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We consider the symmetry breaking of the SU(S) symmetry to the physical SU (3) x 
x SU (2) x U (1) symmetry induced by an etfectiV'e 75-dimensional Higgs· field. 
We present a one-loop renormalization-group analysis of the stability of the SU (3) x 
x SU (2) x U (1) symmetry of the absolute minimum. We have found regions 
in the full pa;.ameter space where all stability requirements, between the Planck 
scale 10 1 9  GeV and the typical GUT scale 101 6  GeV, are satisfied. The useful­
ness of the sum-of-square potential in the stability analysis is explicitly demon-
m�. 

1. Introduction 

During the last two decades there has been a permanent search for a theory 
beyond the standard model. Although such a theory has not been found, there is 
hope to approach it through the construction of some effective theories, most of 
them based on spontaneously broken gauge symmetries. It is true that such a 
strategy does not lead directly to a more fundamental theory ; however, it might 
shed some light on specific problems. For example, one of the latest attempts to 
construct an effective theory has been motivated by the intention to understand 
the origin of mass in the standard model 1>. 

The true origin of symmetry breaking in the standard model, namely the 
breaking of the SU (2) x U (1) to the U (1) group, is still not understood. Never-
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theless, it is very well described effectively by replacing the true mechanism by 
the Higgs mechanism, In the same way, the Higgs mechanism is usually used in 
effective theories beyond the standard model, and is generally very complicated 
from the technical point of view. In fact, there are two main technical problems. 
First, it is necessary to find the absolute minimum of the corresponding Higgs 
potential, which generally depends on many variables, i. e. to find the vacuum of 
the theory. Second, the stability of the physically desired vacuum should be en­
sured under renormalization-group equations (RGE's) between physically rele­
vant momentum scales, i. e. the stability under radiative (one-loop) corrections. 
The methods for solving these problems were extensively discussed and applied 
to some grand-unified models (GUT's)2 - 4>. 

In this paper we extend the stability analysis of the symmetry breaking of 
the SU (5) GUT model with the 75 Higgs field4• 5>, to the SU (3) x SU (2) x 
x U ( 1) standard niodel. It was shown4> that in the original SU (5) x Z2 model,

with the additional discrete Z2 symmetry, the breaking to the physical SU (3) x 
x SU (2) x U (1)  phase was highly unstable under RGE's. It was suggested that
the extended RGE stability analysis applied to the most general SU (5)-invariant 
Higgs potential might lead to �e stable SU (3) x SU (2) x U (1)  phase, which 
is an essential natural requirement. 

Our additional motivation is to demonstrate the usefulness of the »sum-of­
square« Higgs potential, especially in models with a higher-rank Higgs represen­
tation 6>. The plan of the paper is as follows. In Section 2 we write the most gene­
ral SU (5)-invariant Higgs potential with the 75 Higgs representation. In Section 
3 we present the stationary points of the potential. Section 4 contains the symmetry­
breaking conditions from SU (5) to SU (3) x SU (7) x U (1). In Section 5 we
present a full set of renormalization-group equations. In Section 6 we discuss the
stability of the symmetry breaking from SU (5) to SU (3) x SU (2) x U (I)  and
present numerical results with ·conclusions. 

2. The SU (5) Higgs potential,

The most general SU (5)-invariant Higgs potential with one 75 irreducible 
representation Higgs field <P is 1> 

where 

V (4>) = -µ2Q + yC + � l0Q2 + l 1I1 + l2I2,

Q = 4>:f (l>j,

C = <P;f <P� (I>:;, 
I m.«/J m.,ic' '""'" m.Ae 

1 = 'If',,., 'If'"" �Ae 'lf'a./J, 

I :i = 4>;% <Pj cJ>l1; <II:,. 

( 1) 

(2) 
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Here the indices a, p, y, ·a, 'V; l, e run from 1 to 5 and sumµiatjon . ov.� repeated
indices is understood. The self-adjoint fourth-rank tensor </>, representing the 
75 irreducible representation, satisfies the following relations : 

<P;f = -<1>'1.; = -</>::,

</>;J = 0 and '1>:.f = ( tPj) * . 
For the coupling constants µ2; y, .A0, A i , 12 in the potential ( 1), we assume 

that µ2 > 0, and the 10, il i , 12 are contained in such a way that V ({I;) is boun­
ded from below. The sufficient (and almost required) ·conditions for V ({I;) to be 
bounded are5 > 

1 1 1 ' . 
2 Ao + 1 0  l 1 + 5 l2 > 0,

1 5 7 
2 lo + 1 8  l 1 + 27 it2 > 0,

1 7 1 · 
2 Ao + 10 A1 + 4IJ.2 > O,

1 1 1 . 

