field �d trial mass w: for transverse 
fields. _ .  . . · . . · -: · � :: 

To compute a.w (OI H fO>o�w and finite temperature _µ .,.;..,.·dep�dent . GBP. we
follow quasiperturbative approach of Hajj and Stevenson 1 2>. The Hamiltonian 
H (Eq. (2)) ls written as 

with 

and 

H = Ho + Hint (S) 

H0 = ! (912 + (17q,)2 + D2 l: 9'! + W2 I q,;, + 2iµ ('P1  'P2 - f2 9'1) �-

- µ2 (q,: + q,!)1

1 [ l"lr,2 � A 2  2 "C" A z  2 21 1 2 ( + A ) 2  H,n, = - 2 i>6 "' 'l'a. + w "' 'Pa.' + µ 'Po + 2 ms (J'o <p +

+ As (q,·o + q,)4 

(Sa) 

(Sb) 

where a =  1, 2, a' = 3, 4., . . .  , N.
In writing -Hint we ·have used the fact that < q, 1 ) = 0. Using standard. ,thennd-

dynamical relations we have, 

F 1 
Va (((Jo, D, w, µ,) = V = - {JV 1n Zo + (Hint)T . . (6) 

where F is the free energy; P· . k;T' Z0 = Tr e._/JHo �d (H,n,>r is the thermal

average of H,,,,. Now minimisation of free energy F under the conditi�n ((p) ::-:. q,0
gives the effective potential, viz., 

Now 
VG = minD�w VG (<po, D, w, µ). 

Ho lni, n1, . . .  ., n;, n; . . . ) = 11 V + n1 f01 + n,. f02 + . . .  
+ (N - 2) [I; V + n� w; + n: io� + . . .  ]
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where jn i, n2, • • •  , n;, n�, . . .  ) represents the eigenstates of H0 corresponding to 
n, and n; quanta in the i-th mode and taking into account the contribution from 
each mode we get the vacuum energy I 1 V and 1; V as follows 

J d" k Wt f d" k w' I 1 V = V (2n)" 2 . and J; V = V (2n)" t (9) 

The introduction of chemical potential results in two values of frequencies w, 
of the i-th mode (K2 + .CP) 112 ± µ (as can be verified by solving coupled Klein­
Gordon equation) unlike single value (K2 + IJ2) 11 2  in the case with µ = 0. The
upper sign corresponds to a particle with charge + I and lower sign corresponds 
to a particle with charge -1. The factor (N - 2) in the bracketted term on R. 
H. S. of Eq. (8) arises from the (N - 2), µ-less transverse quantum fields with 
the same mass parameter w. Writing explicitly the trace appearing in Z0 where
summation is extended. over all modes and corresponding occupation number 
corresponding to each mode n, and n; it can be shown that 

with 

and 

Zo = z; cz;)N- 2 

00 00 

(10) 

z; = e-Jl/1V [ :t e-Pn1rut ] [ :t e-8n2ru2] = e-fJ/1V II (1 - e-Bro,)- 1 (11) 
m-o �-o i 

Z" == e-p1;v [ f e-Pn; w;] f e-on� w;] = e-,u;v II (I  - e-/Jw;)- 1 . (12)0 ' ' . 
�� �� 

Again since two values of w" (as mentioned earlier) are independent of each other 
we have 

Now defining 

z; = e-1111v II (1 - e-Pcwu1)- 1 II (1 - e-PCwtb)- 1 . (13) 

lfT = 11 (IJ) + If = - {J
� 1n z; (14) 

J d" k and replacing t by V (2n)" we get from (13) and {14)

I J d" k If = -
{J 

-- (In (1  - e-s(wth) + 1n (1 - e-PCrua:b] = (2n)" 

I J d" k = - -- [In (1 - e-P<B+JIJ) + 1n (1 - e-/JCB+11>)]fJ (2n)" ( 1 5) 
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where E = (K2 + D2) 11 2 and 11 (D) is given by

and 

I (
Q

) -I d• k 1 ( ) - I d" k (K2 r\2) 112
1 - (2n)11 2 f.01,1 + f.Ok2 - (2n)" + �4 • 

Following the same process we get 

T.fJ = }_ f d• k 1n [l _ e-PCK2+w2)1/2]1 P (2n); 