2 - Ao + 6 11 + 4 12 > 0,

1 , 20 - V6s 1 
2 i. 0 

-,- 50 )� 1 + 5 li..2 > 0.

3. Extremal points of the most general potential

(3) 

Let H be a subgroup of SU (5) such that the decomposition of <P under H
A 

contains only one H singlet with the corresponding direction S in a .757dimensioiµtl
space spanned by <P. The any potential V ({I;) in Eq. ( 1 )  has an extremiun that 

� A 

lies along the S direction. Let this extremum be at the point (t/>) = q • S with
A 

" afl "ya q e R and Q (S) = S� SafJ = 1,  so that (t/>) 2 = q2 • Hence, the form of the po-
tential V (t/>) in (1)  can be written as 

where 
V ((<P)) ...:. -µ2q2 + I'q

3 + Aq
4,

r = ,,c (S),

1 A A 

A _- 2 lo + 1111 _(S) + l2!?- (S).
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The stationary equation for V (tl>) along the S direction is

av 
aq = q · [-2µ,2 + 3I'q + 4Aq

2] = o.

The lower of the two extrema will occur at

3I' ((3I') 2 ( 2 )) 1 / 2  

q = - 8A - (sign I') 8A + � 

with the value of the potential at this point :

(7)

(8)

1 V ((4})) = q
2 [-µ,2 + I'q 

+ Aq
2] = _ 

3 q
2 [µ2 + Aq

2]. (9)

Of course, Eqs. (7)-(9) are valid for an arbitrary direction <l> in the 7S .. dimensio ..
nal space and correspond to the directional extremum. We point out that these

relations imply the extrema of V (<l>), i. e. !� I ,. = 0, for special directions S
tS 

described at the beginning of this section 6> .  
Hence, the extremal points of the potential (Eq. (1)) appear along the direc-

,. A A A A A 

tion Si, S2, S3, S4, Ss, S& which are invariant under the maximal little groups
U (1) X U (1) X U (1) X U (1), SU (2) X !SU (2) X jU (1), SO (3), SU (2) X SU (2) 
X U (1) X U (1) X D, SU (3) X SU (2) X U (1), Sp (4) X U (1), respectively.
We also note that all S, (i = 1, . . .  , 6) satisfy the quadratic eigenvalue equation6>.

A A A 
The values C (S,), 11 (S,), 12 (S1) for i = 1, . . .  , 6 are given in Table 1. We note
that Q (S1) = 1 .

4. Symmetry breaking from SU (5) to SU (3) x SU (2) x U(J)

We observe that sufficient conditions for an extremum to be a local minimum
are given by the requirement that all squared Higgs masses be positive (i. e. that
the Hessian 82 V'a<P,8c/>1 be positive definite) calculated at the extremal point
(c/>). Especially, sufficient conditions that at the SU (3) x SU (2) x U (I)-invariant

A A 

extremal point (c/>) = q 5 S 5 the potential V (q 5 S 5) should have a local minimum 1>
are 

12A 5q! + V2 yq5 > O,

-4 (3.A 1  + A.2) q; - 9 v2 rqs > o,
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-4 (3.,1, i".+ A2) q! - 4S V2 yq 5 > O,

- (12).1 + 512) q! - 9 J'2 yqs > 0,

(12l1 - l2) q! + 9 V2 yqs > 0,

qs = - -5 
- (sign I'5) -

5 + .!±_ ,3I' [(
3.I'. 

)
2 2

] 
1/2 

BAs BAs 2As 

r, = 2¥2 9 >'> 

l 5 7 A5 = 2 io + 18 l1  + 27 Ao.

( 10) 

( 1 1) 

(12) 

(13) 

The inequalities (10) correspond to mc1 , 1 ,o,, mcs. i .o>, m[s, 3,o>, mc6, 2, -s13> and
m(3, 2, -S/6)> respectively. 

Furthermore, the conditions (3) ensure that the potential be bounded from 
below, implying the absolute minimum. Physically, the true stable vacuum should 
be identified with the absolute minimum of the potential. Of course, the condi­
tions (10) do not imply the existence of the SU (3) x SU (2) x U (I)-invariant
absolute minimum. Therefore, we additionally demand that the value of the SU (3) x 
x SU (2) x U (1) local minimum be lower than the values of the potential at
all other extremal points, i. e. 

)! (q5S5) < V (q,S1) for i = 1 ,  2, 3, 4� 6.

TABLE 1. 

C (S,) 11 (S,) 

A 1 U (l) x U (l) X U (l) x U (l) St O 10 
,. 1 SU (2) x SU (2) x U (l) S2 0 6 
,. ( 8 ) 1/2 37 

so (3) S 3 105 210 ( 1 )  1/2 l SU (2) x SU (2) x U (l) X U (l) X D S4 12 4 
A 2 ,1- s SU (3) x SU (2) x U (l) Ss· 9 t' 2 IS 
,. 

( 
8 ) 1/2 7 Sp (4) x U (l) S6 15 10 
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1 
s 
1 

4 
1 
s 
1 

4 
7 
27 
1 

4 
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These requirements are ne�essary but not sufficient for a local minimum to be­
·come the absolute minimum. In fact, a given potential may have other extremal
points different from those listed in Table 1. However, we have shown that the
conditions (14) are much stronger than (3) and (10) and, moreover, by randomly
calculating the directional extrema (Eq. (9)) for a few fixed potentials, we have
shown that the conditions (l4) are practically sufficient.

Finally, we use a special construction of the potential6> such that the corres­
ponding absolute minimum ha� the desired SU (3) x SU (2) x U (I)-invariant
minimum. This potential has a sum-of-square form and, for a fixed mass scale
m, depends on two parameters, say A and B :

V0 (tl>) = A (n - 2f2 mtl>r + B (Q - m2)2, (15) 

'Yhere 

H (4>) = + aC/84> (16) 

transforms �s the 75 representation, projected out of the 75 x 75.
: · · We note that for this sum-of-square-form potential (15), all inequalities (10)
are· autom�tically satisfied at the absolute minimum6>. We also observe that Eq.
(15) -is the most general construction of a quartic potential that quarantees the
SU (3) x SU (2)_ x U (I)-invariant absolute minimum in advance. Of course,
this form of the potential (15) can be perturbed by the most general additional in­
variants. Still, it can be found that the absolute minimum exists and that its sym­
metry is again the same SU (3) x SU (2) x U (1) group (up to conjugation).

5. Reno.rmalization-group equations

There is also another requirement for stability 2 - 4>. The effective GU theory 
with the unbroken SU (5) gauge group operates between the Planck scale M,,, � 
� 10 1 9 GeV and the typical GUT scale M" � 10 1 6  GeV defining the scale of
the symmetry breaking from SU (5) to SU (3) x SU (2) x U (1). The coupling
constants in the potential will evolve between these two scales, with varying mo­
mentum scale, according to the RGE's. Hence the absolute minimum of the po­
tential will also vary with momentum scale. Of course, the symmetry of the abso­
lute minimum could also change. It is therefore natural to demand stability2 - 4> 
of the physical SU (3) x SU (2) x U (1) symmetry of the vacuum between Mi,, 
and M"' i. e. approximately three orders of magnitude in momentum scales: p,/p., � 
� 103, p, � M,,i, P.r � Mx. In practice, this means that we wish to find a region
of parameter space that leads to the same SU (3) X SU (2) x U (1) physical
symmetry of the absolute minimum for approximately three orders of magnitude 
in momentum. 
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The RGE's for the scale dependence of the parameters in the potential (1)  
at the one-loop level are 

dl0 = _1_ [83 l2 + 91 l A + � l l + 1 13 �.2 +
49 l l + 143 12 _

dt 4n2 4 ° 6 ° 1 3 ° 2 36 1 9 1 2 48 2 

- 24g2A0 - 3g4 ] ,

d:t = 4�2 [3AoA , + � A: +  2A ,A, - I� .t: - 24g2A 1 + 9g4 ] , 

d:t = 4!2 [ 3A0A ,  - 2A: + ; A 1.l.2 + I: i: - 24g2.\ 2 + 27g4] ,

dy 1 
[ 

14 
] dt 

= 16n2 610 + 38l 1 + 3 .i. 2 - 72g2 y,

dµ 2 - 7 2 1 2 [11 'J 91 'J 98 'J 48 2 ] 
dt - - 8n2 y + 16n2 µ Ao + 3 A1 + 3 A2 - g .