I' 
( 

) I d" k 'IQ; 
1 r.o = (2n)11 2' 

(16) 

(17) 

(18) 

where r.o� = (K2 + r.o2) 112 and 1;fl and I' (r.o) are same as that of Hajj and Steven­
son 1 2> and Roditi2>. Starting from the definition of thermal average one obtains
easily 

with 

and 

(�!)r = JfT = lo (.Q) + If 

I d" k 1 
lo (.Q) = (2n)" . . - · -

'{J _ I d· k l 
[ 

1 1 
] lb - 2 (2n)" (K2 + .Q2)1/2 e}<B+µ> _ 1 + e}CB-p)_ t ·

Again JfT and lf T are related in the following way

d[!T 
- n rRT dD 
- �4.li, • 

· (19)

(20)

(21) 

(22) 

Starting from basic premises, straightforward calculation confirms the result 
(q,�)r = 3 (f,2 )� (up to volume suppressed term) of Stevenson et al. 1 2>. After
obtaining contributions of all terms of (H,n,)r and using Eqs. (3), (4) arid (6) and
keeping in mind that the system is invariant under O (2) x O (N - 2) . symmetry 
we get VG• Henceforth for convenience we write Jfr as I 1 and Jfr as I O and si-
milarly 1;FT and J;,rtr as 1; and 1;, respectively. Finally we have · · 

VG = [1. + ! (mi - !.12) lo] + (N - 2) [r. + ! (m� � w2) 1;] +

+ ! m; 'P! + As fP! + As [31! + {N2 - 2N) 1�2 + 2 (N - 2) 10 1; +

+ 610 9'! + 2 (N - 2) 1; 'P!] - ! µ,2 
'P!·
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Now minimisation of VO (q,0, D, w, µ) with respect to ·D and ·w and ·use ·of results
dINfdfJ = (2N - 1) DIN- l and similar results for I� yield the coupled equation
f�r n and w. �enoting the optim� value of !J and w by n, w we have 

D2 = mi + 4la [310 +. (N - 2) 1; + 3q,!]

w2 = m:, + 4A.B [l o + NI� + q,!].

(24a)

(24b)

Now to apply autonomous theory we first consider renonnalisation of coupling
constant As. For this we define renormalised coupling constant 

1 d2 Va / 
AR = - ----r"i  2 d('Po) 9'o=O

fr!Jm Eq. (24) the following equations - are obtained

dD2 

-d 2 . 4ls [3 + 4 (N + I) lsL d/A 
'Po 

dw2 
- = 4ls/A dq,! 

with A = 1 + 2laNI'_ 1 + 6l81 - 1 + Sli (N + 1) J _ 11'_ 1 • 

From (23) and (25) we get,

AR = As _ _  1 - 8�sL 1 � _16 (N_� 1) l;!:. 1

:where J _ 1 = J _ 1 (x), with X = finite mass.

(25a)

(25b)

(26)

Now we use the following r�normalisation relation for coupling constant (si­
milar to that of Stevenson et al. 1 1)). 
. . As -:- a/I ... 1 (x). where a is N-dependent number so that the numerator in

·c26) vanishes i. e., 
I - Sa - 16 (N + I) a2 = 0 

only positiv� root of Eq. (27) is acceptable (reasons discussed in Ref. 11).

Further we use the following renormalisatfon relations

ml + 4 (N + 1) lal o (0) = m:/sJ_ 1 (x)

q,; = f _ 1· (x) �! and µ2 = µ!/I .:. 1  (x).

(27) 

(28a)

(28b)
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The renormalisation relations for ms and q,0 have been taken from Ref. 5. z, .m-0 
used in the above equations are finite mass parameters and both have dimension 
of mass. I_ 1 (x) is logarithmically divergent integral. Now taking help of the fol­
lowing formulas 0 

- 1 - [ - I ]10 (0)- 10 (D) = 2n2 1 __ 1 (D) +.8n2 

- I -
/ _ 1 (.Q) - J _ 1 (x) = - 8n2 In (!J2/1,2) 

_ (29) 

and similar relations for [J� (0) - I� Cw)] and c1:. 1 Cw) - I'_ 1 (x)]. Using (2�), 
(29) we ·get,

and 

n2 - m! 4a [ 3 n2 (In n2/ 2 1) 
l,,S - 8L 1 (x) + 1- 1 (x) 16n2 .>

.s 
,)d' X - + 

(N - 2) - · ·-
] + H._2 w2 (In w2/x2 - 1) + ·3Jg + (N - 2) l! -

- 6a.02 - 2 (N - 2) aw2 + 12a(I)! 

-2 _ m! _4a [ 1 n2 (I n2/ 2 1) w - 81- 1 (x) + L 1 (X) 16n2 .)4 
ll .>d' 

X - + 

· (30a)

+ 1!• w• (!nW•tx• - 1) + 1g + NI;f] - 2a!J2 - 2NOW2 + 4afP! . . · (30b)

Eqs. (30a) and (30b) are rewritten as 

·where

and 

!J2 {l + 6a) + 2 (N - 2) aw2 = 12a(I)! + Ba

2a!J2 + (�_ + 2Na) ;;2
. 4a(/)2. + s;

I -8a = 0 _2 r , .. , [n2 m! + ;2a (3!J2 (ln 02/x2 - 1) +

(31a) 

(31b) 

+ (N - 2) w2 (In w2/x2 -1) + 48n2Jg + 16n2 (N - 2) I/)] (32a) 

8- -w -
1 - -

- --- -. [n2 m! + 2a (D2 tlll !J2/x2 - I) +

+ Nw2 (In w2/x2 - 1) + 16n2J� + 16n2NJ�P)]. (32b) 
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From (3 la) and (31 b) we get 

with 

- 2 !J2 = 8a (I}! + B ((1 + 2Na) e0 - 2 (N - 2) e;-] (33a) 

w2 = 8a tP!/B + O ( 1 _ 11 (z) ) , (33b) 

B = 3 + 4a (N + 1) = 1 + 4a
4a (34) 

Taking first derivative of VO with respect to tJ)! we have from (23) and using (24)
and (28) 

d VG = I_ 1 (x) cn2 - 8 .tfi.2 - 2] 
dtJ)2 2 .:,4 a ':I' o µ .

0 

Now using (32) and (33a) the equation (35) may be rewritten as 

d
d�! = m� a + a [!2:, (In JJ2/x2 - 1) + <�_-;_ ,?> iii• (In iii/x' - 1) + 

+ 4P. + ! (N - 2) f/ ] - ! µ!.

Finally GEP is obtained from (36) 

(35) 

(36) 

Va - D = nf. :� + a;.,� [2 (B - 2) [1n 84
2� - � ]  - (B - 4) ln B] + 

+ 11 + (N - 2) If - ! µ! (I}! = (Vo)o + If +  (N - 2) 1;11 - µ!2(1)! (37)

where D is vacuum energy constant and (V0)0 gives the temperature indep�ndent 
part of GEP and is given by 

(V0)0 = m!�� + a• .. �
� [2 (B - 2) [1n 8a�/X2 - �] - (B - 4) In B] .

(38) 

(V 0) 0 has the form as that of GEP of Stevenson et al. 1 0. It should be mentioned 
that in deriving (37) from (36) we have taken D2 � 8a(I}! and w2 = 8a(l):f B since
the term of order • 1 , .. vanishes after the removal of regularisation. 
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3. B-E condensation. and critical, temperature

Apart from VO another quality of interest in the study of phase transition
is the effective mass D, defined by d2 V0/dtJ>!, evaluated at the minimum of ·po­
tential. In broken symmetry vacuum, '1>0 = ±v, the effective mass 

d2 Va l 
n,,-= d'1>! �o .... ± "

From (36) we get D! � 8av2 hence the effective potential decreases with increase
of temperature and minimum of GEP tends towards origin. The charge density
e is defined to be 