From the last two equations for 'Y and µ 2 it follows that 

d (,,
2

) - 7 
("

2

)
2

· 1 
[ 

1 37 70 
2 ) ,,

2 

dt µ2 - 8n2 µ2 - 16n2 65lo - 3 A1 + 3 12 + 96g µ2 ·

The RG equation for the SU (5) gauge coupling constant is 

dg _ bo 3 
dt - - 32n2 g ' 

I ho = 
3 (85 - 4Nf),

( 17) 

( 18) 

(19) 

with t = 1n q/Ai, the evolution parameter, where A, is the initial momentum and
q is the running momentum. Here g is the SU (5) gauge coupling and Nf is the 
number of fermion generations, which we henceforth take to be three. 

6. Stability of symmetry breaking from SU (5) to
SU (3) x SU(2) x U (l) 

We start at the scale A, = Mp 1 (t = 0), with the sum-of-square fonn of the
Higgs potential (Eq. ( 15)) : 

V0 (tP) = A ( H - 2� mtP r + B (Q - m2) 2 , 
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If A > 0, B > 0, this potential has an absolute minimum invariant under the
SU (3) X SU (2) X U (l) symmetry. 

The following relations hold : 

1 1 
2 l0 =

6 A + B,

l 1 = A,

4 A2 = - - A
3 ' 

µ 2 = ( 2B - :l A ) m2 > 0,

4 V2y = - -
9
- Am.

(20) 

We solve the RGE's (18) and ( 19) for Ao, A i , A2, y2/µ2 starting at t = 0 with the
above sum-of-square potential, l. e. respecting Eq. (20), and taking g between 0.2 
and 0.3 at the scale A, = Mn. For Mx < q < Mp i, i. e. -In 103 < t < O, we
demand three types of condition : 

(i) The potential V (A (t), 4>) should be bounded from below, i. e. the ine­
qualities (3) should be satisfied. 

(ii) Sufficient conditions for the local minimum invarlant under the SU (3) x
x SU (2) x U (1) symmetry, i. e. the inequalities (10) should be satisfied.

(iii) Necessary conditions for the absolute minimum, i. e. the inequalities
(14) should be satisfied.

Our aim is to find ( compact) regions in the first quadrant of the A, B plane, 
defined by A > 0, B > 0, in which conditions (i), (ii) and (iii), determined by
Eqs. (3), (10) and (14), respectively, are satisfied at all scales between A, = MP i 
and A., = Mx. The initial sum-of-square-form potential automatically satisfies
all the requirements (i), (ii) and (iii). 

The RG equations have been investigated numerically using a fourth-order 
Runge-Kutta-Merson routine. Our results are shown in Figs. 1-5. Fig. 1 shows 
a selection of those initial A, B points for . which all requirements (i)-(iii) are 
satisfied between Mn and A., � 1/500 Mp1• Similarly, Figs. 2 and 3 show regions 
in which all the three requirements are also satisfied, but now between Mp i  and 
lower final-momentum scales, A1 � 1/600 MPl and A1 � 1/700 Mp 1, respectively. 
Comparison of Figs. 1-3 shows how rapidly the allowed regions are getting smal­
ler with lowering final-momentum scale. For A,/A., � 700, the allowed region 
in Fig. 3 is quite small. 

Furthermore, .our analysis has shown that conditions (i), which ensure that 
the potential be bounded from below, lead to very large regions. For example, 
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7.CX>. 
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5.00 

400. 

3.0)' 

2.00 

\CX> 

ClOO 
QOO 0.85 0.10 0.15 Q2Q· O.ZSA 

Fig. 1. Region of initial A, B points for which all requirements (i)., (ii) and (iii) are satisfied at 
all momentum scales between A, = M,.1 and A., � 1/SOO Mp1• 

ttD 

e.ao 
s.m 

4.CD 

aoo. 