0.0 8 

o.os

0.04 

l 0.02 
.s ,� 

-0.0.2 

-0.045

dVo ( 8If ) 2 fl = - -- = - -- + µ Otf)o• dµo Of.to (T, D)r1,;,• 

I 
I 
I 
I 
I 
I 
I 
I 

kl} 
I 
I 
I 
I 
I 

(b)' I, 

"Z.O 3.0 4.0 
·cp0 in MeV -

Fig. 1 .  Plot of the effective potential VG against cp0• 

(39)

5.0 

Since If depends on ii and hence on tJ> 0, the value of chemical potentialµ 0 may be
obtained from Eq. (39) for a given charge density e. The value of GEP � can be
computed from (36) for given cf)0 after obtaining µ0 from 39) for a given e. 
FIZIKA 23 · (1991) 3, 173-284 281 
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In Fig. l we plot. Va against <I> 0 at different temperature, the values of the 
relevant parameters are as follows (expressed in MeV) m! = -0.1, e = 0.001., 
N = 10, x = 1. The high temperature expansion of If and I;l1 are given by (see
Refs. 14 and 15)., 

, n2 T4 T2 w2 Tw' w4 
[ 

;2 
] ( 

w6 ) 118 - - 90 + 24 - 12n - 64n2 1n T2 - a + O � (40) 

with 
3 a = 2 + 2 (1n 4n - y) � 5.41

and 

fJ = n2 T4 T2 (fi2 _ 2µ!) T (fi2 _ µ!)''2 µ! (302 _ µ!)
Ji, - � + 1 "  - L- - ,u _'J + 

/i
4 

[ ( 
4nT 

) 3 ] ( fj
& 

Jj
4
µ!) + 16n2 1n li - Y + 4 + O �' � · (41) 

The result shows that for m! = -0.,1 the phase transition (Bose condensation)
occurs at T == Q.236 MeV. In order .. to make all the curves coincide at the origin
we have added temperature dependent constant to each curve. Fig. 2 shows the 
variation of critical temperature with m!. It is worth mentioning that for m! > O
phase transition occurs at T = 0., which is not the case for µ = 0, the case stu­
died by Stevenson et al. 1 2>. In Fig. 3, Tc is plotted against e to show the dependen-

282 

i 
i·0 .. 4 
.5 

-0.2

�s -:3 � 0 +.1 
'"''o 1n Mev � 

· Fig. 2. Plot -of the critical temperature To against mo.
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ce of critical temperature on chemical potential µ0 (here m! = -0.05). It is inte­
resting to note that the result of autonomous theory differs from that of previous
results obtained by loop expansion method 1 4• 1 6>. Specifically in our case there
apears no precondition that for T < Tc, the effective mass of the system need to be

0.3 

lo., t-

0.1 
o .01s• , _  '· - ·-, ·-,o 'txlO� '3xto1 ·sx10 'MO .,,_.,.. 
Fig. 3. Plot of the critical temperature Tc against e. 

equal to chemical potential as in the case of Refs. 13, 14 and 16. Another notable
difference is that for autonomous theory (irrespective of µ = 0 and µ :I: 0) in
its broken symmetry phase the particles are always massless. These are expected
since the autonomous theory does not reproduce the one loop expansion result.

4. Discussion and remarks
The method adopted here has advantage over the one-loop expansion method

in the sense that latter does not give the correct high temperature behaviour1 2>.
Also we observed here that in the autonomous q,4 theory the finite temperature
corrections appear in simple form even for a system with a net background charge 
and symmetry restoration occur at high temperature. So possibly one can claim
that autonomous lq,4 theory in meaningfull and encouraging as far as finite tem­
perature behaviour is concerned. Also there is scope of further investigation for 
massless, symmetric vacuum. Finally we like to add that although we have con­
sidered a single µ, the present study can be extended in a straightforward manner
to a system with more than one µ. 
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UDK S36.758 
Originalni znanstveni rad 

Koristea autonomnu normalizaciju istrazeno je lomljenje �imetrije u Bose-Einstei­
novu plinu u 3 + 1 dimenziji. Takoder su razmotreni fazni prijelazi za razne slu­
cajeve. Rezultati su usporedeni s prije objavljenima. 
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