2.CD 

too 

o.cx, QOS 0.10 0.15 0.20 0.25 A 
Fig. 2. Region of initial A., B points for which all requirements (i)., {ii) and (iii) are satisfied for 

all momentum scales between M,., and A., � 1/600 M,.1• 
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0.00 005 Q.I) 0.15 azsA 
.Fig. 3. Region of initial A, B points for which all requirements (i), (ii) and (iii) are lsatisfied at 

. all momentum scales between Mp1 and Ar :S 1/700 MP1• 
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0.00 0.05 0.10 0.15 0.20 0.25A 
Fig. 4. Region of initial A, B points for which requirements (i) are satisfied at all [momentum 

scales between MPr and Ar s 1/700 Mp,. 
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o.os 0.1> Q15 0.20 0.25 A 
'Fig. S. Reiion of initial A, B points for which requirements (i) and (ii) are satisfied at all momentum

scales between MPr and A1 � 1/100 M,.1• 

if A1/A., � 700, we show the corre.,ponding .allowed region in Fig. 4. Conditions
(i) and (ii) ensure the local SU (3) x SU (2) x U (1) minimwn and still lead to
relatively large regions. This is demonstrated in Fig. S, where A,/A1 � 100. Hence,
our finding is that conditions (iii), necessary for the absolute SU (3) x SU (2) X 
x U (1) minimum; are much stronger than conditions (i) or conditions (ii) for
the local SU (3) X SU (2) X U (1) minimum. 

Finally, we can start solving RG equations at Mp 1 with any potential (1)
in the full parameter space 10, Ai, A2, ,, 2/µ2, whose absolute minimum is SU (3) x 
x SU (2) x U (1) invariant, i. e. which satisfies conditions CiHiii). Again, the
most convenient way of doing this is to parametrize such potentials starting from 
the sum-of-square form (15). Then, instead of Eq. (20) we write 

I 1 1 A 1 1 , T Ao = 6 + B + 2 Ao,

A1 = A + A;, 

l2 = - : A +  A;,

,, 2 
32A2 ' 

µ 2 
= 1 �.., D � 0 A + A3 > 0,

FIZIKA 2S (1991) 3, ao1...;.a1s 
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where A > 0, B > 0 are fixed. The new origin i; = i; = A� = i; = 0 corres­
ponds to the sum-of-square form (15). 

We have investigated regions in the parameter space .,1.;, i;, ;t�, ;i.; for dift'e­
rent choices of A, B where conditions (i), (ii) and (iii) have been satisfied. Our 
analysis has shown that solving the RG equations (17)-(19), starting at Mp1 with
the potential (21) whose absolute minimum is SU (3) x SU (2) x U (1) invariant,
leads to similar conclusions drawn from Figs. 1-5. We have also shown that the 
maximal ratio of momentum scales is indeed three orders of magnitude, A,/A., == 1 OOO, as required. 

Hence we may draw the following conclµsions. There exist regions in the 
parameter space where all req�ements (i), -(ii) and (iii) are simultaneously satis­
fied between Mp, and MGvr• Actually, the stability requirements hold between 
momentum scales with the ratio A,/A., = 103 which is improved by an order of
magnitude in comparison with the analysis performed in Ref. 4. In addition, the 
usefulness of the sum-of-square potential 6> in the stability analysis is explicitly 
demonstrated. 
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STABILNOST LOMLJENJA SIMETRIJE U SU (5) MODELU POMOCU 
75-DIMENZIONALNOG HIGGSOVOG POLJA

MIROSLAV DORESIC 
Elektrotehni&i fakultet, Sveualilte u Zagrebu 

STJBPAN MBLJANAC 
Institut ,>Ruder Bolkovit(I, 41001 Zagreb 

UDK S39.12 
Originalni znanstveni rad 

Razmotrcno je lomljenje SU (5) simetrije na fizikalnu SU (3) x SU (2) x U (1) 
simetriju, koje je inducirano efektivnim 7 5-dimenzionalnim Higgsovim poljem. 
Prikazana je renormalizaciono-grupna analiza (na nivou jedne pelje) stabilnosti 
SU (3) x SU (2) x U (1) simetrije apsolutnog minimuma. Nadena su podrucja 
u cijelom parametarskom prostoru gdje su svi zahtjevi stabilnosti ispunjeni, izmedu 
Planck skale 101 9 GeV i karakteristicne GUT skale 101 6 GeV. Demonstrirana
je pogodnost koristenja specijalne konstrukcije potencijala, u obliku zbroja kvad­
rata, u opcoj analizi stabilnosti. 
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